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Abstract Elements a¢ and b of a non-commutative L” (M, t) space associated to a
von Neumann algebra, M, equipped with a normal semi-finite faithful trace t, are
called orthogonal if [(a)l(b) = r(a)r(b) =0, where [(x) and r (x) denote the left and
right support projections of x. A linear map 7 from L? (M, t) to a normed space X is
said to be orthogonality-to- p-orthogonality preserving if || T (a) + T (b)||? = ||la||? +
|b||” whenever a and b are orthogonal. In this paper, we prove that an orthogonality-
to- p-orthogonality preserving linear bijection from L” (M, 7) to a Banach space is
automatically continuous if 1 < p < 0o, and M is either an abelian von Neumann
algebra or a discrete von Neumann algebras. Furthermore, any complete p-additive
norm on such L? (M, t) is equivalent to the canonical norm.
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T. Oikhberg et al.

1 Introduction: orthogonality and p-orthogonality

Suppose a Banach space X is equipped with an algebraic structure (for instance, X is
a C*-algebra). How are the metric and algebraic properties of X related? This paper
approaches this problem by examining different notions of orthogonality.

We define the “metric” orthogonalities first. Suppose 1 < p < oco. The elements
x,y of a normed space X are said to be p-orthogonal (and we write x L7 y)
if x + ylI7 = [lxll” + Iyl”, and semi-p-orthogonal (x LY y) if |lx + yl|? >
lx||” + [Iy]l”. It is customary to refer to l-orthogonality as L-orthogonality,
and to use the notation 1;. When |x + y|| = max{||x]||, [|y]l} (resp., ||x + y| >
max{|lx||, | v]|}) we say that x and y are M-orthogonal (resp., semi- M -orthogonal),
and we write x Ly y (resp., x Lgy ¥). Some “natural” pairs of p-orthogonal ele-
ments are presented below.

On the algebraic side, suppose first A is a C*-algebra. The elements a,b in A
are said to be (algebraically) orthogonal (written a L b) if ab* = a*b = 0. It is well
known that orthogonal elements in A are (geometrically) M -orthogonal, while the
converse is not, in general, true.

Now suppose M is a von Neumann algebra, equipped with a normal semi-finite
faithful trace 7, and acting on a Hilbert space H. Following [21] (see also [12, 25]),
we say that a closed densely defined (in general, unbounded) operator a is affiliated
with M if it commutes with M’ (the commutant of M). The left and right support
projections of a (denoted by /(a) and r(a)) are defined as the orthogonal projections
onto the closure of the range of a, and the orthogonal complement of the kernel of a,
respectively. Equivalently, [ (a) (resp., r(a)) is the smallest projection e (resp., f) with
the property that ea = a (resp., af = a). These projections belong to M. Following
[26, Sect. 1], we say that two operators a and b, affiliated with M, are orthogonal
(a Lb)ifl(a)l(b) =r(a)r(b) =0.

We denote by & the set of all linear combinations of positive elements a € M, sat-
isfying 7(a) < 0o. If |x|” € & (where |x| = (x*x)!/?), define ||x]|, = (z(|x|"))"/P.
The space L?(t) (also denoted by L?(M, 7)) is defined as the completion of G in
the norm || - || ,. By [26, Fact 1.3], the elements a, b € L?(z) are orthogonal if and
only if @ + bl = lla — bl = llallh + b1}, that is, if and only if a is p-orthogonal
to both b and —b.

As an example, consider M = L°°(u), where u is a o-finite measure. Define a
trace via t(f) = f fdp. Then LP (1) is the classical space L? ().

If 7 is the canonical trace on B(H), the construction described above produces
the Schatten space SP(H). To describe it more explicitly, consider a compact op-
erator a in B(H). Following the terminology of [30, Sect. 1.2], denote by s;(a) >
s>(a) = --- > 0 the singular numbers or values of a. Then a can be written (essen-
tially uniquely) in the form

o0
a=Y si@hy @k,

n=1

where (h,) and (k,) are orthonormal systems in H. Here and below, we use the
notation & ® k to denote the rank one operator & — (£ |k)h. Then SP(H) is the space
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of all compact operators a with ) ; s; (a)? < oo. The norm || - ||, is defined by
1/p
llallp = (Z Si (a)p) (cf. [30, Sect. 2]).
i

