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Integrable Solutions of Hammerstein Integral

Equations

Communicated by M. Z. Nashed

GIOVANNI EMMANUELE
Department of Mathematics, University of Catania,

Viale A.Doria 6, 95125 Catania, Italy
AMS: 45G10

Abstract. We consider a Hammerstein integral equation and we prove
that it has at least a solution in a suitable subset of Ll[O,l] under
quite general assumptions. This result has natural extensions to the
case of LP[0,1] and to the case of finite dimensional spaces. At the
end, another result about existence of integrable solutions is
presented, too.

KEY WORDS: Hammerstein nonlinear integral equation
(Received for Publication 22 October 1990)
One of the most investigated integral equations in nonlinear func-

tional analysis is the Hammerstein equation

1
(1) x(t)=~p(t)+ I k(t,s)f(s,x(s))ds te(0,1].
0

It has been studied in several papers and monographs ([1l], [2],
(3], [4]), [8]), [9], [12])), and existence results have been obtained
under several different groups of hypotheses; most of these results
requires rather strong assumptions like coercivity, monotonicity, dif-
ferentiability on k and f.

A quite general result has been obtained recently in [3]; the
author of [3] was however forced, by the technique he used, to consider
some monotonicity assumptions on ¢ and k. In this short note we are
able to dispense with these hypotheses. Our proof makes use of the
Schauder fixed point Theorem as in [3], but we look-for a solution in
a different subset of Ll[O,l] and this allows us to avoid the monotoni-
city hypotheses considered in [3]; we however need to suppose that k is
nonnegative, whereas in (3] k is allowed to assume values in R. It is
easy to see that our proof again works if one assumes "k:{0,1]x[0,1]—R
and the operator K 1is regular" (see [12] for this definition); we
leave to the reader the proof of this fact.

) gork performed under the auspices of G.N.A.F.A. of C.N.R. and par-

tially supported by M.U.R.S.T. of Italy (60%;1987)
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Throughout, we shall assume the following four hypotheses

(h) eel'[0,1]

(h.) £:[0,1]xR—>R msenifies Banatheadony hypotheses, i.e. f is measuna-
ble with neocpect ta te[0,1], fon all xeR, and continuaus with
nespect ta xeR, fon almast all te([0,1], and moneasen thene exiot
acL![0,1] and b>0 such that

|£(t,x)|=a(t)+b|x| {fon a.a. te[0,1] and abl xeR

(h ) k:[O,l]x[O,l]—-—)R+ o measunable with neocpect ta both waniables
and is such that the integral openaton

1
(Kx) (t)= j k(t,s)x(s))ds te[0,1)
0

mapa LI[O,l] inta iteelf.
We recall that under (hz) the operator

(Fx) (t)=f(t,x(t)) te(0,1]

maps Ll[O,l] into itself continuously (see [7] where actually is proved
that (hz) is both a necessary and sufficient condition) and that under
(hs) the linear operator K maps Ll[O,l] into itself continuously
([12]). Let |K| denote the operator norm of K. We shall also assume
(h) bjKj<1.

Before presenting our result we need to recall two well known re-

sults about measurable functions

LUSIN THEOREM ([5]). £et ¢:[0,1]—R &e a measunable function. Fon
any >0 thene is a clooced oubset A of [0,1], m(A:)<e, ouch that o
nestnicted ta A€ {6 continuaus.

SCORZA DRAGONI THEOREM ([11]). £et k:[0,1]x[0,1]—R &e a {function
wsenifying Banatheodony hypotheses (oee (hz)). Forn any €>0 thene is a
claced ouboet A of [0,1], m(A:)<e, ouch that k nestnicted to A x[0,1)
s cantinuaus,

The main result will make use of the following Lemma

LEMMA. £et uwo aooume (h1)’(hz)’(h3)’(h4)' Then thene exiots a
unique, a.e. nannegatisse, functian X xoeLl[O,ll, ouch that
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1
) xo(c)-[¢<t)|+J' k(t,s)(a(s)#bx_(s))ds ,  te(0,1]
]

Proof. Let us put Br-(xeLl[O,ll, |x[=r) where r=|y|/(1-b|K|) with
1
¢(')-|¢(.)I+J k(+,s)a(s)ds. We consider the operator A:L'[0,1]—
0

