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ABSTRACT

We prove the following result: if two Banach spaces E and F have property (V)
of Pelezynski and W(E,F*) = K(E,F’), then E ®, F has the same property. Then
we give several results on the necessity of the condition W(E, F*) = K(E, F").

In [10] Pelczynski introduced the following isomorphic property (which he called
property (V). in symbols (PV)): a Banach space E has (PV) if and only if any
unconditionally converging operator T @ E — F. F an arbitrary Banach space, is
weakly compact.

[t is known that C(K) spaces have (PV) ([10]) as well as Banach spaces not
containing /;, but possessing property (u) (see [9] for this definition). Furthermore, if
E does not contain /, and has property (u), then C(K. E) has (PV) for any compact
Hausdorff space K ([2]), whereas if K is dispersed then C(K.E) has (PV) if and
only if £ has (PV) ([1]). Recently Godefroy and Saab ([6]) also proved that Banach
spaces which are M-ideals in their bidual enjoy (PV). We also observe that (PV)is
inherited by quotients and that duals of spaces with (PV) are weakly sequentially
complete ([10]).

Pelezynski ([10]) gave the following useful characterisation of Banach spaces
with (PV).

Theorem 1 ([10]). 4 Banach space E has (PV) if and only if any {bounded) subset
M of E* such that
limsup | x,(x"} |=0 (H
7t A

Jor any weakly unconditionally converging series 3 x, in E is relatively weakly com-
pact.
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The purpose of this note is to present a result about (PV) in projective tensor
products of Banach spaces, in this way introducing a new family of Banach spaces
enjoying (PV}. 2

In the statement of the main theorem we shall assume that each operator from
E into F*(E, F the two Banach spaces involved in our construction) is compact. The
second part of the note will show that this assumption is sometimes a necessary
condition for E ®, F to possess (PV).

Throughout, by L(E. F*), W(E,F"), K(E,F") we denote the Banach spaces of
all linear and bounded, weakly compact and compact operators from E into F*
respectively.

First, we present the main theorem.

Theorem 2. Let E, F be rwo Banach spaces with (PV') such that W(E, F V=K(E, F*).
Then E ®, F has (PV).

PROOF. First of all. we observe that (E ®: F)" = L(E.F") = W(E.F*) where the
second equality holds because both E. F possess (PV). Hence our hypotheses imply
that (E @, F)* = K(E.F*). Now let us choose a subset M of K(E, F*) verifying (1).
If we put H = Spanihyx) i x € E, n ¢ Nj. for an arbitrary sequence (h,) = M,
Wwe get a separable closed subspace of F*. Let ¥ < F be a countable set separating
H.If y € Y, the sequence (hy(y)) = E* has to verify (1). Indeed. let S x, bea
weakly unconditionally converging series in E. The series 3%, ® y is easily seen to
be weakly unconditionally converging in £ ®, F, too. Hence we get

im Ay (y)(x,) = limhy(x, ® y) =0
it i

because (h,) verifies (1). Our claim follows: (h,(y)) verifies (1). Property (V) of E
implies that {(4)(v)) is a relatively weakly compact subset of E*. We can assume {and
we doj that (h(y)) is a weak Cauchy sequence in E” for all v e Y, thanks to the
countability of ¥ (and by passing to a subsequence if necessary).

Now, let x™ € E** and consider (h(x™)) = F*. We prove that thy"(xX™)) verifies
{1). To this end, we consider a weakly unconditionally converging series >y, in F
and we show that

Hm (" (X77), ya) = Hm (™ b (v,)) = 0, (2)
#a #

1e. we show that (hy(ys)) is weakly null in E*. To do that we shall prove that
(hy(y.)) is weakly relatively compact and weak’-null. Let us consider another
weakly unconditionally converging series 2%, in E; we claim that YoXy ® Y, is
weakly unconditionally converging in E @, F: indeed, if h & L{E,F"), we have that
> ohix,) is weak unconditionally converging in F*. Corollary 2 of [11] gives
that 3 | A(x, ® v,) |< o, from which our claim follows. Hence, since {h,) verifies (1),
we have

hmh (y,), x,) = limh,(x, ® Vn) =10,
K L

1

from which it follows that (hi{vs)) verifies (1) in E°. This gives that (17 (y,)) is
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relatively weakly compact in E*; on the other hand, for any x € E, the series
>_ X ® y, is weakly unconditionally converging in E ®, F, and so

mh(y,), x) = limh,(x ® p,) = 0,
i "

from which it follows that (h}(y,)) is weak*-null in E*. We can then conclude that
(h(v,)) is weak-null in E*. Hence (2) follows: so {h,"(x™)) verifies (1) and hence is
a relatively weakly compact subset of F*. Let zy,z, be two weak sequential cluster
points of (h;"(x"")) that obviously belong to H, since each h, : E — H is compact.
If y € Y we have