A detailed description of Schatten spaces can be found, for instance, in [14, 30].
Now suppose A is either a C*-algebra, or a non-commutative L? space. As in [22],

we say that a norm || - || on A is a (semi-)M-norm if |la = b|| = max{||a|, ||b||}
(resp., |la £ b|| = max{]||a||, ||b]|}) whenever a L b in A. When a L b in A implies
la £ b||? = |lal|? + ||b]|?, we shall say that || - || is a p-norm (or a p-additive

norm) on A. As noted above, the canonical norm on a C*-algebra (resp., on a non-
commutative L? space) is an M-norm (resp., a p-norm). Due to the connections to
the theory of L-ideals, 1-norms are sometimes referred to as L-norms.

In [22], M. Ramirez and the first two authors study the (isomorphic) uniqueness
of a complete M-norm on a C*-algebra (we call a norm || - || on a vector space X
complete if the pair (X, || - ||) is complete as a normed space).

Conjecture 1.1 Every complete (semi-)M-norm on a C*-algebra A is equivalent to
its original C*-norm.

In [22], this conjecture is proved in several cases—for instance, when A is a von
Neumann algebra, or a compact C*-algebra. The general case still open.
This paper is devoted to a related question.

Conjecture 1.2 Every complete p-norm on a non-commutative L? space is equiva-
lent to the original norm of that space.

This conjecture can be thought of as an automatic continuity question. In func-
tional analysis, the term “automatic continuity” refers to the situation when the con-
tinuity of a map T follows from a different (ostensibly weaker) condition on 7'. For
instance, in many cases, a homomorphism between Banach algebras is automatically
continuous (see e.g. [10]). On the other hand, the maps preserving some metric prop-
erties, such as the Birkhoff-James orthogonality, are automatically continuous [6].

In this paper, we investigate the continuity of linear maps 7 : A — X, for which
the images of “disjoint” elements of A satisfy certain metric conditions. More
specifically, suppose A is a C*-algebra or a non-commutative L?” space, and X
is a normed space. We say that a linear map 7 : A — X is orthogonality-to-p-
orthogonality (O- p-O for short) preserving if T (x) L? T (y) whenever x Ly (equiv-
alently, |T'(x) = T(II” = I T @) I? + [T ()]|” whenever x L y).

Conjecture 1.3 Every orthogonality-to- p-orthogonality preserving linear bijection
from a non-commutative L? space to a Banach space is continuous.

It is easy to see that Conjectures 1.2 and 1.3 are equivalent. Henceforth, denote

by || - ||, the canonical norm on L”(t). Suppose || - ||’ is a complete p-norm on
L? (7). If Conjecture 1.3 holds, then the formal identity map from (L (t), || - || ») to
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(LP(z),| - |I) is continuous. By Banach Isomorphism Principle, its inverse is also
continuous. Thus, the norms | - ||, and || - ||" are equivalent, and Conjecture 1.2 is
true. Conversely, suppose X is a Banach space, and T : L”(r) — X is a O-p-O
preserving linear bijection. Then || - || = || T(-)| is a complete p-norm on L? (7). If
Conjecture 1.2 is true, then the norms || - ||, and || - || are equivalent, hence 7T is
continuous.

In this paper, we prove Conjecture 1.2 for non-commutative L” spaces arising
from commutative von Neumann algebras (Proposition 3.3), and from discrete von
Neumann algebras (Theorem 4.1).

We also consider linear maps on Banach lattices. Recall that elements x and y
in a Banach lattice E are disjoint if |x| A |y]| = 0. As noted above, x,y € LP(u)
(1 < p < o0) are disjoint if and only if they are p-orthogonal. We say that a map
T from a Banach lattice E to a normed space X is called disjointness to semi-M -
orthogonality preserving (DSMO preserving for short) if T (x) Lgy T (y) whenever
x and y are disjoint. The class of disjointness to p-orthogonality preserving maps is
defined similarly. Theorem 3.1 shows that any DSMO preserving bijection from an
order continuous Banach lattice E to a Banach space is automatically continuous.
Theorem 3.2 describes the general form of such bijections between function spaces,
satisfying certain conditions.

