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Abstract. Let A be a C*-algebra. We prove that a holomorphic function of bounded type f :
A — C is orthogonally additive on Ay, if, and only if, it is additive on elements having zero-
product if, and only if, there exist a positive functional ¢ in A*, a sequence (y,) in L;(A™,¢)
and a power series holomorphic function 4 in .7(A,A*) such that

Wa)= Y. yia and fa) = (1,.. @) = [ h(a) do,
k=1 .

for every a in A, where 1
commutative L; -space.

4=« denotes the unit element in A** and L;(A™,¢) is a non-

1. Introduction

Let A be a C*-algebra whose self-adjoint part is denoted by Ay,. Two elements
a and b in A are said to be orthogonal (denoted by a L b) if ab* = b*a = 0. When
ab = 0 = ba we shall say that a and b have zero-product.

Let A be a C*-algebra and let X be a complex Banach space. A mapping f: A —
X is said to be orthogonally additive (respectively, orthogonally additive on Ay, ) if for
every a,b in A (respectively, a,b in Ay,) with a | b we have f(a+b) = f(a)+ f(b).
We shall say that f is additive on elements having zero-product if for every a,b in A
with ab =0 = ba we have f(a+b) = f(a)+ f(b).

Let X and Y be Banach spaces. A (continuous) m-homogeneous polynomial P
from X to Y is a mapping P : X — Y for which there is a (continuous) multilinear
symmetric operator A : X X ... x X — Y such that P(x) =A(x,...,x), forevery x € X.
All the polynomials considered in this paper are assumed to be continuous.

Orthogonally additive n-homogeneous polynomials over C(K)-spaces and Ba-
nach lattices have been independently studied by Y. Benyamini, S. Lassalle and J.G.
Llavona (cf. [1]) and D. Pérez and I. Villanueva (cf. [9]); a short proof was published by
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D. Carando, S. Lassalle and I. Zalduendo [3]. Orthogonally additive n-homogeneous
polynomials over general C*-algebras were described by C. Palazuelos, I. Villanueva
and the first author of this note in [8] (see also [2, §3]). These results extend the char-
acterization given by K. Sundaresan for L” -spaces [12]. In the setting of C*-algebras
we have:

THEOREM 1. [8, Theorem 2.8 and Corollary 3.1] Let A be a C*-algebra, X
a Banach space, n € N, and P an n-homogeneous polynomial from A to X. The
following are equivalent.

(a) There exists a bounded linear operator T : A — X satisfying
P(x) = T(x),
forevery x € A, and ||P|| < ||T|| < 2||P]|.
(b) P is additive on elements having zero-products.

(¢) P is orthogonally additive on Ay,.

A mapping f from a Banach space X to a Banach space Y is said to be holo-
morphic if for each x € X there exists a sequence of polynomials P(x) : X — Y, and a
neighbourhood V, of x such that the series

Y B(x)(y—)
k=0

converges uniformly to f(y) for every y € Vx. A holomorphic function f: X — Y
is said to be of bounded type if it is bounded on all bounded subsets of X, in this
case its Taylor series at zero, f =Y, Pk, has infinite radius of uniform convergence,

ie. limsup;_,., ||Pk||% =0 (compare [5, §6.2]). We refer to [5] for the basic facts and
definitions used in this paper.

Homogeneous polynomials on a C*-algebra A are the simplest examples of holo-
morphic functions on A.

In a recent paper, D. Carando, S. Lassalle and I. Zalduendo considered ortho-
gonally additive holomorphic functions of bounded type from C(K) to C (cf. [4]).
These authors noticed that the characterizations obtained for orthogonally additive n-
homogeneous polynomial can not be expected for orthogonally additive holomorphic
functions of bounded type from C(K) to C. They actually show that there is no entire
function @ : C — C such that the mapping /1 : C(K) — C(K), h(f) = ®o f factors all
degree-2 orthogonally additive scalar polynomials over C(K). In the same paper, the
authors quoted above gave an alternative characterization of all orthogonally additive
scalar holomorphic functions of bounded type over C(K)-spaces.

