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A Linear Hyperbolic System
and an Optimal Control Problem

G. EMMANUELE! AND A. VILLANI?

Communicated by R. Conti

Abstract. We prove a theorem of existence, uniqueness, and con-
tinuous dependence for a linear hyperbolic system with Darboux-type
conditions under assumptions on the coeflicients, which are in a sense
the most general possible. Moreover, an application of this result to an
optimal control problem is given.
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1. Introduction
In the present paper, we consider the following linear hyperbolic system
(state equation):
(E) zy+A(x, y)z + B(x, y)z, + C(X, )z
= F(x, y)U{x, y} + G(x, y), a.e in A,

where
A=10,a[x]0,b[, @ b>0,
z(x, y) eR", Alx, y), B(x, y), C(x, y) eR™,
F(x,yyeR™, G(x, y)eR",

and the control U belongs to a given set

U LF(A,R™), pell, +oof.
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Let the trace of z on the two sides of A which contain the origin be
the initial state, and let a given subset Y of a suitable functional space (of
Sobolev type) be the rarget to be achieved on the two sides of A which do
not contain the origin.

For a given set X of initial states, we denote by (X xU)) the set of
admissible pairs, i.e., the elements of X X U for which the output z is such
that (z( -, b), z(a,- }) Y.

In this framework, some rather general optimal control problems have
been studied using direct methods of the calculus of variations (see, for
example, Refs. 1-2). In the above quoted works, the coefficients A, B, C
are assumed to be continuous in A, and a representation formula for the
solutions of (E) is largely used. Also, Suryanarayana (Ref. 3) studies similar
optimization problems, using different techniques, under boundedness
assumptions for A, B, C.

In a recent paper (Ref. 4), the results of Ref. 2 are extended to the
case of nonnecessarily bounded A, B, C. This is established by giving an
existence, uniqueness, and continuous-dependence (on the control and the
initial state) theorem for the solutions of (E) and using no representation
formulas. More precisely, the assumptions on A, B, C, considered in Ref.
4, are as follows.

(a) A is measurable in A and there exists a e L7(]0, b]) such that
|A(x, )| =< a(y), a.e. in A,

(b) B is measurable in A and there exists 8¢ L7(]0, a[) such that
|B(x, y)| = B(x), a.e. in A.

(e} CelL”(A).

Following this line, in the present paper, we improve further the
hypotheses on A, B, C. Indeed, our assumptions are in a certain sense (see
Theorem 2.2) the most general possible.

In particular, in section 2, we make some needed comments on the
functional space of the solutions of the control process (E). In section 3,
we prove an existence, uniqueness, and continuous-dependence theorem
for the solutions of a boundary-value problem for a linear hyperbolic
operator connected with (E). In section 4, we establish an existence theorem
for the minimum in (X X %)} of a real functional J which depends on the
initial state and the control, both in an explicit way and through the response
z{ - : (e, ¢), U) of (E) and the derivatives of such response.

2. Some Properties of the Functional Space W}(R,R")

Henceforth, we shall assume p e |1, +co[. Let  CR? be an open set.
We denote by W¥(Q,R"), see Refs. 5-6, the Banach space (of Sobolev



JOTA: VOL. 44, NO. 2, OCTOBER 1984 215

type) of functions w:(x, y)-» w(x, y), from {} to R", which belong to
L (Q,R"), together with their weak derivatives w,, w,, w,,, endowed with
the norm

wl WHQRY) T (NIwllZramm + 1wy 127 .rm

+Hiwm 2 e + 1 We lir@am)'?.
In the case where () is an open rectangle of R?,
Q= R = Jxo, ;[ X]yo, ¥il,

one has the following characterization of WH(R,R"); see Ref. 5.

Theorem 2.1. A function w belongs to W3(R,R"), if it is of the form

W(x,y)=J [ k(&m)d«fdn*"f hi(¢§) d¢

Xg ¥ Yo X

+J h(n)dn+y, V(xy)eR, (0

Yo
with
he L*(R,R"), hye LP(xo,x,[, R™),
hye L (yo, vi[, R™), yeR”,

Moreover, let #,(R,R") denote the product Banach space
Fp(R,R") = LP(R,R™) x LP(Jxo, x,[, R") X L”(Jyo, y:[, R") XR™
Then, the following fact also holds (see Ref, 5).
Proposition 2.1. The transformation which maps each (h, hy, h,, y) €

¥,(R,R") into the element we W¥(R,R"), defined by (1), is an algebraic
and topological isomorphism between %,(R, R") and W} (R, R").