)= tm iy (<) (y) = mx™ [y, ()]

= ﬁ{n XU ()] = lign X ()]

ok

= lim hyi, (x7)(v) = za(y)

oo (X77) 5 zp. Since Y was a set separating H, we get
that z; = z,. This means that for all x** € E** there is h(x**) € H such that
h(x™) = w — lim, hy7(x™). A result in [12] now implies that (h,) is a weak Cauchy
sequence in K(E, H) = K(E, F*) that is weakly sequentially complete, since E*, F* are
([12]). Hence (h,) is weakly converging in K (E, F*). This concludes the proof. W

. w
where I (x™) — zi, R

Corollary 3. Let E*. F have (PV). If W(E* F*)y = K(E", F*), then the space N(E,F)
of all nuclear operators from E into F has (PV).

PrROOF. N((E.F}isa quotientof E*®, F. =
Corollary 4. Jer £ = C(K), F = I, p>2. Then E®, F has {(PV.

Corollary 5. Let E, F have (PV). If either E* or F* has Schur property, then E ®, F
has (P V).

Corollary 6. Let E, F 0 have the Dunford-Pettis property. Then the following are
equivalent :

{1} either E or F does not contain copies of Iy and E.F have (PV);

(i) E®, F has (PV).

gives (11). If (i) is true, it is enough to apply theorem

Proor. If (i) is true, Corollary 5
Sof 4lwget(i) =

The next results are about the assumption W{E, F"} = K{E.F"} considered in
Theorem 2. They show that in several cases such an assumption is necessary for
E ®, F to possess (PV).

Theorem 7. Assume that one of the Jollowing hypotheses is verified :
{a) E" or F” has the metric approximation property;
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(b) E or F has an unconditional compact expansion of the identity
(¢} E" or F" has the compact approximation property and is a subspace of a
Banach space Z possessing an unconditional compact expansion of the identity.
Then, if E @, F has (PV), W(E,F*) = K(E,F").

PrOOF. If E ®; F has (PV), then L(E,F") = (E ®, F)" is weakly sequentially
complete. Under (a), we have our thesis thanks to a result in [8]. If we assume that
W(E,F") # K(E,F") in the remaining cases (b) and (c), results contained in [7] and
[5] respectively give the existence of a copy of ¢, inside K (E, F ") that is not allowed
to be weakly sequentially complete. ®

Theorem 8. Let F* be complemented in a Banach space Z having an unconditional
Schauder decomposition (Z,,) with W (E, Zy)=K(E.Z,) for all n € N. If E®, F has
(PV), then necessarily W(E,F*) = K(E,F").

PrOOF. Let us assume that W(E, F") # K(E,F"). Hence there is T: E — F* that is
not compact, whereas P, T is in W(E, Z,) = K(E.Z,) forall n € N (here P, denotes
the projection of Z onto Z,). Repeating the proof of the main theorem in [3], we
construct a copy of ¢ inside K(E, F*), a contradiction that concludes the proof. =

As a consequence of Theorem 8 we have that C(K) ®, l,, K not dispersed,
l<p<2and [, ®;1, 1 <p<gq <, g4q dual numbers, do not enjoy (PV),

Theorem 9. Let E have the Dunford—Pettis property. If F contains copies of |, and
E®, F has (PV), then W(E,F*y = K(E, F").

ProoF. Using theorem 8 of [4] as in Corollary 6, we get that [, does not live in E.
Hence E™ has Schur property. Our thesis follows. M

Theorem 10. Let EF have the Dunford-Pettis property. If E @, F has (PV), then
WI(E, F"y = K(E,F").

ProOF. Corollary 6 implies that either £ or F does not contain copies of /. Hence
either E” or F* has Schur property. Our thesis follows. ®
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