We recall that, given a Borel regular measure @t on a compact Hausdorff space K,
a holomorphic function % in 7, (C(K),L; (1)) is a power series function if there exists
a sequence (gx)x C Ly (1) such that

h(x) = i a ¥k, (xe C(K)).
k=0
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The following theorem is due to D. Carando, S. Lassalle and I. Zalduendo.

THEOREM 2. [4, Theorem 3.3] Let K be a compact Hausdorff space. A holomor-
phic function of bounded type [ : C(K) — C is orthogonally additive if and only if there
exist a Borel regular measure [ on K and a power series function h € ;,(C(K),L1 (1))
such that

1) = [ )
for every x € C(K).

The above theorem can be read as follows: A holomorphic function of bounded
type f: C(K) — C is orthogonally additive if and only if there exist a Borel regular
measure (L on K and a power series function & € .5,(C(K),L; (1)) such that

() = (lewyh(x),  xeC(K).

Recently, J.A. Jaramillo, A. Prieto and I. Zalduendo introduced and studied “lo-
cally” orthogonally additive holomorphic functions defined on an open subset of C(K)
(see [6]).

In this note we study orthogonally additive scalar holomorphic functions of bounded
type on a general C* -algebra. In our main result (see Theorem 5) we prove that a scalar
holomorphic function of bounded type f from a C*-algebra A is orthogonally additive
on Ay, if and only if there exist a positive functional ¢ in A*, a sequence (V) in
Li(A™, @) and a power series holomorphic function % in J%,(A,A*) such that

Z Y - a andf ) A**’ /h d‘Pv

for every a in A, where 1,,, denotes the unit element in A** and L;(A™, @) is one of
the non-commutative L -spaces studied, for example, by H. Kosaki in [7].

2. Holomorphic mappings on general C*-algebras

In this section we shall study orthogonally additive complex-valued holomorphic
functions of bounded type on a general C* -algebra.

The following lemma was essentially obtained in [4].

LEMMA 3. Let f: A — X be a holomorphic function of bounded type from a
C* -algebra to a complex Banach space and let [ =Y (P be its Taylor series at
zero. Then, f is orthogonally additive (respectively, orthogonally additive on A, or
additive on elements having zero-product) if, and only if, all the Py’s satisfy the same
property. In such a case, Py = 0.

Proof. The proof of [4, Lemma 1.1] remains valid here. [
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Before dealing with the main theorem of this section, we shall recall some techni-
cal results on non-commutative L,(¢) spaces which are needed later. The construction
presented here is inspired by those results established by H. Kosaki and G. Pisier in [7,
§3] and [10, §3], respectively.

For each element x in a C*-algebra, A, the (Jordan) modulus of x is defined by

|

o xx 4 xx™ 2

x| i= ———— ] .
2

We shall denoted by A the set of all positive elements in A.

Let ¢ be a positive functional in A*. We may equip A with a scalar product
defined by

(xXx,y)p=¢ (f) ,(x,y €A).

Let N=Ny:={x€A : ¢(]x|*>) =0}. Then, N is a norm-closed subspace of
A. Let AY denote the Banach space A/N equipped with the quotient norm. The space
(A/N,(.,.)p) is a prehilbert space. The completion of (A/N,(.,.)e) is a Hilbert space
which shall be denoted by L, (A, @) or simply by L (¢).

Let Jy : A — L,(¢) denote the natural embedding. Itis clear that J,, is a continu-
ous operator which has norm dense range and ||Jo|| < ||¢ ||% . Considering the injection
1=JgolJy :AY — (A%)* C A", the space Li(A, @) = L (@) is defined as the norm
closure of 1(A°) in A*.

It should be also mentioned here that, for each x+ N € A°

X-Q0+¢Q-x

i(x+N)= > ,

ey
where x- @, ¢@-x defined as elements in A* are given by

x-@(y)=0@(x) and @ -x(y)=@(xy),

(compare [10, page 124]).

When A is a von Neumann algebra and ¢ is a positive element in the predual of
A, for each element a+ N in A?, we have la+N)= M € A,. Since A, is anorm
closed subspace of A*, we have Li(A, @) C A,.