Using Theorem 2.1 and Proposition 2.1, the following properties of
WH(R,R") can be easily established.

Proposition 2.2. WH(R,R") is embedded both algebraically and
topologically in C%(R, R"). Furthermore, the embedding is compact.

Proposition 2.3. Let we WH(R,R"). Then, for each x €[x,, x,] [resp.,
¥ €[yo, y:11, one has

w(x, - )e W(Qyo, i[LR™)  [resp., w(-,y)e W (xo, x:[, R")].
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Moreover, for each x € [xg, x;][resp., ¥y €[y, »11], the linear mapping (trace
mapping) w-w(x,-) [resp.,, w-w(-,»)], from W}RR") to
W (Tye, 7i[, R") [resp., W'P(Ixs, x,[, R")] is continuous, uniformly with
respect to x €[x,, x,] [resp., vy € [vo, i1}

Proposition 2.4. Let we W¥(R,R"). Then,

wol& - )e W(yo, m[LR™)  [resp., wy(+, 7)€ W' (Jxo, x,[, R")],
for a.e. €€ ]x,, x,[ [resp., 7 € 1yo, »i[]. Moreover, the real function

£ [wel& )l coyoyamns ¢ a.e. in ]xo, xi[,

[resp" n -> “wy( S 77)” CO([xo, xl],R")a n a.e. in ])’o, yl[]s

is an element g(w) [resp., w(w)] of L?(Ix,, x,[) [resp., L?(Iyo, y:[)]. Also,
the linear mapping w->e(w) [resp., w- w(w)], from W}(R,R") into
L?(Jxo, x,[) [resp., L?(]yo, y1[)], is continuous.

By Propositions 2.2 and 2.4, one is allowed to introduce in Wi(R,R")
another norm | - | wx(rp), putting
Iwlwycram =Wl cormn + e (W) L2 gromp
HloWll rgymp Hllwollrren,  Ywe WH(RR").
The following fact is an immediate consequence of Propositions 2.2
and 2.4.

Proposition 2.5. The norms || - || wxrg and | - | wy(rgm) are equivalent.

Next, let us consider the second-order linear hyperbolic differential
operator P,
Pw=wy, + A(x, y)we + B(x, y)w, + C(x, y)w,

where A, B, C are functions from R into R™",
We have the following theorem.

Theorem 2.2. For P(WH(R,R"))C LF(R,R"), it is a necessary and
sufficient condition that A, B, C are measurable in R and satisfy

Y1
sup ess J |A(x, 9)|P dn < +o0, (2)
x€]xg,x1[ J yg
sup eSSJ |B(& y)|P dé < +oo, (3)
yelyoyil Jxp

Ce L(R,R™). 4)
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Also,

P(WH(R,R"))CL*(R,R")
implies that P is a linear and continuous operator from W}(R,R") into’
LF(R,R™).

Proof. Let

P(W3(R,R")) CL°(R,R").
If we put

1 0

O .
W)= Lo WPy =l V(sy)eR,
0 1
then

wle WHRR"), i=1,...,n

Hence, it follows from the hypothesis that
PwYe[P(RR"), i=1,...,n

Since

C=(Pw",..., Pw'")
we obtain

Ce L7(R,R™).

Now, let h be an arbitrary element of L”(Jy,, y;[). Let

g(}’)=J‘ h(t) dt’ Vye])’od’l[a

Yo
and

v(x, ) =gIw?(xy), V(xy)eR i=l,...,n
Then, one has
ve WHRR"), i=1l,...,n

ty $ ]
3 1t will be proved later (see Theorem 3.1) that, if
P(WHR,R"))C LP(RR"),
then one actually has

P(W%(R,R") = LP(R,R").
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and hence
PP e IP(RR"), i=1,...,n

Since
hB= (P, ..., Pb™)-gC,

it follows that
hBe LP(R,R™").

