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Hyperbolic systems of conservation laws with source terms:

9 W + div(F(W)) = v(W)(R(W) — W) (1)

A: set of admissible states,
We AcCRV,

F: physical flux,

~ > 0: controls the stiffness,

R: A — A ; smooth function with some compatibility conditions
(cf. [Berthon, LeFloch, and Turpault, 2013]).
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Hyperbolic systems of conservation laws with source terms:

OeW + div(F(W)) = 7(W)(R(W) — W) (1)

v

Under compatibility conditions on R, when vt — 0o, (1) degenerates into a
diffusion equation:
Orw — div(D(w)Vw) =0 (2)

v

o w € R, linked to W,

e D: positive and definite matrix, or positive function.
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Bl Example #1: isentropic Euler with friction
.‘ P # P

Otp + Oxpu+0ypv = 0
Orpu + Ox(pu? + p(p)) + Oypuv = —kpu , with: p'(p) >0, k > 0
Orpv + Oxpuv + 0y (pv? + p(p)) = —kpv

A={(p,pu,pv)" €R3/p >0}

Formalism of (1)

o W= (p,pu,pv)”
o R(W) = (p,0,0)"

T pu+p ,puv
pv, puv ,pv2 +p

o (W) =k

X

Limit diffusion equation

B:p — div (%Vp(p)) — 0
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B Example #2: M; model for radiative transfer
nll ple 7#2: My

OtE + OxFrx + 0yFr, = co®aT*—co®E
atFR,x + CzaxPxx(E, FR) aF CzayPXy(E, FR) = —CO'fFR,X
8:Fry + 205 Py (E,FR) + c20,P, (E,FR) = —co'Fr,

pC,0: T = co?E —co®aT*
g = U(E, FR,X) FR,y, T)

A={(E,Frx,Fry, T) ER*/E>0,T >0,|Fg| < cE}

Formalism of (1):

o W= (E,Frx,Fry, T)T o F(W) = (
e R(W)

2p, 0
2p,, .0

2
FR,X7 CPxx )

2
FR,ya C'ny )

e y(W) = ca™(W)

C
C

X

o

Limit diffusion equation: equilibrium diffusion equation

0:(pC, T + aT*) — div (%V(aT")) =0
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» Ay f an AP sch
.‘ im of an scheme

Conservation laws: Yt — 00 Diffusion equation:
. — ) .
0:W + div(F(W)) = v(W)(R(W) — W) dew — div(D(w)Vw) =0
Z'N
consistent: | N
At, Ax — 0 | consistent
Numerical scheme —» Limit scheme

Yyt — 00
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.ﬁ Example of a non AP scheme in 1D

W + 9, (F(W)) = v(W)(R(W) — W) (1)
W = (ppu)" F(W) = (pu, P7L_12 + P)T
fy(W) = K R(W) = (P, 0)
Ti—1/2 Lit1/2
| |
Ti—g | i | i
wrtl w? 1 n n n
’A—t = —E (.7:/+1/2 - fi—1/2) + V(Wi )(R(WI) _ Wi)
Limit
pTtt — pr _ biy1pBx(pfy — ) = bicafpBX(pf — p]1)

At 2A X2
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[ | .
.‘ State-of-the-art for AP schemes in 1D

@ control of numerical diffusion:
o telegraph equations: [Gosse and Toscani, 2002],
o M1 model: [Buet and Després, 2006], [Buet and Cordier, 2007],
[Berthon, Charrier, and Dubroca, 2007], ...
o Euler with gravity and friction:
[Chalons, Coquel, Godlewski, Raviart, and Seguin, 2010],
@ ideas of hydrostatic reconstruction used in ‘well-balanced’ scheme used
to have AP properties:
o Euler with friction: [Bouchut, Ounaissa, and Perthame, 2007],

© using convergence speed and finite differences:
o [Aregba-Driollet, Briani, and Natalini, 2012],
@ generalization of Gosse and Toscani:

o [Berthon and Turpault, 2011],
o [Berthon, LeFloch, and Turpault, 2013].
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.‘ State-of-the-art for AP schemes in 2D

@ Cartesian and admissible meshes = 1D

@ unstructured meshes:
@ MPFA based scheme:
o [Buet, Després, and Franck, 2012],

@ using the diamond scheme (Coudiére, Vila, and Villedieu) for the limit
scheme:

@ [Berthon, Moebs, and Turpault, 2014],
© SW with Manning-type friction:
o [Duran, Marche, Turpault, and Berthon, 2015].
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© Development of an admissibility & asymptotic preserving FV scheme
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Bl Aim of the development