Li(¢) is a closed subspace of A*, therefore given g in L;(¢), we can compute
g(1a=) = (g, 14=), where I« denotes the unit element in A**. According to the
notation employed in the abelian case, we shall write

/g de = (g, 1a+).

In order to be consistent with the terminology used in the commutative setting, we
shall say that a mapping h: A — A* is a power series function if h(a) = Yo gx - a* or
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h(a) = Y7 oa" - g, for every a € A, where (g;) is a sequence in A*. Clearly, every
power series function % is a holomorphic function of bounded type.

The following generalisation of Radon-Nikodym theorem, due to S. Sakai, will be
needed later.

THEOREM 4. [11, Proposition 1.24.4] Let .# be a von Neumann algebra, and
let @,y be two normal positive linear functionals on .# such that Wy < @. Then, there
exists a positive element t in A , with 0 <ty < 1, such that

- @+ Q-
lI/(x):ofpsz 0

Now, we are ready to state the main result of this section.

1
(x) = 5 ©(to x+x1ty), foreveryx € M .

THEOREM 5. Let f:A — C be a holomorphic function of bounded type defined
on a C*-algebra. Then the following are equivalent:

(a) f is orthogonally additive on Ay, .
(b) f is additive on elements having zero-product.

(¢) There exist a positive functional ¢ in A* and a power series holomorphic function
h in 76,(A,A*) such that

£la) = {1...h(@) = | h(a) do.

forevery a in A, where 1,., denotes the unit element in A**.

A¥*

Proof. The implications (¢) = (b) = (a) are clear. We shall prove (a) = (c).
Let f =Y, | P be the Taylor series expression of f at zero. Since f is ortho-
gonally additive on Ay, , by Lemma 3, each k-homogeneous polynomial P is ortho-

gonally additive on Ay, . Thus, by Theorem 1 (c.f. [8]), for each natural k, there exists
¢ € A* such that

P(a) = g(d") (a€A),
with
1Pl < [l @ell <2[|Pell, VkeN.

Let us write each ¢y in the form

O = (Or1 — Or3) +i( Q2 — Pra)

where ¢ ; € (A, for j=1,...,4, ke N.

Since [|@y ;|| < ||@]| forall j=1,...,4 and k € N, and the series Y || Pc[| A*
has infinite radius of convergence, the expression

(p:
k

Pre,j
1

=)

4

1)
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defines a positive functional in A*.

Since, trivially, @ ; < ¢, foreach j=1,...,4 and k € N, by Theorem 4 (c.f. [11,
Theorem 1.24.4]) applied to the von Neumann algebra A foreach j=1,...,4 and
k € N, there exist 0 <#; j < 1 in A" such that

triat+at; o
(Pk7j(a):(l)(%>, (aeA™).

Let us consider the space L; (A™, ¢) and the natural embedding
AN =A™ /N S Lia™,g),

where N = {x €A : ¢(|x]*) =0} and N = {xeA™ : ¢o(]x|*) =0}. When (1) is
applied to ¢, considered as a functional on A**, gives

AL a-Q+Q-a

(a+N") 5 (a € A™).

For each (j,k) € {1,...,4} x N, z(th—i—NW*) is positive in A*, and we have

1t +N" ) ley o) = (1t +N" ), 1as) = 1(ti j+N" ) (1a)
= 0(tj) = [ @ jlax

Let us define h: A — L (A*,¢)-A CA* by

ha)=Y it +N")-d*

el

where, for each natural k, t; = (fx1 —t%3) +i(txp — tx4) and for each element x €
A and a functional y € A*, y-x denotes the element in A* defined as y-x(y) =
y(xy). It should be noticed here that L; (A™*, @) - A need not be, in general, a subset of
Li(A™,9); we can only guarantee that L; (A**,¢)-A C A*.