Since h e L*(1y,, yi[) is arbitrary, the function B is measurable. Furthermore,
h|B|e L?(R), for each he L?(1y,, »1D)-

Consequently, if we put

B(y)=J llB(tf,y)l"df, y a.e. in Jy,, yil,

then, by choosing h=1, we obtain
B(y)<+oo,  yae. in Jyo, yil-

Moreover,

J'yl |h(0)PB(¢t) dt<+co,  for each he L¥(Iyo, yi[),

Yo
and so (Ref. 7, Theorem 20.15, p. 348)

sup ess B(y) < +o0,
yelyoyil

i.e., we have (3). In a similar way, we can show that (2) also holds.

Conversely, let A, B, C be measurable functions from R to R™" which
satisfy conditions (2), (3), (4). Then, for each we W}(R,R"), Aw,, Bw,,
Cw are measurable in R and

JJRIA(f, mMwx(§ n)I° dé dn

el
={sup es J A, )P dn}[le(w)”’ip(]xo,x.[), (s)

xelxp, [ o yo

ijlB(f, n)w, (& n)|° dé dn

= {sup €ss J l |B(& y)If dg}“w(w)“ip(]ym}’l[)’ (6)

yelyoyil Jxy
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[ e mwee mp dean=1c1tr e,

wl&ormn)- (7)
Hence,

P(WE(R,R")C L’(R,R").
Moreover, (5), (6), (7) imply

|| Pwl| 17 (r gy = const|w]| WHRR")> Vwe WER,R").

Consequently, the linear operator P, from WH(R,R") into L?(R,R"), is
continuous. 0

3. Boundary-Value Problem for the Operator P
To simplify our presentation, we shall assume that
R=A=10, a[x]0, b[.
Let E(") and ¥\ be the Banach spaces defined as follows:
BV ={(¢, ) e W0, a[,R") x W*(10, b[, R™): ¢(0) = 4:(0)},
25 ={(x, p) € W' (10, a[, R") x W"*(10, b[, R"): x(a) = p(b)},
with the norm derived from the product Banach space
W (10, a[, R™) x W"2(J0, b[, R™).

The following is an immediate consequence of Proposition 2.3.

Proposition 3.1. Let we WH(A,R"). Then,
(w(+,0), w(0,))€E[” and (w(-,b),w(a-))eXi”.
Moreover, the linear mappings w - (w( -, 0), w(0, - )), from W¥(A, R") into

=)

YW, and w- (w( -, b), w(a,)), from W(A,R") into ¥\, are continuous.

Now, let
fel’(AR"), (o, ¥)eE}
be given. Consider the following boundary-value problem (BVP):
we WiE(A,R"),
Pw=f, (8)
(w(+,0), w(0,- ) =(¢, ¢).

The following theorem is the main result of the present section.
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Theorem 3.1. Assume
P(WHA,R"))C LP(A,R").

Then, for any ((¢, ¥), f) e B4 x LP(A, R"), the BVP (8) has a unique sol-
ution

w=w((¢, ), f).
Furthermore, the solution map

(e, ¥), )= wll(e, ), f)
e n)

is an algebraic and topological isomorphism between E" X LF{A, R") and
WH(A,R").

Proof. For any open rectangle
JCRZ’ J=]x0’ xl[x]ym }’1[7

we denote by #),(J, R") the Banach space of the functions w in Wh2 (RN
C°(J,R™), such that

Jx‘ sup ess |w, (& y)|” dé < +oo,

xg yelvonl

M
J sup ess |w,(x, n)|? dn < +c0,
vo X€1xg,x¢[
equipped with the norm
| 1/p
wl W, IR = [wll cogmm + [J sup ess |w.(¢, »)I” df:l

xo Ye€lvo.nl

x

¥ 1/p
+“' supesslwy(x,n)["dn] .

Yo *€lxg,x[

Moreover, we denote by L the following first-order linear differential
operator:

Lw=A(x, y)w, +B(x, y)w, + C(x, y)w.

By virtue of Theorem 2.2, A, B, C are measurable in A and verify (2), (3),
{4). It follows that

L(W,(J,R"))C LP(J,R")
and

| Lw e gmery = Kl w9, smms Vwe W,(J,R"),
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for each J C A, where

b 1/p
H = [sup ess f |A(x, I d”’l]

xe]0,af 0
a l/P
+[sup ess | 136 P de] FIC] s ©)

xe]0,b[ 0

is a constant which does not depend upon J.
Now, we notice that the BVP (8) is equivalent to the integrodifferential
equation

W(x,y)=W(x,y)—J L (Lw)(§ n) dédn,  V(x,y)€l, (10)

in the unknown we %,(A,R"), where we Wi(A,R"), and hence we
W,(A,R"), is given by

w(x, y)=e(x) +¢(y)—¢(0)+ L J:f(é n)dédn,  V(x y)eA.