@ for any 2D unstructured meshes,

e for any system of conservation laws which could be written as (1),
@ under a ‘hyperbolic’ CFL condition:

o stability,

e preservation of A,

e preservation of the asymptotic behaviour,

At 1
max (bK’iA_> £ =

KeM x) =2
€€k
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QOutline

© Development of an admissibility & asymptotic preserving FV scheme
@ Choice of a limit scheme
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» Ay f an AP sch
.‘ im of an scheme

Conservation laws: Yt — 00 Diffusion equation:
. — ) .
0:W + div(F(W)) = v(W)(R(W) — W) dew — div(D(w)Vw) =0
Z'N
consistent: | N
At, Ax — 0 | consistent
Numerical scheme —» Limit scheme

Yyt — 00
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.H Choice of the limit scheme

FV scheme to discretize diffusion equations:

Orw—div(D(w)Vw) = 0. (2)

v

Choice: scheme developed in [Droniou and Le Potier, 2011] (DLP)
@ conservative and consistent,
@ preserves A,
@ nonlinear,

(D(wi)Viwk) nii= > Tk i(w)(wy — wi),
JESK,,'

@ Sk the set of points used for the reconstruction on edges i of cell K,
° ﬁf< A(w)>0.
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BR Presentation of the DLP sch
.‘ resentation of the scheme

— J _ J
Mg, = ZJGSK,,-WKJ XJ WMk, = ZJesK,,-wK,i U
R J _ J
Mii = Y jes,,wiiXJ WM = Des, WLi Wi
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l. P tati f the DLP sch
.‘ resentation of the scheme

Two approximations

WM, ; —WK
Viw i = T

WML-_WL
ViwL i = g

Convex combination: vk + v =1, ki >0, v; >0

Viwk -nki = k,i(w)Viwk - nk i +y0i(w)Viwe -ng;
= Y esk; Uk, i(w)(wy — wi), with : Ty (w) >0

Properties of the DLP scheme
@ consistent with the diffusion equation on any mesh,

@ satisfies the maximum principle.
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© Development of an admissibility & asymptotic preserving FV scheme

@ Hyperbolic part
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» Ay f an AP sch
.‘ im of an scheme

Conservation laws: Yt — 00 Diffusion equation:
. — ) .
0:W + div(F(W)) = v(W)(R(W) — W) dew — div(D(w)Vw) =0
Z'N
consistent: | N
At, Ax — 0 | consistent
Numerical scheme —» Limit scheme

Yyt — 00
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Bl Scheme for the hyperbolic part
l‘ yp P

Wn+1 _ n E
K

= K — ’K| Z:Fi(WKwa;---)‘nK,i (3)

i€efk

Theorem

We assume that the conservative flux F; has the following properties:
@ Consistency: if Wiz =W then F; - nk,; = F(W) - nk ;,
Q Admissibility:

J _ J
advg; 20, Fi-ngi= > Vic iF KJ - Nky

JESK,,'
b > leil > V}J(,i “Nky =0.
€€k JESK i
Then the scheme (3) is stable, and preserves A under the classical following CFL
condition: A
t
— ) <1 4
,r(nez <bK_]6KJ> < (4)
Je€k

F. Blachere (LMJL NumHyp, June 2015, Cortona 16/32



ﬁ Example of fluxes (with Rusanov)

Q@ TP flux:

F(WK) aF F(WL) n

Fi(Wk, W) - ng; = >

K,i — bk (WL — Wk)

@ HLL-DLP flux:

F(Wk) + F(W,)

Fi(Wi, Wi, W)) - ni i = Y v ( 5

Niy — brs(Wy — WK))
JESK,,'

v

But. ..
@ Fully respect the theorem, but not consistent in the diffusion limit

@ Does not respect the second property of admissibility, but consistent in
the limit

w
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[ |
.l Procedure to preserve A

n

W
———» HLL-DLP flux

No

@ W is computed with the HLL-DLP flux and with the CFL
condition (4),

@ Physical Admissiblility Detection (PAD): if W™+t € A then the time
iterations can continue, else:

o property 2b is enforced by using the TP flux on all not-admissible cells,
o At and W™t are re-computed with the TP flux.
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© Development of an admissibility & asymptotic preserving FV scheme

@ Numerical results for the hyperbolic part
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.I Convergence

Advection equation

O W +div(@aW) = 0, with: a = (1,1)".

o Wy(x,y) = sin(2mx)sin(27y)

o W(x,y,t)=sin(2n(x — axt))sin(2r(y — a,t))