—L'[0,1] defined by

1
ax(e)=lo() [+ k(t,s) (a(s)ebx(s))ds
0

and we show, first, that A(B )CBx' Indeed, for xe€B we have
r r

1 1
ﬂAx"-J fax(t)|de<| |o(t) |dt+J
0 0

101
J k(t,s)(a(s)+bx(s))ds|dt=
0'va

desfv|+b{K]|x|<

stvleo]

1
I k(t,s)x(s)ds
0

<lel+olx] i - -

If we consider B:-(x: xGBr, x(t)z0 a.e.}) we clearly have that

A(B+)CB+. Furthermore, B: is a closed subset of Ll[O,l] and so it is a
r T

complete metric space. We shall prove that A is a contraction and so

our thesis will follow. Let xl,xzeB:. We have

1) 61
"Axl-AXZH-Jo Jo k(t,s)b(xl(s)-xz(s))ds dtsb”K"”xl-xz"

where bHKH<1 thanks to (h~). We are done.

THEOREM 1. fet uo acoume (h ), (h,),(h),(h ) and the {allowing
(h,) k oaticlies Eanatheadony hypatheses, i.e. it i measunable with
neipeci to te[0,1], fon all s€({0,1], and continuaus with nespect to
s€{0,1], fon alnaost all te[0,1].

Then the equation (1) has a solution in L[0,1].

Proof. Let X, be the function verifying (2) in the Leimma. First of
all, assume X =f . In this case, we have, for

1
L {0,1)
1

y(t)=o(t)+] k(t,s)f(s,x (s))ds, te[0,1]
0
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1
|y(t){5|¢(t)|+I k(t,s)(a(s)+bx°(s))ds—xo(t) a.e. on [0,1] ;
0

and so y(t)=0. This means that x =4 L solves our equation (1).
L'[0,1]
Now, we assume X »§ and we consider the following subset of
X 1710,1)
L[0,1)

Q=(y: yeL'[0,1], [y(e)|=x (¢) a.e.)

It is clear that Q is nonempty, bounded, closed and convex in Ll[O,l].

Define an operator H:Ll[O,l]——eLl[O,l] by putting

1
Hx(t)=p(t)+ I k(t,s)f(s,x(s))ds
0

By virtue of our assumptions H is continuous. We shall prove that i)
H(Q)cQ, ii) H(Q) is relatively compact, so that we are allowed to use
Schauder fixed point Theorem to conclude our proof. We start by proving

i). Let x€Q and majorize Hx as follows

1
[Hx(t) | <[ (t) | +J’ K(t,s)|£(s,x(s)) |ds < [p()] +
0
1
+ J k(t,s)(a(s)+b|x(s)|)ds = |p(t)|+
[}

1
+ Jo k(t,s)(a(s)+bxo(s))ds=x0(t)

by virtue of the Lemma. Now, we show ii) Given neN, Lusin Theorem and

Scorza-Dragoni Theorem alike allow us to find a closed set Ahc[O,l}

m(A°)< —%i— such that ¢|A R are uniformly continuous. Now,
n
n

k
|a xto, 1)
n

let (yk) be a sequence in Q; for t’, t”eAn we get

[Hy, () -Hy, (£) |=|o(t’)-e(t") | +

1
+ I [k(t’,s)-k(t”,s)[(a(s)+bx (s))ds.
0
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This means that the sequence (ny> is a sequence of equicontinuous
functions on An, by virtue of the uniform continuity of ¢ on An and k
on Anx[O,l]; being the same sequence equibounded on An(easy), we can
use Ascoli-Arzela Theorem ([6]) to prove that (Hyk) is a relatively
compact subset of Co(An); and this can be done for each neN. We can

conclude that there is a suitable subsequence (y( ) of (yk) such that

X(h)
(Hyk(h)) is a Cauchy sequence in each CD(An), neEN. Now, given o0>0, let
p>0 be such that m(A)<p implies J.xo(s)ds< —Z—- . Choose neN so that
A

m(Af)<p and calculate as follows

n

1

I IHyk(h')(t)-Hyk(h”) (t)[de = I ‘Hyk(h’) (©)-Hy, \», () |de+

0 c
A

n

+ j By, , OBy L (©) ]de =
A

n

g o
i J 'Hyk(h')(t) “ B (©)] at = - °

A

+ Juy LY

C (A )

x(h’')

Since for h’, h” sufficiently large the last norm can be made

smaller than o/2, we obtain the following limit relation

lim |Hy ., -Hy .| - 0.
B’ b —30 x(h') x(h'") L1(0'1]

that concludes the proof. We are done.

