
On the Banach Spaces with the Property (V*) of Pelczynski (*). 

GIOVAI~NI :E:~MAN UELE 

Summary. - We consider the Banach spaces with the property (V*) c/ Pelczynski giving a su/- 
]ieient condition ]or a Banach space to have this property as well as a characterization o] 
Banach lattices with the same property. Several other results are given which are concerning 
relationships among that property and other ]amous isomorphic properties o /Banaeh spaces. 
Also a characterization o] Banach spaces with property (V*) using Schauder decompositions 
is given. Some result concerning lilting o] that property ]rom a Banaeh space E to L~(Et, E) 
is presented, too. 

O. - I n t r o d u c t i o n .  

Let  E be a Banach space and X be a bounded subset of /K We say tha t  X is 
a (V*) set iff for  any  weakly uncondi t ional ly  converging series ~ x* in E* one has 

lira sup tx*(x) l = o 
n X 

(we recall  t ha t  a selies ~ a* is weakly uncondit iona]ly converging if ~ ]a**(a*)l < co 
for all x** ~/~** ([1]); this is eciuivalent to ~ Ix(~*)t < c~ for all x e ~) .  

Following [17] we say tha t  E has the p roper ty  (V*) (of Pelczynski)  iff any  its 
(V*) subset is re la t ively  weakly compact.  

This p roper ty  was in t roduced by  Pelczynski  in [17] as a dual  proper ty ,  in a 
sense, of the  p roper ty  (V) (see [17] for this definition); indeed Pelezynski  showed 
t ha t  if a Banach  space E has p roper ty  (V) then  E* has p roper ty  (u This could 
be seen as a good reason to s tudy proper ty  (V*); moreover  we observe tha t  the  fol- 
lowing resul t  is t rue  (we recall  t ha t  an operator  T:  E ~ / ~ ,  E , /~  two Banach spaces, 
is named  uncondi t ional ly  converging if i t  maps weakly uncondi t ional ly  converging 
series into uncondi t ional ly  converging ones). 

t>ROPOSI~I0~. - _Let E ,  t z be two Banach  spaces. I]  • has property (V*) o] .Pelc- 

zynsk i  any  conjugate uncondit ionally converging operator / tom E* into ~ *  is weakly 
compact. 
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by 1K.P.I. of Italy (40%). 
Indirizzo delt'A. : Dipar~imen~o di Matematica, Universit~ di Catania, Viale A. Doria 6, 

95125 Catania, Italia. 
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PnOOF. -- Le t  S*: E * - ~ / ~ *  be a conjugate operator  which is uncondi t ional ly  
converging. We consider a sequence (y.) c B~, the  uni t  ball  of 2~, and we show tha t  
(S(y~)) must  be re la t ively  weakly compact .  I f  ~ x* is a weakly uncondit ional ly 
converging series in E* we have 

<S(y~) ,  x~*~> - <y~, s*(z~)> - .  0 

since i ~ ,,)ll -+ 0. Hence (S(y,)) is a (V*) set in E and so i t  is re la t ively  weakly 
compact .  We are done. 

The first result  of this note  is a character izat ion of (V*) sets b y  means of oper- 
ators with values in 1 ~. We also give a useful sufficient condit ion for a Banach  space/~ 
to have  proper ty  (V*) and  a simple proof of the  converse resul t  s tated,  wi thout  proof, 
in [13] for the first t ime.  As a consequence we obtain a result  on weak com]~aetncss 
of operators defined on C(K, E) spaces as well as a character izat ion of Banach  lat- 
t ices with p roper ty  (V*) and other  results re la t ing t h a t  p roper ty  to other  famous 
propert ies  of Banach  spaces always in the  set t ing of Banach  latt ices.  Section 2 
contains a character izat ion of Banach  spaces with p roper ty  (V*) using Schauder 
decompositions and  some results concerning the l if t ing of p roper ty  (u f rom a 
Banach  space E to the  usual space L~(#, E) of Bochner  integrable  functions on a 
finite measure space (S, 5 r, #). 