The notion of orthogonality also makes sense in the predual of a general (not
necessarily tracial) von Neumann algebra N. Following [31, Page 140], define the
left support projection of ¢ € N, (denoted by /(¢)) as the projection [ € N with the
property that g N = [ N,.. Note that ¢ N is a right invariant subspace of N,, hence such
an [ exists. One can see that /(¢) is the smallest projection e € N satisfying e¢ = ¢.
Therefore, in the tracial case, we obtain the same left support projection. The right
support projection is defined similarly.

As before, we say that the elements ¢ and v of N, are orthogonal (¢ L V) if
L)) =r(p)r(¥) =0. By [11, Theorem 5.4] (where a more general result is es-
tablished) or [24, Lemma 2.1], ¢ and ¢ are orthogonal if and only if ||¢ + /| =
g — ¥l = ||l + llv]l. We can similarly define the notion of orthogonality-to-p-
orthogonality (O-p-O for short) preserving linear mapping from the predual of a von
Neumann algebra to a Banach space and the concepts of M-norm and p-additive
norm on the predual of a von Neumann algebra. In this general context we can con-
sider the following conjecture:

Conjecture 1.4 Every complete 1-norm on the predual M, of a von Neumann algebra
M is equivalent to the original norm of M,. Equivalently, every orthogonality-to-1-
orthogonality preserving linear bijection from M, to a Banach space is continuous.

In Sect. 2 we collect a variety of technical results, to be used throughout the pa-
per. There, we show that the original norm on L? (M, t) is not equivalent to any
g-norm, for g # p, unless M is finite dimensional (Proposition 2.5). Similar results
are obtained for complete g-norms on C*-algebras (Proposition 2.4) and for complete
M -norms on the predual of a von Neumann algebra (Proposition 2.6). We investigate
the automatic continuity of DSMO and O- p-O preserving bijections on Banach lat-
tices and von Neumann algebras in Sects. 3 and 4, respectively. Section 5 is devoted
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to describing orthogonality preserving maps for special co-domains. In particular, we
characterize these type of maps on S”(H) (Theorem 5.1), and on non-commutative
L? spaces arising from discrete von Neumann algebras (Theorems 5.10 and 5.14,
Remark 5.15). Conjecture 1.4 is proved for preduals of commutative von Neumann
algebras (Theorem 3.11, Corollary 3.13) and preduals of atomic or discrete von Neu-
mann algebras (Theorem 5.10).

O-p-O preserving linear maps, and p-norms on non-commutative L? spaces, have
not hitherto studied. By contrast, the related topic of orthogonally preserving opera-
tors between C*-algebras and JB*-triples, and automatic continuity of M-norms on
C*-algebras, have been widely investigated (see e.g. [5, 7-9, 16, 22, 32]).

2 Preliminaries

We deal now with some technical results which are needed later. For a sequence
of Banach spaces (Z;), and 1 < p < oo, consider the projections Px on (€B; Z,‘)@p,
defined by Px(z1,z22,...) =(0,...,0, zk, Zk+1, - - -). We shall say that two elements
(x;) and (y;) in (€D, Zi)¢, have disjoint supports if ||x;|| ||yi|l = 0 for every i. Our
next proposition is inspired by [22, Proposition 3.6]. The same proof given in the just
quoted paper remains valid here.

Proposition 2.1 Let (Z,),eN be a sequence of Banach spaces. Suppose 1 < p < 0o,
and T is a bijective linear map from (B, Z,)¢ , o a Banach space X such that
IT(x) + T )| =max{||T )|, |T ()|} whenever x and y have disjoint supports.
Then there exists k € N such that T Py is bounded. In particular, if for each natu-
ral n, the mapping T |z, is continuous (for example when the spaces Z, are finite
dimensional), then T is bounded.

Proof The arguments given in the proof of [22, Proposition 3.6] remains valid here
line by line. We sketch the proof for the sake of completeness. Note first that there

exists k € N such that T is bounded on Pk((@ff Zy)oo) = (@flik Z:)00, where

e,
(@ Z,,) = {(zn) € (@ Zn> :{n : z, # 0} is finite }
00 ¢,

n=1 n>1

Indeed, otherwise there exist positive integers k; < kp < ---, and vectors x; €
@4 Zue,. so that ]l <27, and [T@)| > 2/ (i € N). Consider x =
> ixi€ (@, Zn)gp. Then, for every i, x; and x — x; have disjoint supports, hence
1T (x)| > |IT (x;)|| > 2', which is impossible.