Remark 1. With the same proof we can prove the following result

valid in the case of LF[0,1], l<p<e=.

THEOREM 1 (case of LP[0,1], 1<p<=). fLet the f{allowing hypatheseso be
senified
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(h)) ¢el(1)
(hz) f:IXR — R wmvenifies Canatheadany hypaotheaes and thene ane
ael®(1) and b20 auch that

| £(t,x)|sa(t)+b|x| fon a.a. tef0,1], xeR

(ha) k:IxI — R, usenifies Ganatheadony hypathesea and the openatan
K mapa LP[0,1] inte itael] (cantinuously)
(h,) b]K|<L.

Then the equation (1) haa at least a sclution xeL®[0,1].

Remark 2. The proof of our Theorem 1 can be even adapted to the
case of arbitrary finite dimensional Banch spaces. So we have the fol-

lowing result.

THEOREM 1'. fLet the {ollawing hypotheses be venified
(h) oL} (1,R), with 1 a closed, baunded oubset of some R®

(h) f: IxR" — RP senifies Barnatheodony hypotheses and thene ane
acLl(1), b=0 ouch that

J£¢t,x) |sa(t)+b]x]

(h) ki IXI — L(R®,R") (whene L(RP,R") denates the opaces aof alf
linean, bounded apenatons from RP inta R%) wenifies Bona-
theadony hypathesea, in ouch that the apenatan

Kx(t) = [ K(t,s)x(s)ds

I
mapa  LYI,R®) inta LYI,R") continuously and maneansen
Jk(e,o)}: IxI — R, wsenifies (hs) as in the Theonem 1

(h) bK]<1

Then the equation

x(t)=p(t)+ J k(t,s)f(s,x(s))ds
I
admits a sofution xel'(1,R™).
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We have just to observe that the only essential change is the follo-
wing: instead of Scorza Dragoni Theorem we have to use its generaliza-
tion due to Ricceri and Villani (see [10]).

As remarked at the beginning, in Theorem 1 we were forced to assume
k(t,s)20 for a.a.t, s€{0,1]. In the following result we eliminate this
requirement, but only after considering stronger assumptions concerning
¢, k, f; this because we look-for solutions of (1) in a different kind
of subsets of L1[0,1].

THEOREM 2. Zel us assume thene o p, l<p<o, osuch that
(a)) ¢el’[0,1]
(az) f:[0,1]xR — R wmenifies Banatheadony hypatheses and moneosen
thene exist aclf[0,1] and b=0 ouch that

|£(t,x)|=a(t)+b|x| for a.a.te(0,1] and all xeR

(aa) k:{0,1]x[0,1] — R wuenifiea Banatheadony hypothesea and it ia
such that the apenaton X maps 17[0,1) inta iteelf and 1[0,1)
inta itael]

(a) b[]l(lp<1, whene ﬂKﬂp denotes the noun o} K as an cperaton from
LP(0,1] into iteelf.

Then the equation (1) hao a solution in L'[0,1].

Proof. Let us consider the following subset Q of L1[0,1]

Q = (x:xeLlP[0,1], ﬂxﬂpﬁr)

where r—(nwﬂP+HKHpuaﬂp)/(l-b"Kup). Q is convex and weakly compact in
LP[O,l] and so it is bounded, closed, convex and uniformly integrable

1 .
in L7{0,1] (i.e. m%%?%O igg jAlx(t)[dt-O). We consider the operator H

we defined in Theorem 1. H maps LF[O,l] into itself continuously and

L1[0,1] into itself continuously, thanks to our assumptions. For xeQ,

|

we have

1 1/p
|Hx(t) |Pdt ] < “(plp +
0
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1

[ k(t,s)f(s,x(s))ds

P i/p
dt] =<
0

gl

s fol, + IR, FeCsx(n I, = fol, + IxE, { fal, + blxl, | = ¢

[+}

and so H(Q)cQ. As in Theorem 1 we can show that H(Q) is relatively com-

pact in I}[O,l] and so an easy application of Schauder fixed point

Theorem concludes our proof. We are done.

1;

2;

9r

10,

11,

12,
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