1. - Character izat ion o f  (V*) sets  and other results .  

Our first resul t  is a necessary and sufficient condition for a set to  be a (V*) set. 
For  our aim we recall  t ha t  there  is a one-to-one correspondence between operators 
f rom E into 1 ~ and weakly uncondi t ional ly  converging series ~ x* in /~* (see [5]) 
g iven by  T(x) = (x*(x)) for x e/~.  

THE01~E~ 1.1. -- A bounded subset X o] E is a (V*) set i l l  any T: E --> l~ linear and 
continuous, maps X into a relatively compact subset o/ 1 ~. 

PROOF. - I f  X is a (V*) set in E , / ' ( X )  is a (V*) set in 11, a space with p roper ty  (V*) 
(see [17]) and Schur proper ty .  Hence T(X)  is re la t ively compact.  Conversely, let  X 
be a subset of E which is mapped  into a re la t ively  compact  subset of l 1 by  any  oper- 
a tor  T f rom E into l 1. 1u consider a weakly uncondi t ional ly  converging series 

x* in E* and the  corresponding operator  2~. Since T ( X )  is re la t ively  compact ,  
a well known resul t  ([6]) on the  compactness in l 1 gives tha t  lira sup [x*(x)[ = 0. 
Hence  X is a (V*) set. The  proof is complete.  

I t  is easy to  see t ha t  Proposit ions 5 and 6 of [17] are consequences of The- 
orem 1.1. Another  useful consequence of t ha t  resul t  is the following theorem 
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THEOnE~ 1.2. -- _Let J~ be a Banach space verifying the following assumption: if 
a bounded subset X is not relatively weakly compact there is a sequence ( x , ) c  X equi- 
valent to the unit basis of 1 ~ such that s P ~  (x~) is complemented in E. Then E has prop- 
erty (V*). 

I)~ooF. - Let  X be a bounded (V*) subset of E which is not relatively weakly 
compact. Let  (x~) be as in our assumption and P be the existing projection from J~ 
onto ~ (x~). We also denote with j the existing isomorphism between l ~ and 
span (Xn). Obviously, j oP  maps (xn) into the uni t  basis of 1 ~. Theorem 1.1 implies 
tha t  the basis of l ~ should be relat ively compact. A clear contradiction. 

We observe tha t  both A* (the dual  of the disk algebra A) and Z~/Ho ~ verify the 
assumption of Theorem 1.2 (see [18]). 

Theorem 1.2 has the following converse obtained for the first t ime in [13]; there 
the authors d idn ' t  furnish a proof, but  only said tha t  one can get it  by  using the dif- 
ficult techniques of Theorem 13 of the paper [7]. We are able to present a simpler 
proof of it  based upon our Theorem 1.1 and other well known results concerning 11. 

TI~LE0~E~I 1.3 (Godefroy, Scab [13]). - JLet E be a Banaeh space with property (V*). 
Then if  (x~) is a bounded, but not relatively weakly compact, sequence in E, then there 
is a subsequenee (xk(~)) equivalent to the unit basis of 1 ~ so that its closed linear span is 
complemented in E. 

I)l~ooP. - Since (x~) is bounded and not  relatively weakly compact i t  cannot be 
a (V*) set. Theorem 1.1 gives the existence of an operator T: E --~ 1 ~ so tha t  (T(x.)) 
is not  relatively (weakly) compact in l 1. Hence (T(x.)) has a subsequence, say 
(r(x~(~))), equivalent  to the uni t  basis of 11 (see [5]). FUrther span (T(x~,(,))) can 
be supposed complemented in 11 by virtue of Theorem 3.3 of [19] applied to 1 ~ (other- 
wise we pass to a subsequence). So we have tha t  

i) (x~(~)) and (T(xk(~)) are eqmvalent  to the unit  basis of 11 

ii) ~ (T(xk(~))) is complemented in 11 by a projection Q 

iii) Yt~-~(~(~, ) is an isomorphism. 

Hence P ~ Y-l l~(~(~))  is the required projection. 

