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ASPECTS

JURGEN HERZOG AND VOLKMAR WELKER

Introduction: For a standard graded k-algebra A = @,50 A, let H(A,t) =
Yon>odimy, Ant™ be its Hilbert-series. By classical results H(A,t) = (};é%) is a
rational function, where d is the Krull dimension of A and h4(t) = ho+- - -+ h,t"
a polynomial with integer coefficients with hg = 1. Since the work of Stanley
(see e.g. [41], [37]) in the 70’s enumerative properties of the coefficient series
(ho, - .., h,) have been studied intensively. This includes the classification the co-
efficient series of specific classes of combinatorially interesting algebras (see e.g.
[7], [6]) and the explicit control over the coefficient series for classical algebras A
(see e.g. [14], [19]). Despite many groundbreaking results some of the most fun-
damental questions remain open. Among them the g-theorem for Stanley-Reisner
rings k[A] of Gorenstein* simplicial complexes [46], the Charney-Davis conjecture
for k[A] of flag Gorenstein* simplicial complexes [13] and the unimodality prop-
erty of the coefficient series for classical rings, such a quotients by determinantal
ideals.

Using Grobner bases techniques (see [42] for aspects relevant to the school
topic) it has been shown [35], [4], [12], [30] or conjectured that questions about
the unimodality property for some classes of algebras can been resolved with the
help of g-theorems for suitable classes of simplicial complexes. On the other hand
new g-theorems continue to emerge. In addition flag-ness has been linked to the
Koszul property of A and the question of real rootedness of the polynomial h 4 (t)
[35], [34].

Alexander duality has become an important tool in the study of squarefree
monomial ideals, due to the remarkable result of Eagon-Reiner [15] and extensions
by Terai [44] , relating data of the resolution of the Stanley-Reisner ring of a
simplicial complex to that of its Alexander dual. This fundamental result and
further extensions to squarefree modules [36], [45], and even more generally to
multigraded modules by Miller [33] has many applications. For example, by using
this duality, a classification of all Cohen-Macaulay bipartite graphs has been given
[20] and a relationship between the Hilbert-Burch theorem and Dirac’s theorem
on chordal graphs has been exhibited [21].

In graph theory vertex covers are classical topic of research. In recent pa-
pers [22], [23], [24] vertex covers of higher order, not only for graphs but for
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hypergraphs as well, have been introduced, and attached to these vertex covers
so-called vertex cover algebras have been considered which may as well be in-
terpreted as symbolic power algebras of suitable monomial ideals. The research
in this direction so far focussed mostly on the question when these algebras are
standard graded. It turns out that the property of being standard graded reflects
fundamental properties of the associated hypergraphs, such as being Mengerian
or unimodular. It is an interesting open problem to study the Hilbert function
and the relation type of these algebras. Vertex cover algebras form a different
point of view have also been considered in [16] and [18].

A challenging open problem is a conjecture of Stanley [38] concerning so-
called Stanley decompositions of multigraded modules and a related conjecture
of Stanley [40], [41] concerning partionable simplicial simplicial complexes. The
conjecture asserts that there exist Stanley decompositions whose ‘size’ can be
bounded below by the depth of the module. Only very partial results are known
2], [3], [25], [28], [29], [1], as well as an algorithm which allows to compute the so-
called Stanley depth [26]. The concept of Stanley decompositions in the special
case of the residue class ring of a monomial ideal was first considered by Janet
(1936) in his study of linear partial differential equations. Janet divisions also
have applications to control theory.

School Topics. During the course we will introduce the basic notions and tech-
niques from commutative algebra and combinatorics for studying the polynomi-
als ha(t), for the use of Alexander duality and the analysis of vertex covers and
Stanley decompositions. We will also exhibit the basic techniques on important
examples and example classes and relate the subject to neighboring fields.

(i) Generalities on Hilbert-series, rational generating functions and real rooted
polynomials [11], [39].

(ii) Generalities on simplicial complexes and their Stanley-Reisner rings [41].

(iii) Alexander duality, multigraded modules and finite free resolutions [15],[44],
[36], [45],[33],[20],[21].

(iv) Koszul-algebras and infinite free resolutions [34], [5].
(v) Lefschetz-algebras and g-theorems [43], [31], [32], [17].
(vi) Vertex cover algebras [22], [23], [24].
(vii) Grobner bases with squarefree initial ideals [42], [35], [4], [12], [30].
)

(viii) Transformations preserving real rootedness and applications to algebra [10],[9],
8]

(ix) Stanley decompositions, partionable simpicial complexes and prime filtra-
tions [38], [40], [27], [28], [29], [25], [26].
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Background for research problems. As general prerequisite we expect famil-
iarity with basic commutative and homological algebra. Also the knowledge of
the fundamental facts of Grobner basis theory is desirable. We intend to propose
several research problems which naturally arise in the discussion of the above
mentioned themes and which in principle should be accessible with the methods
introduced.
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