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ABOUT CERTAIN ISOMORPHIC PROPERTIES OF BANACH SPACES IN
PROJECTIVE TENSOR PRODUCTS
G.Emmanuele

This note is an announcement of results contained in the
papers [4),[5],[6] concerning isomorphic properties of Ba=
nach spaces in projective tensor products (for this defini=
tion and some property we refer to [1]).At the end,some new
result is obtained, too.
In the sequel L(E,F*) (resp.K(E,F*)) denotes the space of all
operators (resp.compact operators) from a B.space E into the
dual B.space F*.The first result needs the definition of a
new isomerphic property introduced in [4):we say that a B.

space X has the (DPrcP) if any Dunford-Pettis set,i.e. a boun=

ded set M such that l%m suple(x)':O for any w-null sequen=
M

ce (x;)c X*,is relatively compact.In [4] we obtained the fol=

lowing results

THEOREM 1([4]).A dual B.space X* has the (DPrcP) iff X does

1
not contain a copy of 1 .

1
THEOREM 2([4]).Let E,F be two B.spaces not containing 1 .If

1
L(E,F*)=K(E,F*),then Eg_F does not contain 1 .

The proof of Theorem 2 is based upon Theorem 1 and another
characterization of B.spaces not containing ll.proved in[3].
We note that Theorem 2 answers a question put by Ruess in[lz].
The following two results we present are about Property (V)

of Pelczynski ([10]) and the Reciprocal Dunfbrd—Pettis Pro=
perty (RDPP) ([8]).The first is from [5] ,the other from [6].

THEOREM 3.Let E be a B.space with Property (V) and F be a

reflexive space.If L(E,F*):K(E,F*),thén Em_F has Property (V).

THEOREM 4.Let E,F be two B.spaces.Then the following are

equivalent,provided L(E,F*)=K(E,F*),

1
i) E-and F possess the (RDPP) and 1 doesn't embed into at

least one of them

ii) Es F__has_the (RDPP).

In the proof of Theorem 3 we used a characterization of Pro=
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perty (V) contained in [10] and in the proof of Theorem 4 a
characterization of the (RDPP) to be found in [9] and the al=
ready quoted result from [3].We note that all of our papers
contain remarks about the necessity of the assumption"L(E,F*)=
K(E,F*)",In order to illustrate the techniques we used,based
upon results about weak sequential compactness in K(E,F*)
([12]),we present a new result about the so-called Grothens=

dieck Property (GfP):a B.space X has the (GrP) if w¥*-null se=

quences in X* are w-null([1]).

s
THEOREM 5.Let E be a B.space with the (GrP) and F be a refle=

xive space.If L(E,F*)=K(E,F*),then Em_F has the (GrP).

Proof.Let (Bn) be a w*-null sequence in K(E,F*):(EqTF)*.Ta=
ke x**cE** and y € F=F**,The operator mapping Be K(E,F*) in=
to B¥(y)e E* is -w¥-w* sequentially continuous;indeed,if (Tn)
is w*¥-null and x € E,we have T;(y)(x):Tn(xuy)—ea 0 because‘
xmy ¢ Em_F and (Tn) is w*-null.Hence B;(y)—zia © in E*.But E
has the (GrP) aﬁd so B;(y)—ﬁe O.Hence,B;*(x**)(y)——+ 0 and
this means that Bn-ﬂé 6 ([12]).wWwe are done.

THEOREM 6.Let E be a reflexive space and F be a B.space with

the (GrP).If L(E,F*)=K(E,F*),then EurF has the (GrP).

Proof.Since Em F is isomorphic to FuWE it is enough to ap=
~ply Theorem 5 to FunE;so we need to prove that L(F,E*)=K(F,E*).

Take T€ L(F,E*);we have T¥*:E*#*—3 F* and TTEG K(E,F*).Since

T* is w*-w¥ continuous and BE isw*¥-dense in BE**,it is quite

easy to prove that fﬁ;?§;3:3T*(BE**).We are done.

The hypothesis of reflexivity of E(or F) in the above results

is not restrictive thanks to the following remark .

REMARK.If EuwF has the (GrP),then either E or F is reflexive.

Assume l1 embeds into both E and F.A result in [11] gives
that (L1 and so)l2 embeds into both E* and F*.Hence lzuel2
is a subspace of L(E,F*),that is weakly sequentially comple=
te as a dual of a space with the (GrP) must be.Now,recall
that co lives inside of lzuelz;a contradiction.And so either

1
E or F doesn't contain 1 ;this means that either E or F is

reflexive ([2]).
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As a consequence,we note that the space lwun_lOo cannot has=

@
ve the (GrP),whereas 1 xwlp

,2<p<& ®,has thatproperty.In=
stead,lmuﬁlp,l< p <4 2,doesn't possess the (GrP),since its
dual space contains co,as proved in [7].
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