COI~0LLA~u 1.4. - :Let Z~(lt, E) have property (V*). Any  nonreflexive subspaee o/ 
it contains a complemented copy of 1 ~. 

The same proof of Theorem 1.3 can be used to obtain the following result 

THEO~E~ 1.5. - .Let (f~) be abounded sequence in ZI(#, E) with E not containing 1 ~. 
Then only one of the two mutually exclusive facts is true: 
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i) (].) is uni]ormly integrable (a ]act equivalent to the conditional weak compact- 
ness, by [2]) 

ii) there is a subsequence (]~(~)) o] (]~) equivalent to the unit basis o] 1 ~ having a 
span complemented in Z~(#, ~). 

M~other result, concerning weakly compact operators on C(K, E) spaces, follows 
from Theorem 1.3. l tere  K is a compact l=[ausdorff space and C(K, .E) denotes the 
usual  Banach space of continuous functions. In  the paper [14] Grothendieck showed 
tha t  if E - ~ / ~  and ~ is weakly sequentially complete then  any /~ :  C(K) .-+~ is weakly 
compact;  this result  was improved in [17] by assuming E reflexive a n d / v  not contain- 
ing co. In  the paper [12] GA~rLE~ obtained a similar result  supposing P weakly 
sequentially complete (a more restrictive assumption than  the non containment  of c0) ; 
in this way he was able to weaken the  assumption on /~; he supposed tha t  E* has 
the  l~adon Nikodym property, l~ecently this result has been generalized by  Fierro 
B~LL0 ([ t l ] )  to the case of E not  containing copies of l ~. l~ow we have the  follow- 
ing theorem 

Tm~o~n)[ 1.6. - Let E be a Banach space not containing complemented copies o] 1 ~. 
I] ~ has property (V*) then any T ]rom C(K, E) into P is weakly compact. 

I~ooF.  - I f  a not  weakly compact operator I exists there is a sequence (]',) so 
t ha t  (T(]:)) is not  a weakly Cauchy sequence. Using a proof like tha t  of Theorem 1.3 
we obtain a subsequence (]~) equivalent  to the uni t  basis of 11 so tha t  s~Wh (].) is 
complemented in C(K, E). A result  of SAA• and SAAB ([20]) now implies tha t  E 
has a complemented copy of 11~ a contradiction which concludes the proof. 

~u observe t ha t  in case P is a Banach lattice the above theorem is an improve- 
ment  of the cited results fl~ [11], [12J, [1~], [17~. Indeed in such a f ramework 
doesn't  contain copies of co iff it  is weakly sequentially complete if[ s has property (V*) 
(for the last equivalence see Theorem 1.7 below). We observe tha t  ore" result is not  
longer t rue if one assumes /~ weakly sequentially complete. The Banach space X 
constructed in [3] is an infinite dimensional Banach space with the Schur property 
(hence i t  is weakly sequentially complete) and it  doesn' t  contain complemented 
copies of 1 ~ since i t  is a separable ~-space.  I f  any  /~: C(K~ X)  -+ X were weakly 
eompact~ the same would happen for the  ident i ty  operator from X into itself. So X 
would be reflexive and~ via the Schur property, finite dimensional. The above re- 
marks on X also show tha t  it  is a Banach sp~ce with Schur property not  h~ving 
proper ty  (V*). 

After  this digression we return to consider consequences of our previous results 
concerning Banach spaces with property  (V*). Theorem ].2 is useful to characterize 
Banach lattices with property  (V*). 

TH]~O~E~ 1.7. - .Let E be a Banach lattice. Then E has property (V*) ii] it is weakly 
sequentially complete. 
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F~o0F. - If  E has property (V*) it is weakly sequentially complete. Conversely 
a result due to ~ieulescu ([16]) shows that  E verifies the assumption of Theorem 1.2. 

I~E~A~K. -- Theorem 1.7 was discovered at the same time by E. SAAB and 
P. S~,~B in their paper [21] with entirely different techniques. 

