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@ In Ernest, LeFloch, Mishra SINUM (2015) the authors have introduced a class
of schemes, the schemes with well-controled dissipation (WCD), which allow
one to compute, with robustness and accuracy, small-scale dependent shock
wave solutions to nonlinear hyperbolic systems of conservation laws.

@ The goal of this work is to extend these schemes to 1d nonlinear hyperbolic
models in nonconservative form:

U, +AU)U, =0, U=U(x) eR".

@ The definition and the numerical approximation of weak solutions of these
systems is particularly challenging. Following the theory developed by Dal
Maso, LeFloch, Murat (1995), given a family of paths ¢, a piecewise smooth
function is a weak solution is:

o It is a classical solution where it is regular.

o Across a discontinuity the following jump condition is satisfied:

! 0
/ A(p(s; W™, W+))a—¢(s; W=, WHyds = oc(WH —w™),
0 A
where o is the speed of propagation and W the limits to the left and to the right of
the discontinuity.
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How to choose the *good’ family of paths?

@ When the hyperbolic system is the vanishing diffusion and dispersion limit of a
family of problems

U, 4+ A(U)U, = eBUy, + 6&° CUy. 1)

the adequate family of paths should be consistent with the traveling waves of
the regularized system (LeFloch (1989)).
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How to choose the *good’ family of paths?

@ When the hyperbolic system is the vanishing diffusion and dispersion limit of a
family of problems

U, 4+ A(U)U, = eBUy, + 6&° CUy. 1)

the adequate family of paths should be consistent with the traveling waves of
the regularized system (LeFloch (1989)).

o A traveling wave

Uelx, 1) = v(x_‘”)7 ©)

€
is a solution of (1) satisfying

. _ — . oyt . / _ . 11 _
Jm V) =U", Im V() =U", lim V(()=0, lm V7(¢)=0.

o If there exists a traveling wave of speed o linking the states U™, U™, the limit
when € tends to 0 of U, is:

U™ ifx<ot
U(x,t) =
(x,1) {U+ ifx > ot;

should be an admissible shock.
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@ An easy computation shows that V has to solve the equation
—aV' +A(V)V' =BV" 4+ sCV". 3)

@ By integrating (3) from —oo to co and taking into account the boundary
conditions, we obtain the jump condition

/ T AVE) V() de = o(UT — U,

—o0

o If this jump condition is compared with the generalized Rankine-Hugoniot
condition:

1 - N8 UM ds — o (Ut — U
A(¢(X7U 7U )) as (SvU 7U )dS—O'(U U )7
0

it is clear that the good choice for the path connecting the states U~ and U™
would be, after a reparameterization, the viscous profile.

@ The computation of viscous profiles may be a very difficult task and, even it
they can be computed, a numerical method which is formally consistent with
the corresponding definition of weak solution may not converge to the right
solutions due to the effects of the numerical viscosity (Castro, LeFloch, Muiioz,
CP; JCP (2008).
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@ We consider the semi-discrete finite difference scheme:

av; | 1 2 c L 5 r
i +EA(U1') (.;J%'Uiﬂ') = A0 (;JBJUW')JFAXC (;}’WUHJ) :

C)




WCD Methods

WCD Methods: semi-discrete formulation

@ We consider the semi-discrete finite difference scheme:
du; 1 & c u 5¢c? &
5 +BA(Ui) (_Z:,, ajUi+j) = A0 (; Bl | +1€ .:z;p'}/jUiJrj :

C)

@ U;(t) = U(xi, 1) represents the nodal value and ¢ = ¢(r) > Ois a
time-dependent parameter to be determined.
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WCD Methods: semi-discrete formulation

@ We consider the semi-discrete finite difference scheme:

av; | 1 2 c L 5 r
i +EA(U1') (.;J%'Uiﬂ') = A0 (;JBJUW')JFAXC (;}’WUHJ) :

C)

@ U;(t) = U(xi, 1) represents the nodal value and ¢ = ¢(r) > Ois a
time-dependent parameter to be determined.