By scaling, we can assume that, for some k € N, || T|

=<1

PU@®, Zooo) " =
We shall show that |7 P¢|| < 1, or equivalently, |7 (x)| < |x||, for every x in
P (D, Zn)e,)- Let us fix x € P((D, Zn)e,) with [x]| < 1. From now on, we

denote PI.J- =1 — P;. The sequence (TPmi(x))mzk is Cauchy, hence it converges
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in norm to some xp € X. Moreover, |xp| < liminf||TPnfx|| < 1. By the surjec-
tivity of T, there exists y € (D, Zy)¢, so that limy, TP,,J;(x) = T(y), for some
yE (@n Z,,)gp. We shall prove that y = x. For m > n > k, write

Pni‘x —y= Pn(P,fl‘x -y + PnJ‘(x —y).
The two summands in the right hand side are disjointly supported, so || T P;-(x) —
Tl = IT P;-(x) — T P;-(y)|. Since lim,, (T P;-(x) — T (y)) = 0, the injectivity of
T implies that P,}x = P,f y for every n > k, which gives x = y. O

If the spaces Z; in the previous proposition are 1-dimensional, we obtain:

Corollary 2.2 Every orthogonality to semi- M -orthogonality preserving linear bijec-
tion from £, to a Banach space is continuous.

This result is generalized below (see Theorem 3.1).
The following result is a version of [22, Proposition 3.8], the same proof given in
the just quoted result works here. The details of the proof are left for the reader.

Proposition 2.3 Let (Z;);cs be a family of Banach spaces. Suppose T is a bijective
linear map from (D; Z;)¢ , 10 a Banach space X such that

ITC)+ TP = 1T @I + 1T DI,

whenever x and y have disjoint supports. Then for each i, X; = T(Z;) is closed.
Further,

n
D
k=1

whenever x1 € X;,, ..., x5 € X,.

p n
= llxll”,
k=1

Proposition 2.4 Any C*-algebra admitting a continuous and complete gq-norm
(1 < g < o0) is finite dimensional.

Proof Suppose that | - || is a continuous and complete g-norm on a C*-algebra A
with dim(A) = oo. Denote the original C*-norm of A by | - ||o. The identity mapping
from (A, || |loo) to (A, || - ||) is a continuous linear bijection, hence, by Open Mapping

Theorem, the norms || - || and || - || o are equivalent. Thus, there exist positive constants
m1, my such that

mill - lloo =<l - I <mall - floo-

By [17, Exercise 4.6.13] we can find a sequence (a,) of mutually orthogonal
norm-one (positive) elements in A. The series Z;’;l nVag, is | - |loo-convergent
in A (compare [9, Remark 7]). For each natural n, a;,2""4as, ... ,n"Y4ay, and
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S ren 11 k='/4q; are mutually orthogonal elements in A. It follows from the as-
sumptions that

00 q o0 ¢ N N o
my | o Man | = T a2y~ lanl = mi Y
n=1 00 n=1 n=1 n=1
for every natural N, which is impossible. g

In a similar fashion, one can prove:

Proposition 2.5 Suppose p € [1,00), g € [1,00], M is an infinite dimensional von
Neumann algebra with a faithful normal semi-finite trace t, and LP(t) admits a
continuous complete q-norm. Then p = q.

Proof Denote the original norm of L?(z), and the g-norm, by || - ||, and || - ||, re-
spectively. These norms must be equivalent—that is, there exists m1, m; € (0, 0c0) so
thatmy| - ||, < |- |l <m2| - |l ,. Find a sequence of mutually orthogonal projections
ri € M (i € N), with finite trace. Let o; = 7(r;), and @; = "/”r;. Then JJa; |, = 1.