Now we are going to present some implication of Theorem ].7 relating prop- 
erty (V*) and other isomorphic properties of Banach lattices. We need the following 
definitions due to Grothendieck ([14]): j) a Banach space E has the l~eciprocal ~ 
Dunford Pettis (in symbols (I~DP)) property iff any completely (i.e. Dunford Pet- 
tis) operator T: ~ --> 2~ is weakly compact; j j )  a Banach space E has the Dieudonn~ 
(in symbols (D)) property iff any weakly completely continuous operator T: E - + / ~  
is weakly compact. 

T m ~ O ~ E ~  1 . 8 .  - .Let E be a Banaeh lattice. E has the (I~DP) property i]] E* has 

property (V*). 

P~00F. -- Theorem 2.1 of [16] states that  a Banach lattice E has the (I~DP) 
property iff it  .doesn't contain complemented copies of 11. This fact is true iff E* 
doesn't contain copies of co (see [1]), i.e. iff E* is weakly sequentially complete. 
Theorem 1.7 concludes the proof. 

I ~ E ~ K  2. - In the paper [15] the author introduced the (I~DP*) property show- 
ing that  

i) if E has the (I~DP) property, then E* has the (I~DP*) property; 

ii) if E* has the (I~DP) property, then E has the (I~DP*) property 

without giving results or counterexamples on the converse. Theorem 1.8 allows 
us to show that  ii) cannot be reversed. Indeed in [24] an example of weakly se- 
quentially complete Banach lattice with E** not weakly sequentially complete is 
given. Then E has (property (V*) via Theorem 1.7 and so) the (I~DP*) property. 
If  E* had the (I~DP) property, then Theorems 1.7 and 1.8 would imply that  ~** 
has to be weakly sequentially complete. In passing we observe that  the space X 
constructed in [3] easily implies that  i) cannot be reversed. 

CO~OLL.~u 1.9. - Zet E, be a Banach lattice with the (D) property. Then E* h a s  

property (V*). 

Proof. - I t  is easy to see that  if E has the (D) property it has the (I~DP) property. 
The above results seem to be interesting since we have 

i) if E has property (V) then E* has property (V*) (see [17]); 

ii) if E has property (V) it has property (D) and hence the (I~DP) property. 
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Hence  Theorem 1.8 ~nd Corollary 1.9 are i m p r o v e m e n t s  of i) in the  set t ing oi Bausch  
lat t ices  whereas the  same implicat ions are not  longer t rue  in general  Banach  spaces : 
the  f~mous space J of J a m e s  doesn ' t  contMn a copy of l ~ and  hence it  has the  (D) 
p rope r ty  (see [8]) Mlt i t  doesn ' t  have  p rope r ty  (V) since i ts  dual  is not  weakly  

sequentiM]y complete.  I n  s sense we can say t h a t  the  three  quoted proper t ies  are 

closer in ~ a n a c h  lat t ices.  Howeve r  ([10]) there  is a Banach  la t t ice  E which doesn ' t  
conta in  1 ~ (and hence has  the  (D) p roper ty )  and  an  opera tor  i ' :  E --> co which is 
uncondi t ionMly converging wi thout  being weakly  c o m p a c t  (and so E doesn ' t  have  

(V) proper ty) .  B y  v i r tue  of Corollary 1.9 this space furnishes u posi t ive answer  to 
the  following quest ion pu t  b y  PELCZVXSKI in [17]: Does a Bunach space ~E exist  

so t h a t  E* has  p rope r ty  (V*) and  E doesn ' t  have  p rope r ty  (u 

X~E~IA~X 3. -- This quest ion was also solved in [2i] independent ly ;  the  example  

give~ there  is not  s ]3anach lat t ice.  
At  the  end o~ the  section we present  two other  consequences of Theorems 1.7 

and  1.8. 

COaOL~A~u i.I0. - Let Yd be a Banach lattice. The~ C(K, E) has the (RDP)  property 

i/] ~ has. 

