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Robotic Manipulator

@ A Manipulator is a robotic system made of a set of arms connected by
proper joints
@ A manipulator can be:
@ serial when the joints are connected in cascade and thus they
depend on each other
@ parallel when the joints are independent
@ An end-effector is in general attached to a manipulator; it is the tool
which is required to perform the specific manipulation task (grip, mill,
spray, sucker, etc.)
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Spaces and Reference Frames

@ A robotic manipulator is a rigid body that has three reference frames:

@ The frame which is united with the base (base frame), cartesian

@ The frame which is united with the end-effector (tool frame),
cartesian

@ The frame of the joint variables, non-cartesian; they represent
the position of each joint of the manipulator; in the figure, the
joint variables are the angles 1, 2, 3 e 4 that each arm forms with
the next arm
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Spaces and Reference Frames

@ The joint space is the one that we can control (we can drive the joint
motors towards a certain anglular position)

@ The base space (base frame) is the “working” frame of the manipulator

@ To control a manipulator we must find the values of the joint variables
that allow the end-effector to reach a certain position in the base frame
@ In other words, say:
@ {gi,Q,...,qn} the joint variables
@ and {x,y,z,0,¢,v} the pose of the manipulator, in terms of
position {x, y, z} of the end-effector (in the base frame) and
rotation {0, ¢, ¢} with respect to the base frame

@ the problem is to find the transformation 7() such that
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A Planar Manipulator

@ The manipulator shown in figure is called planar manipulator because
the base frame is bidimensional

@ The examples show three joints, two arms and the end-effector

@ The pose of the end-effector { X;, Y;, o} is represented by the position
{X:, Y} of its joint and the angle « formed with the x axis

@ The joint variables are the angles that each arm forms with the next
{64, 62,03}
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Direct and Inverse Kinematics

@ Direct Kinematics: given the position in the joint space {01, 02, 05}, find
the transformation Tp such that:

{Xt, Yi,a} = Tp(01, 02, 63)

@ Inverse Kinematics: given the position in the base frame { X, Y1, a},
find the transformation T, such that:

{01,02,03} = T)(X:, Y, )

@ Both problems are handled using the formulas of the roto-translations

t"f’eta} end-effector
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Roto-translations in 2D

@ Let the frame XOY and the frame X’ O'Y’ translated (w.r.t. XOY) to the
point (Xo, Yo) and rotated (w.r.t. XOY) of an angle «

@ Given a point (x’,y’) in X’O"Y’, its coordinates in XOY will be:
X = Xo+x cosa—y sina
= Yo+ x'sina+ y cosa

YO -

X0
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Roto-translations in 2D

@ Let the frame XOY and the frame X’O’'Y’ translated (w.r.t. XOY) to the
point (Xo, Yo) and rotated (w.r.t. XOY) of an angle «

@ If we adopt omogeneous coordinates, we can represent the
transformation using a matrix equation:

X cosae —sina  Xp
yl = sina cosa Yo
0 0 1

X/
y/
1
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Roto-translations in 2D

@ The matrix:

cosa  —sina Xo R T

sinae cosa Yo = 0 0 1

0 0 1
@ is the rototranslation matrix composed of
@ the rotation matrix:
__|cosa —sina
sin «v Cos v

@ and the translation vector:

R R
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Direct Kinematics

Direct Kinematics J
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Direct Kinematics

@ Each joint implies a rototranslation where:

@ The rotation is related to the joint characteristics
@ The translation is given by the length of the arm

@ Each joint / defines a rototranslation matrix /' A that allows the
transformation from the frame / — 1 to the frame /

@ The matrix ?A that allows the transformation from the base frame to the
tool frame is given by the product of all the joint matrices:

PA=tA%A%A .. [TTA
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Direct Kinematics

@ Let us consider the planar manipulator in figure, made of three rotation
joints
@ The passage from base frame to frame (x1, y1) is a simple rotation

cosfy —sinfy O
ﬁ’A = sinfy cosfy O
0 0 1

end-effector
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Direct Kinematics

@ The transformation from (x1, y1) to (x2, y2) is based on a rotation of 0,
and a transaltion L; along axis x; (here Ly is the length of the first arm):

cosbtlh —sinfo Ly
;A = |sinfo cosf> O
0 0 1

end-effector
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Direct Kinematics

@ The transformation from (xz, y») to (xs, y3) (tool frame) is based on a
rotation 63 and a translation L, along axis xo (here L; is the length of the
second arm):

cosf3 —sinfl3 Lo
?A = |sinf3 cosf3 O
0 0 1

end-effector
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Direct Kinematics