Convergence results

Mesh

HLL-DLP flux

TP flux

Nb. cells

Size

Error

Slope

Error

Slope

24 705

6.68 x 104

6.68 x 102

6.83 x 102

98 561

3.34 x 10~*

3.58 x 102

0.90

3.64 x 1072

0.91

393 729

1.67 x 10~*

1.86 x 10~2

0.95

1.89 x 102

0.95

1573 889

8.35 x 10>

0.49 x 1073

0.97

9.62 x 10~3

0.97

6 293 505

417 x 10~°

481 x 1073

0.98

497 x 1073

0.98
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.ﬁ Wind tunnel with step [Woodward and Colella, 1984]

o fluid at Mach 3
@ TP flux correction < 1%J
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@ TP flux correction < 1% @ No TP flux correction
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© Development of an admissibility & asymptotic preserving FV scheme

@ Scheme for the complete system
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Bl Scheme for the complete model

Complete system

O:W + div(F(W)) = y(W)(R(W) — W) (1)
Wi — wi — W Z\e,|.7—'K, nK.i, (5)
i€€K

W

Construction of ?K,;

bk

_ -
Fri i = 3 vkiFa o = p e

JGSK,,'

Fry- ks =oxsFrs gy — (axs — akk)F(WE) - gy
— (1 — aks)bky(R(Wg) — WK).
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Bl Scheme for the complete model

@ |s the scheme with the source term AP?
= generally not . ..

Equivalent formulation
Rewrite (1) into:

OtW + div(F(W)) = v(W)(R(W) — W), (1)
=y (W)(R(W) — W) + (7 = 7)W,
D + div(F(W)) = (+(W) +7)(R(W) — W). (6)
with:
o y(W)+75>0 °§(W):W
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Introduction of 7

0eW + div(F(W)) = (y(W) +F(W))(R(W) — W)

Rescaling

v =

At — —

o e L R(W)=W

o 601

J .
Wit — W';(_Z %|ei| Z VK,i

i€Ek

s MK + Tk Oks  Okk

b brs b ,
[6_KJ}-KJ _ <£ _ ﬂ) F(WK)]
KJ

MNky
[R(W)=W,

v
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| [ .
I Limit scheme for the Euler equations
||

e RU)=U=pu=pv=0 @ YV +F¥ =K+K

Actual limit scheme

b2
+1 2
n pK+Z |‘ell Z KI K/ +EJ )5 (pJ—pK).
IeSK JeSk, K,i)OKJ
.
AP correction &

J 2 _
ic.ib vit ;b3

e (ps = pK) = (PJ — px) = Kk + Fx,; = K,iPKkJ P4 — PK )

2(kk + Fx.;)0ky 2VK OKJ PJ — PK

v

o 1
K= pK+Z |!e,\ Z '(ps—pK) — Oep—div <EVP(p)> =

i€k JESK,i
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W;Jrl Wi — |K| Z|el|'7:Kl Nk i
i€k
At - ~
= wky (W"K - 6_KJ[:FKJ — Fkk] 'nKJ)

Jelk

Theorem

The scheme (5) is consistent with the system of conservation laws (1),

under the same assumptions of the previous theorem. Moreover, it
preserves the set of admissible states A under the CFL condition:

At
max (bKJ—> <1
Kem dkJ
Je€k

()
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© Development of an admissibility & asymptotic preserving FV scheme

@ Results for the complete system
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.ﬁ Comparison in the diffusion limit (pseudo 1D)

po(x, ) = 0.1exp ((%598)%) +0.1, u =0, x = 2000, £ = 10 J
0.15 | —1D
-~ DLP
TP
0.147 —— NoAP
- AP
2013 |
c
A
0.12 ¢
0.11 |
0.1 i 1 : ' ;
0 02 04 06 08
Position
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.ﬁ Comparison in the diffusion limit (2D)

(a) HLL-DLP-AP

(c) HLL-DLP-NoAP (d) HLL-TP
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Space probe test case (Euler-M
amf Spacep ( 1)

Figure: Density: p Figure: Pressure: p
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[ |
Bl Space probe test case (Euler-M
amf Spacep ( 1)

Figure: Opacity: of Figure: Anistropy factor: f = ”tEl
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© Conclusion and perspectives
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I Conclusion and per

Conclusion

@ generic theory for various hyperbolic problems with asymptotic
behaviours,

o first order scheme that preserve A and the asymptotic limit.

Perspectives

@ extend the limit scheme to take care of diffusion systems and nonlinear
diffusion equation,

@ high-order schemes.
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