First rule out the possibility of ¢ < p. Pick y € (1/p, 1/q), and consider a =
Z,fil k™7 ay. (this series converges in || - || ,. As in Proposition 2.4, we conclude that,

forevery N e N,

N N
lall? =Y Ik all = m > ke
k=1 k=1

This, however, is impossible, as Y 22, k77 = oo.
The possibility of ¢ > p is ruled out in a similar manner. Pick y € (1/¢, 1/p), and

consider the sequence by = Z,?/: 1 k77 ay. This sequence is Cauchy in || - ||. Indeed,
for M > N,
M M
by —byll9= > Ik Vaxl|? <md Y k779
k=N-+1 k=N+1

The convergence of ), k=77 yields limy p/— o0 [|bny — byl = 0. As the norms || - ||

and || - ||, are equivalent, we must also have limy y— o0 [lb~N — by ||, = 0. However,
lbas — by ||§ = ZII{W:NH k~¥P, and the divergence of ) , k~¥7 leads to a contradic-
tion. O

Our next result shows that the predual of an infinite dimensional von Neumann
algebra does not admit a complete g-norm, unless g = 1.

Proposition 2.6 Suppose 1 < g < 00, and there exists a continuous and complete
g-norm on the predual M, of a von Neumann algebra M. Then M is finite dimen-
sional.
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Proof Suppose, for the sake of contradiction, that M is an infinite dimensional von
Neumann algebra, and || - || is a continuous and complete g-norm on M,. Let || - ||o
and | - || denote the canonical (C*) norm on M, and the canonical norm on M,
respectively. Arguing as in the proof of above propositions, we deduce the existence
of two positive constants my, my such that my|| - [|§ < || - || < mall - [I}.

Since M is infinite-dimensional, we can find a sequence (p,) of mutually orthog-
onal projections in M. For each natural n, we define a positive norm-one weak™*-
continuous functional ¢, : Cp, — C by the assignment ¢, (A p,) := A. Observing
that Cp,, is a von Neumann subalgebra of M, it follows from [28, Proposition 1.24.5]
that, for each natural n, there exists a positive norm-one weak*-continuous functional
@n € M, satistfying @, |cp, = ¢n. Furthermore, by [31, Lemma II1.4.1], py@ypn = @n
for every n. For n # m we have

2=|l@ull + lemll = lon — @mll = {On — ©m> Pu — Pm) =2.

Therefore, by [31, Theorem II1.4.2(ii)], the functionals (¢,) are mutually orthogonal
in M,. Since || - || is an g-norm, the series 2130:1 % @, converges with respect to the
norm || - ||, and hence with respect to || - [|ij, which gives the desired contradiction. []

3 Disjointness preserving maps on Banach lattices

In this section we investigate automatic continuity of maps on Banach lattices. It
is known [2] that, if T : E — F is a linear bijection between two Banach lattices,
such that both 7 and 7! preserve disjointness, then 7 and 7! are continuous. We
consider DSMO preserving maps from a Banach lattice to a Banach space, partially
generalizing the result quoted above (note that a disjointness preserving map between
Banach lattices is DSMO preserving).

Recall that a Banach lattice E is called order continuous if, for any downward
directed net (xo)ge 4 With /\ ¢ 4 X =0, we have limy || x [l = 0. We refer the reader
to, for instance, [19, Sect. 1.a], [20, Sect. 2.4], or [29, Chap. II] for more informa-
tion on such lattices. Note that any reflexive Banach lattice is order continuous, as is
L'(1). On the other hand, C(K) is not order continuous, unless K is a finite set. The
main result of this section is the following:

Theorem 3.1 Any linear DSMO preserving bijection from an order continuous Ba-
nach lattice to a Banach space is continuous.

DSMO preserving bijections between certain Kothe function spaces must be
weighted composition operators. Below, we deal with spaces of (equivalence classes
of) functions on measure spaces (£2, X', i). Throughout, we assume that £2 is Polish,
and p is a o -finite complete Borel measure. Recall that a measure p on a Polish space
£2 is called complete (or standard) Borel if any Borel set is measurable, any subset
of a null set is measurable, and, for any measurable set S, there exists a Borel set S’
satisfying ;£ (SAS’") = 0 (here and throughout the section, A stands for the symmet-
ric difference of sets). If all these conditions are satisfied, we say that our measure
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space is appropriate. Examples of appropriate measure spaces include the Lebesgue
measure, as well as the counting measure on a countable set.

Now suppose (£2, X, i) is a complete Borel measure space, and (E, || - ||) is a
Banach space of equivalence classes (modulo equality p-a.e.) of u-measurable func-
tions. E is called a Kothe function space if the following two conditions hold:

1. Ifge E,and | f| <|g| n-a.e.,then f € E,and || f| < |lg]l.
2. If § C £2 satisfies u(S) < oo, then x; € E.

We refer the reader to [19, Sect. 1.b] for more information on the topic.