Then, the first assertion of our theorem will be proved if we show that (10)
has a unique solution. We proceed as follows.
Consider any sequence {w,} C W ,(A, R") recursively defined as follows:

W, is any element of % ,(A,R"),

Wk(x) y)zw(xay)_J j. (ka—l)(ga 7’) dfd"l, V(xa )’)EA, VkEN

(11)
We shall show that {w,} converges to a we #,(A, R") in the norm topology
of W,(A,R"). Such w will be a solution of (10), since convergence in
W,(A,R") implies uniform convergence and L is continuous. To this end,
it is sufficient to show that

Y=t [zl w,camm < +o0,
where
Zi = Wi — Wie_1, ke N.
To do this, we divide A in smaller rectangles
Ay =la;_y, a[X]b; 4, bjl, i=1,..
with

r,j=1,...,5,

]

0=a0<a1<"'<a,=a, O=b0<b1<"'<bs:b,
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and we put
0’ lf l]=0,
ZWL‘;: o
1wl a 87 if >0,
for
i=1,...,1 j=1...,8 WEWP{A,R"),

Since

g
Zk+1(an)=“J J (Lz)(& m) dédm,  V(x,y)eB,VkeN,

0 JO

it follows that
Ziea1 = Zype F Tige + O T Oy
i=1,...,n j=1,...,5, ke N,

where Zj 1, T, Oip @i € W, (A, R") are defined by

X

Eij,k(x’ Y)z_J J;) (sz)(§5 7’) dfd"’)a

@iy v by

Tk (X, y) = zi(x, b;_1), oix(x, y) = zi(ai-y, y),

wij,k(xs y)=—z(a1, bj—l)a
for each

{x,y)eA, i=1,...,n J=1,...,%, ke N.
Moreover, it can be easily shown that

Iy = 1zilg-1 ol =12kl

lwgals =|zeliz1j-1s

i=1,...,1 j=1,...,5 ke N.
Furthermore, for

i=1,...,1, j=1,...,5s, ke N,
we have

Ziels = pp (B Lzl 12 a = pp (D) | 2l
with

wp(Ay) =[(a;—ai_)(b;— bj—l)]l/p, +(a—a; )" +(b;— bj«l)l/p,s

I/p+1i/p' =1,

(12)

(13)
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and ¥ given by (9). Obviously, the decomposition of A can be made in
such a way that there exists A € 10, 1{ for which

VZialy = Azl i=1,...,rj=1,...,5 ke N. (14)
From (12), (13), (14), it follows that

|Zealy = Mzily Tlzealiog Flzrsilion Hzestlio-1

i=1,...,r j=1,...,s, ke N.
Hence, for

i=1,...,r j=1,...,s,
we have

ES)
kz ‘Zklij <+w7
=1

from which the result

Y=t |zl ammy < +o0

follows. This completes the proof of the existence of a solution of (10).
Next, we prove the uniqueness of such a solution as follows. We
suppose that w;, woe€ W,(A,R") are solutions of (10). Let

Z=W —Wa.

By dividing A as above, we obtain
|zl = Alzy +zlior; Hlzli-r 2l
i=1,...,r j=1,...,s

It follows that

|z|;; =0, i=1,...,r, j=1,...,s,
and so
W1=W2.

Therefore, the solution of (10) is unique. We shall denote the solution by

w((e, ¥), f).

Finally, we show that the linear mapping

(¢, %), f)» wl(e, ¥), /)

is an algebraic and topological isomorphism between =™ x LP(A, R") and
Wi(A,R™). Indeed, the assumption

P(W3(A,R™) CL7(A,R"),
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Proposition 2.3, the existence and uniqueness of w((¢, 1), f) imply that
(e, ¥), N> wl(e, ¥), f)

is onto. Moreover, injectivity is trivial. So, we have only to prove the
bicontinuity of our mapping. To this aim, it is sufficient to show that the
inverse mapping, from W*(A,R") to ';(”)XL“’ (A, R"), is continuous. But
this is an immediate consequence of Proposmon 2.3 and Theorem 2.2. This
concludes the proof of our theorem. 0

Remark 3.1. The argument used in the proof of Theorem 3.1 shows
that the unique solution w of BVP (8) is the limit in the space W ,(A,R")
of any sequence {w,} given by (11). We observe that

wie WHA,R"), ke N.
Moreover,

lim w, = w
k

Mso in the space W(A,R"). Indeed, from
1i£n Wi = W, in W,(A,R"),

it follows that
li’rcn Lw, = Lw, in LP(A,R™).