@ In order to have a 2p-th order consistent scheme, the coefficients «;, £, ; have
to satisfy the following order conditions:

J=p J=p

djey=1; Y jfay=0, s#1and 0<s<2p,

j==r j==r

J=pr Jj=r
SPB=2 > /B=0 s#2and 0<s<2p,

j==r J==r

j=p j=p
STiv=6 > =0, s#3and 0<s<2p.

j=-p j=-r
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WCD Methods: equivalent equation

o A formal Taylor expansion in (4) allows us to derive the equivalent equation:

o PAWU: = cAxBU. + 8¢ AX* CU

- A(U) i A)]i lAPU

k=2p+1
A

+ ¢B Z A
k=2p+1

+ e S A’]‘: qu® |, 5)
k=2p+1 :

what shows that (4) is a first order method for the hyperoblic system and a
2p-order method for the regularized one, where:

j=p

Jj=p Jj=p
A= "o, Bi=D B =>4

j=-p J==p j=—p
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WCD Methods: choice of ¢

o At a discontinuity the weak solution formally satisfies:

v =0 <%> :

Substituting U® by [U]/Ax* in (5) we obtain:

dU - [U] [U] [U]
EJFA(U ,U+)Ax— B + éc ch
—S;‘A(U_,U+)[AU] + SB[A—} + oS5 C [AU)]C (6)

where A(U~, U") represents some intermediate matrix and

S,= > o Sp= > R Sy = > R

k=2p+1 k=2p+1 k=2p+1
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e IfA(U~,U™") satisfies the Roe property
1
AU, U :/ A(®(s; U, UT))0®(s; U™, UT) ds,
0

then (6) can be written as follows:

au U] _ [U} (U]
oA T Bay TOCK:

- SﬁA(UiUﬂ[ }+ SB[U] + 378§ cclll

Ax Ax Ax’ ™



WCD Methods

WCD Methods: choice of ¢

e IfA(U~,U™") satisfies the Roe property
1
AU, U :/ A(®(s; U, UT))0®(s; U™, UT) ds,
0

then (6) can be written as follows:

av U _ glul v
@ TTA T Ba POk,
— SﬁA(UiUﬂ[A} +cS B[AU] +8c%S C[AU}. )
o Ideally the high order terms
_ - U eplll U]
ho.t. = SA(U™,U VAL~ SBA dc SCA :
should be dominated in amplitude by the leading order terms
1.0.;.:A(U‘,U+)M— sl _s502clll

Ax CE_ Ax



WCD Methods

WCD Methods: choice of ¢

e IfA(U~,U™") satisfies the Roe property
1
AU, U :/ A(®(s; U, UT))0®(s; U™, UT) ds,
0

then (6) can be written as follows:

av U _ glul v
@ TTA T Ba POk,
— SﬁA(UiUﬂ[A} +cS B[AU] +8c%S C[AU} )
o Ideally the high order terms
_ - U eplll U]
ho.t. = SA(U™,U VAL~ SBA dc SCA :
should be dominated in amplitude by the leading order terms
—aw-. vnY _ plUl 520Ul
Lot. =AU ,U )Ax CBAx dc CAx"

@ In order to achieve this correct balance, a tolerance parameter 7 << 1 is fixed
and c is chosen so that
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WCD Methods: implementation

o Stability condition: if p is hight enough and A(U), B, C commute, the von
Neumann analysis leads to the condition:

Ar 2epf
Ax = 2r(uf) + (uf + dcm k)’

where i, 18, uf are the eigenvalues of A, B, and C respectively.
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WCD Methods: implementation

o Stability condition: if p is hight enough and A(U), B, C commute, the von
Neumann analysis leads to the condition:

Ar 2epf
Ax = 2r(uf) + (uf + dcm k)’

where i, 18, uf are the eigenvalues of A, B, and C respectively.

o Time stepping: 3d order TVD RK method Shu, Osher (1988)).
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Coupled Burgers equation

@ We consider the following model problem for nonconservative hyperbolic
systems:

Ou~+ud(u+v) =0,
Ov+vo(ut+v)=0.
@ In order to set unambiguously the jump conditions across a shock, the small

scale effects have to be taken into account. Following Berthon CRAS (2002) we
consider the vanishing diffusion term given by:

O+ ude(u+v) = 195 (u+ v),
O +vo(u+v) =205 (u+v).
o In Berthon CRAS (2002) the exact viscous profiles of the regularized system

have been computed, what allows one to compute the solution of Riemann
problems.