@ The complete transformation is given by the product of the three
matrices:

b
balaza =

COS(91 + 6> + 93) — sin(91 + 0> + 93) Lqcosby + Lo COS(91 + 92)
sin(6’1 + 0o + 93) COS(91 + 0o + 93) Lysinfy + Lo Sin(91 + 92)
0 0 1

end-effector
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Direct Kinematics

@ If we consider the direct transformation da from (x, y) to (xs, y3), we

have:
cosae —sina  X;
bA = |sina cosa Y
0 0 1
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Direct Kinematics

@ We have two representations:

COS(91 + 0> + 93) — Sih(91 + 0> + 93) Ly cos6y + Lo COS(91 -+ 92)
bATAZA = |sin(0y +0p+03) cos(01 + 0o+ 03)  Lysin6y + Losin(6y + 6)
0 0 1
cosa  —sina X
?A = sina cosa Y:
0 0 1

@ We can derive the final equations of the direct kinematics ....

y
end-effector
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Direct Kinematics

@ Final equations:

Xt = Lycosfy + Lpcos(01 + 02)
Yt = Lysinfy+ Lpsin(61 + 62)
a = 01+ 60>+ 03

end-effector
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Inverse Kinematics

Inverse Kinematics J

Corrado Santoro Robotic Manipulator



Inverse Kinematics

@ The inverse kinematics implies to invert the equations:

Xi = Licosbi + Lo cos(61 + 62)
Y = Lisinf+ Lo sin(91 + 92)
a = 601+02+06;

@ in order to determine 0+, 62, 03 from X;, Y;, o

@ .. let's assume:
¢1 = cosfq, Sy =sinfq, Cio2 = COS(91 + 92), S12 = sin(¢91 + 92)
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Inverse Kinematics

@ We have:
Xi = Lici + Lacro
Yi = Lisy+ Losie
a = bO1+6>+03

@ Let’s square the first two equations:
X? = L5cE +15¢% + 2Ly Lacicn
Y? = L5s]+ L3sh 4+ 2LiLesisiz

@ Let'us sum each member:

XF+YP = L5+ L5ch +2LiLocicin + L3St + L3sT, + 2L LosiS12
@ given that:
E4+s = 1
ot s, = 1
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Inverse Kinematics

@ we have:

th + ng = L? + L§ + 2L1Lscic12 + 2L1 1581512

@ Let’s apply the trigonometric sum forumulas:

Ciz2 = cosbicostr—sinfysint =cCiCo — S1S2
S12 = sinficosls + cosBisinbo = S1Co + C1S2
@ we have:
XE+YE = 12+ 13+2LLsci(ciCa — 5152) + 2L1L251(S1Co + C1S2)
X2+ Y2 = L3415+ 2L11aC%0 —2L1L201S1Sp + 2L1Las?Co +
+2L1L281¢182
XP+YE = Li+L3+2LLCle+ 2L L8
X+ YE = L+ L5 +2Lil(cf +sh)e
th + er = L? + Lg +2L1Lsc
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Inverse Kinematics

@ we have:

Xt2+Yr2 = L$+L§+2L1L202

@ Let’'s solve w.r.t. c;:

XE+ Y213 13
20415

cos By =

@ and since:
sinf = ++/1 — cos? 0o

@ we have:

X2+ Y212 12\% XE+ Y212 13
0, = atan2 (i\/1 —< oL, > ) 2L L

here atan2(a, b) = arctan {
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Inverse Kinematics

@ The solution:

X2+ Y2 (2 [2\% X2y Yy2_[2_|2
_ 1_ t t 1 2| At t 1 2
0, = atan2 :t\/ < oL, L > ) 2L L

implies two possibile values for the angle 6

@ Indeed, if we take a look at the figure, the same pose can be obtained
with two possible configurations of 01, 02, 03

y i end-effector

thetal'

thetal X
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Inverse Kinematics

@ To obtain 04, let us consider:

Xt
Yi

Lict + Locro
= L1s1+ LeS1o

@ and let’'s apply the trigonometric sum formulas:

Xi
Y

Xi
Y

Xi
Yi

Lici + La(c1c2 — S182)
Lisi + Lo(s1c2 + S2C1)

Lici + Lrcico — Los182
Lis1 + Los1Co + Losocy

(L1 + Lac2)cr — (L2S2)s4
(L1 + Lac2)s1 + (L2s2)cy
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Inverse Kinematics