Hence, by Proposition 2.1,
li,{n Wi =W, in WA, R").

4. Existence Theorem for a Minimum Problem Related to the Control Process

Now, we return to the control process (E). In what follows, we assume
the following.

(i) A, B, C are measurable functions from A to R™",

b
(ii) su}; ess J [A(x, n)I dn < +o0, sup ess J IB(& y)If dE < +o0,
xel0,al Jo

Ce LP(A,R™).
(ili)y FeL™(A,R™),  GelLP(AR").
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Remark 4.1. Conditions (i), (ii) on A, B, C are strictly more general
than (a), (b), (c), mentioned in Section 1 and considered in Ref. 4. Indeed,
(a), (b), (c) imply (i), (ii}. On the other hand, if

a=b=]1, n=1,

1/, 0<x<I,x/2<y<x,

A =
(x,y) {0, elsewhere in 10, 1[x]0, 1,

then A verifies
H

sup ess J [A(x, )| dnp < +00,
x€]0,1] 0

whereas condition (a) does not hold.

Next, we make some preliminary observations. We notice that, from
Theorem 3.1, the proposition below follows.

Proposition 4.1. For any Ue LP(A,R™), (¢, ) e EE,"), there exists in
W#(A,R") a unique solution

z(x, y)=z(x, y; (¢, ¥), U)
of (E) satisfying the conditions

(O z(x0)=9¢(x), xel0,a, z(0,y)=9¢(y), yelo,bl
Furthermore, the mapping

(e, 9), U)=>z(- 5 (o, 9), U),

from Z x L?(A, R") into WH(A,R™), is affine and continuous.

Moreover, we observe that Propositions 2.3 and 3.1 imply the following
proposition.

Proposition 4.2. The mapping
(e, ), U)>(z(-, b; (¢, ¥), U), z(a, - (@, ), U))
is affine and continuous from E{” x L?(A,R") into Y.
Now, let
XCE",  UCL'(A,R™), YCYY,
and let (X x )Y denote the set of ((¢, ¥), U)e X x 9L, such that
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(z(+, b5 (e, ¥), U), z(a, - s (@, 4), U)) € Y.
Consider the following optimal control problem.

Problem (P). Let (X x%)Y be nonempty. Minimize in (X x %)) the
cost J defined in BV X LP(A, R™) by

J((g, ¢), U)= J-LH@, 15 2(& n; (@, ), U), z(& 3 (o, ¥), U),

z,(& n; (@, ), U); U(& 1); (€), ¢'(€), ¥(m), ¢'(n),
2(£ b5 (e, 9), U), z.(§ bi (@, ¥), U), z(a, 1; (¢, ¥), U),
z,(a, n; (@, ¥), U)) dé dn,
V(e ¢), U)e E” X L (A,R™), (15)
where
(%, ¥ 21,22, 233 U5 Uy, ..+, 0g) > H(x, ¥3 21, 20, Z35 4, Dy, ., Dg)
is a suitable function from A xR*" xR™ xR®" into R.
More precisely, we shall assume the following hypotheses.
Assumption 4.1. H is measurable with respect to (x,y) for each
(24,25, 235U, 0q,...,0g) and is continuous with respect to
(24, 25, 235 U Uy, ..., Dg) fOr a.e. (x, y).