P~ooF.  - F i rs t  of al l  we observe t ha t  C(K, E) is a Banach  la t t ice  as well as 
rcabv(Bo(K), E*), i ts  dual  space. Theorems 1.7 and  1.8 imply  t h a t  E* is weakly  

sequent ia l ly  complete.  A resltlt b y  Talagrund ([23] and  [2r implies  t h a t  also the  
space reabv(Bo(K),E*) is weakly  sequent ia l ly  complete.  An appea l  to Theorems 1.7 

and  1.8~ agMn, concludes the  proof. 

C0t~,0LLARY 1.11. - Let E be a Banach lattice with the Radon 2Vikodym property. 

The~ E has property (V*). 

PROOF. - I t  is know~ t h a t  E doesn ' t  contain a copy of co. Hence  E is weakly  

sequent ia l ly  complete.  Now Theorem 1.7 works.  
The converse of Corollary 1.11 i sn ' t  t rue  as the  space L~([0, ! ] )  shows. Moreover  

the  same corol lary cannot  be  ex tended  to  general  Banach  spaces as the  J a m e s  

space J proves.  

2. - More on the property (V*) of  PelczynskL 

The first resul t  of this  section furnishes a character izat ion of Banach  spaces wi th  
p rop e r t y  (V*) which relies on the  concept  of uncondi t ional  Schauder  decomposi t ion 
(see [22]). A sequence (E~) of closed snbspaces of a Bunach  space ~E is said a 

Schauder  decomposi t ion if any  x c E can be wr i t t en  in a unique way  as sum of a 
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series ~ x ~  x ~ E ~ .  This decomposit ion is said uncondit ional  if for each x ~ E  
the  corresponding series converges uncondit ionally.  

The following result  dea r l y  shows tha t  the class of Banach spaces with proper ty  
(V*) is quite small 

T~no~E~  2.1. - Let E be a Banach space. Then E has property (V*) i]] either ~J 
is r~Jlexive or i) E is weakly sequentially complete and ii) E has an unconditional ~qchauder 
decomposition (E~) with any E .  having property (V*). 

PgooF. - We suppose that E has proper ty  (V*) and is not reflexive. Obviously i) 
is true.  I t  remains to  show ii). Since E is not  reflexive there  is a bounded not  rela- 
t ive ly  weakly compact  sequence in J~. ]~enee E contains a completemented copy J~ 
of 11, b y  Theorem 1.3. An appeal  to Proposi t ion 15.12 of [22] concludes the proof~ 
af ter  recall ing t ha t  any  closed subspace of E has proper ty  (V*). In  passing we ob- 
serve tha t  if P is the  project ion f rom E o n t o / 7  a decomposition can be obtained as 
if follows : E1 = ker  2 ,  E~+~ = {iy~: A ~/~} for n e iV where (YT:) is a basis for /K 
To show the  converse implication we first observe tha t  if J~ is reflexiv% then  obviously 
i t  has p roper ty  (V*). Now suppose tha t  i) and ii) are t rue.  Le t  X be abounded. (V*) 
set in E .  ~u shall show tha t  for any  x* e E* we have 

l im sup ]<S~(x) - -  x,  x*>l = 0 
n X 

where S .  = ~ 2~ and _P~ is the existing project ion f rom E onto E~, i ~ iv. We con- 
/ = 1  

sider the  mapping !/' f rom E into l ~ defined by  put t ing  

l (x) = ( < S . + l ( x ) -  S . (x) ,  x*>) x e E .  

One can easily see t ha t  /~ is we]l defined, l inear  and continuous, using the  uncon- 
di t ional i ty  of (E.) .  Hence T(X) is re la t ively compact  in 11 by  Theorem 1.1. This 
fact  implies t ha t  the  following l imit  relat ion is t rue  

l im sup ~ ]<S~+~(x) - -  S~(x),  x*>l = 0 . 
n X i = n 

Since S.(x) --> x strongly in E,  for any  x e E,  we obtain 

lira sup [<S~(x) - -  x, x*}l = 0 .  
n X 

Now we observe tha t  any  P~(X) is a (V*) set and hence i t  is re la t ively weakly compact  
set in En. I f  (xk) is a Sequence in X we can suppose tha t  (S~(xk)) is a weak Cauehy 
sequence for any  n e N (by passing t o  u subscquenee if necessary). The following 
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inequali t ies 

i@,0'- x~', x*}i< i@~'- S~(x,~,), x*}l § 
kI; k~ n ~ N 

und the above remarks  allow us to  conclude tha t  (xk) is a weak Cauchy sequence in E.  
Weak  sequential  completeness of E concludes the proof. 