Theorem 3.2 Suppose E| and E; are Kothe function spaces on appropriate measure
spaces (§21, X1, ;11) and (827, Xo, 12), respectively, such that E| is order continu-
ous, and 1 is finite. Then, for any disjointness preserving linear bijection T : E1 —
E», there exists a measurable map ¢ : 21 — $22, such that T (f)(t) = F(t) f (¢ (1))
u-almost everywhere (here, F =T (1), where 1 = Xe, ).

We can describe all complete p-norms on L” (), in a manner similar to Kaku-
tani’s description of p-additive Banach lattices.

Proposition 3.3 For any complete p-norm || -|| on LP (§2, u) (where 1 < p < 00, and
W is o -finite), there exists a function ¢ € L°° (82, u), such that d)’l e L>®(£2, ), and
£l = llofliLe (e, for every f € LP (82, ). Conversely, any function ¢ such that
both it and its inverse are essentially bounded gives rise to a complete p-norm on
LP (82, ).

Proof Clearly, any function ¢ with the above properties produces a p-norm. To prove
the converse, suppose || - || is another complete p-norm on L? (u). Denote the space
L? (), equipped with this norm, by X. The formal identity 7 from L?($2, ) to X
is bounded, by Theorem 3.1 (it is well known that L”(u) is order continuous). By
Open Mapping Principle, 7~! is bounded. Thus, there exists C > 1 such that

C NS lLrg S ITON = CUSILr2.m,

for every f € L? ().

For any measurable A C 2, define v(A) = [|T(x,)|I”. The preservation of p-
orthogonality ensures that v is finitely additive. Furthermore, C™7u(A) < v(A) <
CPu(A), hence v is countably additive. Finally, v is absolutely continuous with re-
spect to . By Radon-Nikodym Theorem, there exists a measurable function 1, such
that C~7 <y < CP almost everywhere, and v(A) = fA Y d . By the density of sim-
ple functions in L?($2, u),

IIT(f)II”Z/lﬂIfI"dMZ IPF N7 r 2.0y

where ¢ = ¢ /7. O

Theorem 3.2 can be viewed as a particular case of [1]. There it is shown that
large classes of disjointness preserving mappings between Banach lattices can be
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represented as weighted composition operators, provided the lattices involved are
represented as spaces of continuous extended real valued functions on extremally
disconnected compact Hausdorff spaces. For Kéthe function spaces, an appropriate
representation can be obtained, if one follows [33, Chap. II]. Below we present a
self-contained proof, for the benefit of the reader.

Proof of Theorem 3.2 By Theorem 3.1, we can assume that 7 is continuous. Note
first that simple functions are dense in E. Indeed, it suffices to show that simple
functions are dense in the positive cone. For f > 0, there exists a sequence of non-
negative simple functions (f;,) so that f, / f everywhere. By the order continuity,
lim, || fu» — fII =0.

Thus, it suffices to prove the existence of ¢ so that

T )0 =FOx, 1@

O]
almost everywhere, whenever S € B(£2;) (the family of all Borel subsets of £21).
To this end, find a Borel set £2 C supp(F’), such that supp(F)AS2 has measure 0.
Clearly, it suffices to construct ¢ on §2. On £2,\£2, we can define ¢ in an arbitrary
fashion, since F vanishes there.

For S € B(£21), set @(S) := £2 N supp(T (x,)). Note that & maps B(£2;) into
M/Z, where M is the family of measurable subsets of §2, and 7 is the o-ideal of
null sets. We show that @ is a o-homomorphism—that is, it preserves complements
and countable unions.

For simplicity of notation, we identify a measurable set with its equivalence class
in M/Z (that is, we write S instead of [S]). By definition @ (£2;) = §2. As T is
disjointness preserving, @ (S) N @(S5°) has measure 0. Furthermore, T (x;) = F -
Xoes) - Indeed, F =T (x5 + x4 ), hence

F- qu(s) = (T(XS) + T(Xsc)) . Xq)(g) = T(Xs) : X¢(5)~

We claim that @ (S¢) = 2\@(S). Indeed, as noted above, @(S¢) and @ (S) are
disjoint (up to a null set). On the other hand,

F=TM) =T () +T ) = FXys) + FXoser

hence @ (S) U @ (5¢) = £2 (once again, up to a null set).