Coupled Burgers equation

@ We consider first the Riemann problem with initial data

1 2
0= o] =[] )
and apply the WCD problem with constant ¢ = 0.1 and different values of Ax,
D
25 i
: f 5
N

exart
i =1e-1
dx =Ge-2
dx=2.56-3
di=126e-3

Figure : Numerical results of the WCD method with ¢ = 0.1, p = 8 for the coupled Burgers
system with initial condition (8): (up for the variable « and down for the variable.v ).



Coupled Burgers equation

@ We consider first the Riemann problem with initial data

1 2
U= {0.25] U= {—1} ®

and apply the WCD problem with constant ¢ = 0.1 and different values of Ax,
D

exact
dx=Te-1
dy =5e-2
dx=2.5e-3
dx=1.25e-3

exart
i =1e-1
dx =Ge-2
dx=2.56-3
di=126e-3

Figure : Numerical results of the WCD method ¢ = 0.1, p = 8 for the coupled Burgers system
with initial condition (8) (up for the variable « and down for the variable v.): zoom of the solution.



Numerical

Coupled Burgers equation

@ We consider first the Riemann problem with initial data

1 2
vr= {0.25] y Ur= {— 1} ®
and apply the WCD problem with constant ¢ = 0.1 and different values of Ax,
D.
-4
p=2
sl p=d ]
p=6
p=g
Kl p=10 i
slope 3
= -0 4
5l ]
aaf ]
a8f ]
185 5 : o5 o £ 3
logidx"p)

Figure : Errors corresponding to the intermediate state of the Riemann problem corresponding to
(8) in logarithmic scale. Horizontal axis: log(pAx). Vertical axis: log(error) .
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Coupled Burgers equation

@ We consider first the Riemann problem with initial data

1 2
0= o] =[] )
and apply the WCD problem with constant ¢ = 0.1 and different values of Ax,
D

3 J

lng(errory
&

Figure : Errors corresponding to the intermediate state of the Riemann problem corresponding to
(8) in logarithmic scale with different values of p and pAx = 2.5 - 10~3 . Horizontal axis: p.
Vertical axic: loo(error)
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Coupled Burgers equation

@ We consider now the Riemann problem with initial data

1 -2
0= o] =[] ©

and apply the WCD problem with constant ¢ = 1, and pAx = cte.

50

40

)

20

10

0

Figure : Numerical results of the WCD method at t = 0.1 for the coupled Burgers system with

initial condition (9) with different values of p and pAx = 0.004(up for the variable u and down
for the variable v ).



Coupled Burgers equation

@ Approximation of the Rankine-Hugoniot curve of a given left state.

wed, po4 oo 075 deltax; 0.003
05 T

*  right state
exact cuve
O app. cume

Figure : Approximation of the Hugoniot curve of the right state (2, —1) and the approximation
obtained with ¢ = 0.75, p = 4, and Ax = 0.08).
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@ We consider next the system

A4 2(u 4+ v) e + (u+v)? v =0,

2

K (10)
Ov+ (u+v) ur+2m+v) vi=0
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@ We consider next the system
A4 2(u 4+ v) e + (u+v)? v =0,
v+ (u+ v)2 uy +2(u+ v)2 vy = 0.

o If the component equations of this system are added, then a scalar conservation
law for w := u + v with cubic flux is obtained:

Ow + 0w’ = 0.

10)

@ In order to set unambiguously the jump conditions, we consider the following
regularized system:

O+ 2(u +v) e + (u+ ) ve = 1+ V) + G167 (4 + V) ers

2 2 2 (an
Ov+ (w+v) ue+2w+v) vi = 2(u+v)u + Se1 (U + v) i,
where §;,i =1, 2.

o If these two constants are such that:

5 — 8,12
= 51’%+52"§:% (12)
where .
ri = ! ) 1= 1,2,
€1+ e

then the traveling waves of the regularized system can be explicitly computed.



Coupled cubic equation

e The Rankine-Hugoniot curve of a given left state U; = [u;, vi]” with
w; = u; + v > 0 hag acinonlaritv at w = 0

4+
+ T T T

*  left state

1 T

or fugoniot cuve
E]S ]
]S i
3 1 1 ! ! 1

0 05 1 15 2 25 3

0 02 04 0B 08 1 12 14 16 18

Figure : Rankine-Hugoniot curve of the state Uy = [1, 1] (left); u and v components of the right
states as a function of w, (right).