l ~ n ~ t c x  4. - 2k first version of the  sufficient par t  of the above result  w~,s ob- 
ta ined  under  the more restr ic t ive assumption <( any  J~  is reflexive )>. Prof. L. DI~V,W- 
~owsKI observed t ha t  the  same proof worked under  the  hypothesis  (( any  1~ has 
p roper ty  (V*)~>. We take  this oppor tun i ty  to  t h a n k  him very  much. 

The last pa r t  of the  paper  concerns wi th  the  p roper ty  (V*) in L~(#, E). The 
first resul t  of this t ype  is an easy consequence of Theorem 1.7 and a result  of Tula- 
grand oil weak sequential  completeness of L~(#, E) (see [23]). 

TgEO~E~ 2.2. - Let E be a Banaeh lattice with property (V*). 

the same property. 

The following resul t  makes use of Theorem 2.1. 

Then ZI(#, E) has 

Tm~oI~n~ 2.3. - Let E have an unconditional Schauder decomposition (E,)  with 
reflexive summands. I]  E is weakly sequentially complete (and hence has property (V*) 

by Theorem 2.1) then _51(#, ~)  has property (V*). 

P~ooF. - Le t  X be a (V*) set in ZI(#, E). I t  is not  difficult to see t h a t  i t  is 

un i formly  integrable.  The operators • ,  and  S~ (see the  proof of Theorem 2.1) 
ex tend  to  operators on LI(#, E)  in  an obvious manner ;  we continue to  denote  b y / ) ~  
and S~ the  extensions. Le t  L belong to  (LI(#, E))* and  we consider an  operator  Tz 

f rom L~(#, E) into l ~ defined b y  

T~(I) = ( (sn+~( t ) -  sn(t), ~})  t e L~(~, E ) .  

As in [9] we can prove t ha t  T~ is well defined, bounded and  linear. Hence we obtain 

(as in Theorem 2.1) 

lira sup I<S~(]) - -  f, L> I : O~ 
n X 

Moreover the  set {f](s)d#: ] ~ X}  is easily seen to be re la t ively  weakly compact  
A 

in E, for any  A ~ Z. Summing up the  following facts are t rue  

j) X is bounded and  uni formly  integrable;  
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jj) the set (f /(s)d#: / e  X} is relatively weakly compact, for any A e Z;  
A 

jjj) for any L e (L~(#, E))*, lira sup l<Sn(J) --  f, L )  I = 0. 
n X 

Theorem 6 of [9] now works to get tha t  X is conditionally weakly compact. Weak 
sequential  completeness of L~(/~, E) (see [23]) concludes the proof. 

I~EY~A~K 5. -- At the beginning of the paper [21] the  authors put  the following 
question: Let  (Q, ~', A) be a probabil i ty measure space and let  X be a closed sub- 
space of a Banach space Y with an unconditional basis. Does the Banach s p a c e  
L~(~, X) have property  (V*) whenever X has? 

They move from this question to investigate property (V*) and answer positively 
the  question considered. Using our techniques of section 2 and Theorem 1.1 we are 
able to answer positively the following more general question: Le t  (f2, :F, A) be a 
probabil i ty  measure space and let  X be a closed snbspace of a Banach space 17 with 
an  uncondit ional  Schauder decomposition with reflexive snmmands.  Does the Banach 
space Lx(A, X) have property  (V*) whenever X has? 