Assumption 4.2. There exist

le L'(A), ge COR" xR*"), be L™(A),
such that

|H(x, y; 21, 25, 3, U 0y, . . ., )]
105 2001 1 99 5 ) 187 1 4l + ol
ae (x,y)ed,  V(zi, 2, 25 u; 0y, ..., v5) eR¥ XR™ XR®",
Assumptions 4.1 and 4.2 imply the finiteness of the integral in (15) for

each ((¢, ¥), U)e ELV X LP(A,R™).
Through the following, we shall consider also the following hypotheses.
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Assumption 4.3. For a.e. (x, y) € A, the function
(21,23, 235 U3 Uy, oo, 05) > H(X, Y5 21, 22, 235 U Uy, . .0, Ug)
is convex.
Assumption4.4. Fora.e.(x, y)€ A, forany (z,; vy, vs, s, v;) €R” XR*",
the function
(22, 233 U; U2, s, Vs, Us) > H(X, ¥5 2y, 23, 235 U; V15 - . -, Us)
is convex. Furthermore, there exist veR™, pe L'(A), such that
[H(x,y; 21, 72, 235 U; U}, Uy, 03, D, V5, Ug, 07, Us)

. P 1 4 ” ”
_H(x,y,ZI,Zz,Z_v,,u,Ul,Ug,U3,U4,U5,U6,U7,Us)i

- v[p(x, ¥) +lzd? +lz4? +lul?

4 4
+ Z] |07 )| 21 — 2] +_E [v5iy *Ug;—1¥p},

i=1

i=

for a.c. (x’ Y) € Aa fOI' each (Zi, 2y, 235 U U;a Uy, UZIS’ Vs, Uga Vs, v'lh US)a
” PN 4 14 " 4 3n m 8n
(21, 22, 235 u; VY, 0y, V], 0, U5, Vg, 07, Ug) € R XR™ XR™™.

Assumption 4.5. There exist constants o, ¢y, a, 0>0, a €[0, p], and
a function o, L'(A), such that

H(xa Y3 2y, 2o, Z3, US Uy, n ey 08)201”117 +0-1|u|a +02(x9 }’),
for a.e. (x, y) €A, for any (z,, 2y, 233 U; vy, . . ., Ug) € R*" XR™ XR*".

Assumption 4.6, There exist constants 9, 9,, B, >0, B<][0, p[, and
a function 9,€ L'(A), such that

4 4
H(X,y;21,22, 235U 0y, ..., 0) =3 ¥ |off +9, L |7-’ilﬁ +3a:(x, ),
i=1 i=s]
for a.e. (x, y) €A, for any (z,, 2, 23, U vy, . . ., vg) €R>" XR™ xR,

Now, we are ready to prove the following existence theorem for the
Problem (P).

Theoremd.1. Let X, U, Y be weakly closed. Let H verify Assumptions
4.1, 4.2, and moreover either Assumption 4.3 or 4.4. Let X be bounded or
otherwise let Assumption 4.6 hold. Let % be bounded or otherwise let
Assumption 4.5 hold. Let (X x %) # . Then, Problem (P) has a solution.
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Proof. We start by showing that J is weakly sequentially lower semi-
continuous in EY” x LP(A, R™). Indeed, if Assumption 4.3 is verified, then
it can be shown that J is convex and continuous in £V x L*(A, R™); see
Ref. 4, Lemma 4.1. On the other hand, if Assumption 4.4 is verified, then
the weak sequential lower semicontinuity of J is obtained as in Ref. 4
(Proposition 4.1) using a well-known theorem of Browder (Ref. &, Theorem
2). Next, we consider a minimizing sequence

{((on, ), U CT X

Any such a sequence must be bounded in any case (see Ref. 4, Proof of
Theorem 4.1). Since E{” x L?(A,R™) is reflexive, then there exists a sub-
sequence {((@n, ¥n, ), Un,)}, weakly convergent to ((¢, ¢), U) in EVx
LP(A,R™). Since (X xU)) is weakly closed (Proposition 4.2), then

(e, ), U)e (X xU),.

From the weak sequential lower semicontinuity of J, it follows that
({¢, &), U) is a solution of Problem (P). |

Remark 4.2. The cost J, considered here, is more general than the one
studied in Refs. 1-4, since H depends upon z,, z,, too. This fact allows us,
for instance, to cover the following minimal area problem: Given

(p,9)eE,  UCL’(AR™), YCEY,

find, among the controls U € % which steer (¢, ¢) into Y, a control U such
that the corresponding surface

z=z(x,y; (e, ¢), U), (% y)eA,

has minimal area.

Remark 4.3. Finally, we notice that it is possible to use an intermediate
hypothesis between Assumption 4.2 and Assumption 4.4, instead of Assump-
tion 4.3 or Assumption 4.4, as in Ref. 4, Remark 4.2.
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