@ We notice that the obtained relations:

Xi = (L1 + Lac)cr — (Las2)sy
Yi = (Li+ Laco)st + (Les2)c

are a rotation of the point (L1 + L2c2, LoS2) of an angle 0+;
@ if we consider X* = Ly + Lyco, Y™ = LrSy, we have:

Xy = X*C1 — Y*S1
Y: = X*S1 + Y*C1
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Inverse Kinematics

@ to determine 04, let’s represent graphically the model of the equations:

X1 = X*C1 — Y*S1
Yi = X'si+ Yo

Xt

@ we have:

B =atan2(Y*,X*) ~=atan2(Yy,X;) 61=~-p
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Inverse Kinematics

@ We have the final equations:

X2+ VB 15— 12\% XP+ Y2 1213
0 = atan2( \/1—< oL, > , 2L,
0y = atanZ(Yt, X[) — atan2(L2 sin 0o, L1+ Lo cos 92)
03 = a—0i—0>

th:eta3 end-effector
h
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Dynamic Model

Dynamic Model )
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Dynamic Model

L I Mgcos6
e | r
T f—bwL—Mgoo50=MdJ

@ We consider the cartesian frame (¢ = 0 with the arm in the horizontal
position)

@ The input is the torque

@ We consider the linear speed wL to compute the friction force
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Dynamic Model

T

F==

y NN L

M

L I Mgcosf
Mg
T
e r
T Z—bwL—MgcosG:Md;
bL

1
= ———w—gcosf — MT
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Dynamic Model Discretized

T

Y bwL\ F=Z

M

L I Mgcosf
Mg
T
% [/ T )
ki Z—bwL—MgoosG:Mw
AT
wk+1) = (1- %AT)w(k) — gAT cosf(k) — WT(k)

Ok+1) = 0(k)+ ATw(k)
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Implementation

Implementation |
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The Arm

lib/system/manipulator.py

~
class ArmElement:

def _ init_ (self, _L, _M, _b):

self.w = 0
self.theta = 0
self.L = _L
self.M = M
self.b = b

def evaluate(self, delta_t, _input torque):

w = self.w — GRAVITY * delta t * math.cos(self.theta) - \
(self.b * delta t * self.w » self. L) / self.M + \
delta t * _input_torque / (self.M x self.L)

self.theta = self.theta + delta_t * self.w

self.w = w

def get_pose (self):
return (self.L * math.cos(self.theta),
self.L. x math.sin(self.theta) )
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The Manipulato

~
class ThreeJointsPlanarArm:

def _ _init__ (self, _Ll1, _L2, _L3, _M2, M3, _Mend, _b):
self.element_1 ArmElement (_L1, M2 + M3 + _Mend, _b)
self.element_2 ArmElement (_L2, _M3 + _Mend, _b)
self.element_3 ArmElement (_L3, _Mend, _b)

def evaluate(self, delta t, _T1, _T2, _T3):
self.element_1l.evaluate (delta_t, _T1)
self.element_2.evaluate(delta_t, _T2)
self.element_3.evaluate(delta_t, _T3)

def get_pose_degrees (self):
return ( math.degrees(self.element_1.theta),
math.degrees (self.element_2.theta),
math.degrees (self.element_3.theta) )

def get_joint_positions(self):

(x1, yl) = self.element_l.get_pose()

(_x2, _y2) = self.element_2.get_pose()

(x2, y2) = local_to_global (x1, yl1,
self.element_1l.theta, _x2, _y2)

alpha = self.element_1l.theta + self.element_ 2.theta + \
self.element_3.theta

(x3, y3) = local _to_global(x2, y2, alpha, self.element_3.L, 0)

return [ (x1, yl), (x2, y2), (x3, y3) ]

~ v

Corrado Santoro Robotic Manipulator




Manipulator Control

Manipulator Control |
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Manipulator Control

Target Position
(Xt, Yt, alpha_t)

Inverse Kinematics
Trajectory Generator

¥
5
Theta 1_target _

Joint 1 Position
Controller

+ Joint 1 Speed
Controller

Theta_1

Joint 1
Encoder

Current Position
(Xc, Yc, alpha_c)

Joint 2 Position
Controller
Theta_2 target _

+ Joint 2 Speed

Controller

Theta_2

Joint 2
Encoder

Direct Kil

* Joint 3 Position
Controller
Theta_3_target _

Joint 3 Speed
Controller

Theta_3

Joint 3
Encoder
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