Let  17 and X be as above. I f  M is a (V*) set in Zx(2, X) then  i t  is a (V*) set 
in JSx(A, 17) via Theorem 1.1. The proof of Theorem 2.3 m a y  be now applied to show 
tha t  M is conditionally weakly compact (in Zx(A, 17) and hence) in J5~(A, X), which 
is weakly sequentially complete ([23]). So M is relatively weakly compact. 

l~ow we extend some of our previous results to the ease of an uncountable family  
of summands 

I~E~_~ 2.4. - Let E be a Banavh space such that ]or any its separable subspace 
there is a complemented closed subspace Z o] E so that i) Z contains ~ ii) Z has prop- 
erty (u Then E has property (V*). 

P~OOF. - Let  X be a (V*) set in /~ and (xn) be a sequence in X. W~e take  
/~ ---- span (x~) and Z as in our hypotheses. Let  P from E onto Z the existing projec- 
tion. We consider an operator T from Z into 11 and the operator To/):  E - +  l ~. 
Theorem 1.1 implies tha t  (ToP)(X) is relat ively compact as well as the sequence 
((ToP)(x~)). Since iP]z = ident i ty  on Z, the  sequence (T(x~)) actual ly  is relatively 
compact in P. The arbi t rar i ty  of T gives t ha t  (x~) is a (V*) set in Z and so i t  is 
relat ively weakly compact. The proof is over. 

Tm~O~E~ 2.5. - Let E be a weakly sequentially complete Banach space with a (not 
necessarily countable) unconditional Schauder decomposition (E~)~ (see [22]) where 
any E~ has property (V*). Then E has the same property. 

P R O O F .  - Let  i~ be a separable closed subspace of )~ and (x~) be a dense sequence 
in i~. We have x~ = ~ x~ ~) for any  n e iV. I t  is known tha t  

i e Z  
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is countable  (see [22]) for any  ~ ~ 2g. This implies t h a t  /~ can be embedded  into a 

closed subspaee Z of E hav ing  an uncondi t ional  Sehauder  decomposi t ion (Z~)~• 
where o~ly countable  m a n y  Z~'s are equal  to suigabie E~'s whereas the remaining  

o~es are eq~tal to the  null  subspaee (0}. By  tak ing  advan tage  of the  uneondi t ional i ty  
of (E~)~ x we can reordered the  Z~'s in such a way  t h a t  Z can be consideredisomorphie  

to a Banaeh  space :g wi th  a countable  uneo~di t ional  Sehauder  decomposit ion.  An 
appea l  to  Theorem 2.1 gives t h a t  Z has p rope r ty  (V*). Since Z is obviously com- 
p l e m e n t e d  in E~ L e m m a  2.4 finishes the  proof. 

We  presen~ now two corollaries of the  above  obta ined  resul t  

CO~0LLA~Y 2.9. -- [] (E~)~ z is a (possibly uncountable) ]emily o] Banaeh spaces 
with property (V*), the~ the space l~(I~ E~) has the same property. 

For  the  proof  of this  resul t  we have  to use Theorem 2.5. 

COI~OLL~t~Y 2.7. - ~] a Banach space ~ veri]ies the assumptions o] Theorem 2.5~ 
but with E~ reflexive ]or a~l i ~ I~ the~ .L~(#~ E) has property (V*). 

P~0OF. - Le t  A be a separable  closed subspace of Z~(#~ E). I t  is known t h a t  there  
exis ts  a separable  dosed  subspaee 2~ of E such tha~ /5~(#, _~) contains A (see [6]). 
Le t  Z and  _P be as in Theorem 2.5. B y  v i r tue  of the  na ture  of Z we can affirm t h a t  

L~(#, Z) is i somorphic  to a sui table  Z~(#, :g), Y being a Banach  space isomorphic  

to Z as in Theorem 2.5. Hence  (L~(#, I ~) and  so) L~(,u~ Z) has p rope r ty  (V*), v ia  
Theorem 2.3. Now we can ex tend  Y to a project ion f rom /~(#,  E) onto Z~(#, Z) 
in an obvious manner .  I n  this way  nil of the  assumpt ions  of L e m m a  2A are sat- 

isfied and  the  proof  is complete .  
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