In order to see that / is well defined, let us estimate

Ll

=

<X

k=

"Lk

4y el llall* <8 Y 1| flal* < e
k=1

k=1

M#

l‘k—I—N ’

(i N H k
Wt j+N" ) o) llalla

_.
Il
—

J

sl llall”

u ™=

for every a in A, where in the last inequality we applied that limy_.. ||Pk||% =0.
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This tell us that /4 is a well defined power series holomorphic function of bounded
type. It follows from the construction that

=
&

[
D13
>

a):Z(Pk Z 1 — P3) +i( Q2 — Pra)] (a “)
k=1 k=1
. , w4
k=1j=1

0105+ ) (@) = Rt T )

w-
Il
—

Il
gk
-

w-
Il

—
<~
Il

-

Il

gk
T el
ir-1s

w-
Il
—

<~
Il

= <1A**7 l(l‘k—l-Nw*) ~ak> = (1%, //’l d(P 1

Let A be a C*-algebra. We have proved that every scalar holomorphic function
of bounded type on A which is orthogonally additive on Ay, factors through the norm-
closure of Lj(A*,¢)-A in A*, where ¢ is a suitable positive functional in A*. Under
some additional hypothesis, we shall prove that we can get a factorization through a
non-commutative L space.

Let .# be a semi-finite von Neumann algebra with a faithful semi-finite normal
trace T (cf. [13, Theorem 2.15]). Let

me = {xy + 7(l2?), 7(yP) < oo},

then m; is a two-sided ideal of .#, called the definition ideal of the trace T. The
assignment x — ||x||; := 7(|x|) defines a norm on m;. Actually, the space (m, ||x[|{)
can be identified with a subspace of .#, via the following norm-one bilinear form

M xmp— C (2)

(a,x) — t(ax).

For each x € m¢, the symbol @, will denote the functional defined by @, (y) := t(xy).
Li(# ) is defined as the completion of (me,||-||1). It is also known that, for each
x€myg, ||x]|; =sup{|t(yx)|:y € A4,]||y|| < 1}. The bilinear form defined in (2) ex-
tends to a norm-one bilinear form on .# x Li(.#,7), and L|(.# ,7) is isometrically
isomorphic to the predual .#, (cf. [13, Pages 319-321]). In the literature, the von
Neumann algebra .7 is usually denoted by Le(.#, 7).

This notation is coherent with the one used before. When 7 is a normal faithful
finite trace on .# then there exists a central (i.e. @(xy) = @(yx) for every x,y € M),
positive and faithful functional ¢ in .#, such that T = @|y+ . In this case, the spaces
Li(A %) and Ly (A , ) coincide.

THEOREM 6. Let A be a C*-algebra such that A** is a semi-finite von Neumann
algebra and let f: A — C be a holomorphic function of bounded type. Suppose that
T is a faithful semi-finite normal trace on A**. Then f is orthogonally additive on Ay,
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if, and only if, there exists a power series holomorphic function h: A — L (A™,T) such
that

Fla) = (h(a),1,..) = / h(a) dt

forevery a in A, where 1,,, denotes the unit element in A™*.

Proof. Let f =Y, P be the Taylor series of f at zero. Since f is orthogonally
additive on Ay, by Lemma 3, each k-homogeneous polynomial P; is orthogonally
additive on Ay, . Thus, by Theorem 1 (c.f. [8]), for each natural k, there exists ¢ € A*
such that

Pi(a) = gi(d) (a€A),
with
1Pl < ll@ill < 2[|Pell,  Vk €N.

We have already mentioned that (A**), = A* = L;(A™*, 7). Since for each k € N,
@r € A*, by construction, @y = g € L1 (A™, 1), with ||gr|l1 = || @k||a*-

Given a € A and g € L;(A**,7), there exists a sequence (y,), in m¢ such that
||@y, —glli — 0, then the sequence (@,q), is Cauchy in L;(A**,7). The limit of
(@y,q)n is denoted by g-a. Further, it is not hard to see that g-a(x) = g(ax), for
all x € A. In particular ||g-all; <||gll1 ||alla-

Let us define

h:A —>L1(A**,T)

the mapping given by

Since

Y sl <Y lgelh llal® =} Nl llall* <=,
k=1 1 k=l k=1

we deduce that / is well defined and f(a) = (h(a),1,..) = [h(a) dt, forall a € A,

where 1., denotes the unit elementin A**. [J
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