Numerical tests

Coupled cubic equation

@ The Riemann problem with initial conditions
1.5 0.75
U= {0.5} , Ur= {0,25} (13)
is first considered. The solution consists of a contact discontinuity traveling at

speed 4 and a shock whose speed is 7. The numerical method WCD is used with
dx =1/250" ’ ’

16
14k
121

1k 1

exact
wicd

08k k|

0B q
02 01 1} 01 0z 03 04

08

R

04F q

exact
wicd

02t q
L L

L L L
02 0.1 1} 01 0.2 03 04

Figure : Numerical results of the WCD method with dx = 1/2500, 7 = le — 1, p = 4 for the
non-convex coupled cubic system with initial conditions (13) : up u, down v.




Coupled cubic equation

@ Approximation of the Rankine-Hugoniot curve of a given left state.

wed; pod oo 0.7 deltax; 0.000856E7
18 T T T T T T T
# right state
exact cume 1
O app. curve

Figure : Approximation of the Hugoniot curve of the right state (.5, .5) for the cubic coupled
system and the approximation obtained with 7 = 0.1, p = 4, and Ax = 1/1500).



Coupled cubic equation

@ In order to test the ability of the numerical methods to correctly capture
non-classical shocks we consider the following Riemann problem for the cubic
flux conservation law:

w + (W3)x =0,
w =3 ifx <0,

w(x,0) = { w, = —3++/2//35 otherwise

The solution of this Riemann problem consistent with the considered
regularization consists of a non-classical shock linking w; to w,: see LeFloch
(2002).



Coupled cubic equation

@ In order to test the ability of the numerical methods to correctly capture
non-classical shocks we consider the following Riemann problem for the cubic
flux conservation law:

w + (W3)x =0,
w =3 ifx <0,

w(x,0) = { w, = —3++/2//35 otherwise

The solution of this Riemann problem consistent with the considered
regularization consists of a non-classical shock linking w; to w,: see LeFloch
(2002).

o If we consider now the coupled cubic system the Riemann problem with left and
right states equal to:

vi= e ve=[a)

the solution will not be a single shock, as Hugoniot curves cannot pass through
w=0.



Coupled cubic equation

@ Nevertheless, the sum of the two equations of the numerical method provides a
WCD method in nononservative form for the cubic flow scalar law.

Tirme = 0.0134741; di = 1/2000; tol =0.1; p=4.

Figure : Numerical results of the WCD method for the nonclassical shcok of the cubic flux
conservation law.



Coupled cubic equation

o If instead we apply to the coupled cubic some other numerical method, as the
path-conservative Lax-Friedrichs scheme, the sum is again a WCD in
nonconservative form for the cubic flux scalar law. The numerical solution
converges to the classical solution of the Riemann problem consisting of a
classical shock and plus a rarefaction wave.

Time 0.25

Lax-Friedrichs
clagsical solution
nonclassic shock
0EBF 4

05k

07k 4
08k 1
09k 1
M \
Ry 4

12b E

L L L L L
05 05 06 0B 07 075 08 08 09 095

Figure : Numerical results of the WCD method for the nonclassical shcok of the cubic flux
conservation law.
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The modified shallow water system

@ In Castro, LeFloch, Muioz, CP; JCP (2008) the following system was
considered

ht +q3c = 07

qZ
dq: + (;) + ghh, = 0.

@ The system can be written as follows:

hl‘*’Q)rZO7

h3 q2 hz
(4+5) + (5 +e3) =0

what allows one to derive the correct Rankine-Hugoniot conditions.



The modified shallow water system

@ We consider Riemann problem with initial condition:
3 <0
hox) =37 "=
.5 otherwise,

and u(0.x) = 1. We consider Ax = 1/500. 7 = 0.01. and » = 12.

3

25

05

Figure : Solution with at time 0.1. Left column: 4. Right column: u. Black lines: solutions
using the WCD scheme for the nonconservative system. Red lines: solutions using the WCD
scheme for conservative systems.



The modified shallow water system

@ Hugoniot curve for a given left state. The numerical curves are obtained by
using the WCD scheme for nonconservative systems using p = 4, p = 12,
p =20 and p = 50 with Ax = 1/500.

ytical &
142 =4
N P et el ok 2
N p=20.
1.1 N P
-
R N
1.08 2
3 N
108 NN
S
1.04
1.02
i I Sy
dss 0.8 062 R 0.96 0.98 1
h+

Figure : 1-shock curves corresponding to the left state (h—,u—) = (1, 1).
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