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PRECOMPACTNESS IN THE SPACE
OF PETTIS INTEGRABLE FUNCTIONS

G. EMMANUELE (Catania)®

Let (5,%,u) be a finite measure space and X a Banach space. We
consider the normed space P.(u,X) of all (u-) Pettis integrable functions,
with values into X, having an indefinite integral with compact range; the
norm in P.(u, X) is, as usual,

111 = sup{ [1o7du: 2" € X, < 1.
s

The purpose of this note is to extend a characterization of precompact sub-
sets obtained by Brooks and Dinculeanu in [1] for strongly measurable func-
tions and by Graves and Ruess in [2] for subsets of bounded weakly mea-
surable functions defined on perfect measure spaces. Those results were
obtained as consequences of other theorems about spaces of unconditionally
converging series (cf. [1]) and about spaces of compact range vector mea-
sures (cf. [2]); our approach is direct and this makes it possible to consider
the most general case.

Before giving our result we need to state some terminology. If 7 = (A;)ier
is a finite partition of 5, we define the conditional expectation E(m,u)f of

[ by
B(r,u)f = ;munrl( J o) .

It is known (cf. [3]) that the family of finite partitions is directed by re-
finement, that |[E(7,p)f|| £ ||f]] and that im [|E(r,u)f — fil = 0 for all

f € PC(lu"7 X)
Our result is contained in the following theorem.

THEOREM 1. Let H be a bounded subset of P.(u, X). The following facts
are equivalent:
(a) H is precompact,

(b) (i) {f f(s)dp: f € H} is relatively compact in X for all A € X,
A
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(i) livrrn E(m,u)f = f uniformly on f € H.

ProOF. (a)=>(b,i) is a direct consequence of the fact that the operator
f — [ f(s)dp is linear and continuous.

A

(a)= (b, ii). Observe that H is totally bounded and so, given ¢ > 0,
there are f1, f2,..., fn € Po(i, X) such that any f € H is at a distance less
than ¢/3 from some f;. Hence we get

IE(m,)f = fll S |1 E(m, 1) f = E(m, ) fill + | E(m, p) fi = fill+

Hifi = fl S 20 = S+ IE(r,n) fi = £ill € (2/3)e + [ E(, 1) fi = fill.
Since as already recalled ]i11rn |E(m,u)f — fl| = 0 for all f, there is a 7’ such
that, if 7 > «', then ||E(m,u)fi — fi|| € ¢/3 for i = 1,2,... ,n; the above

inequalities conclude the proof.
(b) = (a). Consider a sequence in H and observe that, for n,m € N,

”fn - fm” s ”fn — E(m,p) full + “E(ﬂ'nu)fn - E(Wnu)fm”‘}'

HIE(7, 1) fm = frnll-
Using (ii) we can find a m, k € N, such that

E(mk,p)f — fll £1/k  uniformly on f € H.

Moreover, by virtue of (i) we can assume (otherwise we pass to a subse-
quence) that (E(mk, ) fr) is a Cauchy sequence. The inequalities considered
above allow us to conclude our proof.

REMARK 1. In a sense the result above is the best possible, because if
H is a set of Pettis integrable functions (it does not matter how the range
of the indefinite integral is) for which Theorem 1 is true, then f € H must
be in P;(, X) because of a result of Musial [3].

If we consider only sequences of partitions we have the following result:

THEOREM 2. Let H be a bounded subset of Pc(u, X ). The following facts
are equivalent:
(a) H is precompact,
(b) (i) see Theorem 1,
(ii) for any sequence (fx) C H there is a sequence (7,) of finite par-
titions, cofinal to the net (), such that

]j,rqn |E(Tn, ) fx — fxll =0  uniformly on k € N.

Proor. That (b) implies (a) is similar to the proof of the same implica-
tion in Theorem 1. So we have just to show that (a) implies (b). Of course
(b, i) is clear. Now, consider a sequence (fi) C H; it is well known (cf. [4])
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that there is a sequence (7,,) of finite partitions cofinal to the net () so that,
for all k € N, one has

lim | E(m, )i — fell = 0.

Using, as in Theorem 1, the total boundedness of (fi) we can finish our
proof.
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