In the same fashion, one shows that @ (S1 U S>) = @ (S1) U (S>) provided S| and
S, are disjoint. Thus, @ preserves finite unions. To tackle countable unions, consider
a sequence S1,S52,... € B(£21). Let G = Un Sy, and G = @(G). For m € N, let
G, = UZ’ZI Sy, and Gm = @ (Gy,). Clearly, Gl C Gg C --- C G. We have to show
that set H = G\(Um G,») has measure 0.

Suppose, for the sake of contradiction, that w(H) > 0. For £ € N set H; = {w €
H:|F(w)| > 1/¢£}. Then | J, H, = H (recall that H C £2, and |F| > 0 on £2), hence
there exists £ € N such that «(Hy) > 0. Then

IE X 12 1F i 12 €t I > 0.
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On the other hand, xg\G, “\ 0, hence, by the order continuity of Ej,
lim,,, ||Xc\cm [ = 0. The continuity of T implies lim,, || T(Xc\cm)” = 0. Furthermore,

@ (G\G,) = G\G, hence, for any m € N,
1T e, = IF - X 112 [ (F - xg o Vx| = 1F 1 > 0,

leading to a contradiction.
Therefore, @ is o -homomorphism. By [18, Theorem 15.9], there exists a measur-
able ¢ : 2 — £21, so that @(S) = d:_l(S), for any S € B(£2). Il

Remark 3.4 1t is not clear to what extent the order continuity of E is essential. By
[13] and [16], any disjointness preserving bijection between C(K) or Co(K) spaces
is a weighted composition operator.

The proof of Theorem 3.1 is more involved. Recall that a subspace F' of a Banach
lattice E is called an ideal if y € F whenever x € F, and |y| < |x|. Anideal F is a
band if \/ ¢ 4 x4 € F whenever (xq)qed C F,and \/, 4 Xy exists in E.

Suppose E is a Banach lattice. We say that a family of non-trivial mutually disjoint
(with respect to the lattice order of E) ideals (Ey)qe4 forms a convenient decompo-
sition of E if any x € E can has a unique representation as x = Y _ x4, with x4 € Eq,
{or : x4 # 0} is at most countable, and the series for x converges unconditionally, with
I > wea Xall < llx]|| for any set A" C A.

Lemma 3.5 Suppose (Eqy)qe is a convenient decomposition of a Banach lattice E,
X is a Banach space, and T : E — X is a DSMO preserving linear bijection. Then,
forany o, T(Ey) is closed.

Proof Suppose (ey) is sequence in E,, such that (T (e,)) converges to x € X. By
the surjectivity of T, there exists e € E for which T (e) = x = limg T (eg). Denote by
P, the canonical projection on E,. More precisely, any f € E has a unique repre-
sentation f = Y5 4 fp, With f € Eg. We define Py(f) = fo. Let Pf=1—P,.
Clearly, Py (f) is disjoint from P‘j- (f). We shall show that Pof- (e) = 0. To this end,
note that, due to the DSMO preservation,

1T Py(e)ll = |7 Py-(e — en)|| < IIT () — T (ex)l,

for every k. Passing to the limit in the right hand side, we obtain || TPai ()] =0. To
complete the proof, we invoke the injectivity of 7. g

Lemma 3.6 Suppose (Ey)qcA is a convenient decomposition of a Banach lattice E,
X is a Banach space, and T : E — X is a DSMO preserving linear bijection. Then
there exists A" C A, such that A\A' is finite, T |g, is continuous for every o in A’
and supyc 4 | T g, || is finite.

Proof Suppose otherwise. Then there exists a sequence («;,) of distinct elements of

A,and e, € E,, , suchthat e, | <27", yet T (en)|l > 2" foreveryn.Lete =), ey.
Then, for every j, |T(e)|| = [T Po; (e)|l > 2/, a contradiction. O
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Lemma 3.7 Suppose (Ey)qec A is a convenient decomposition of a Banach lattice
E, X is a Banach space, and T : E — X is a DSMO preserving linear bijection.
Suppose, furthermore, that A’ is a subset of A, such that T |g, is bounded for any
a € A'. Then

sup ||T|span[Ea:oceF] ||
FCA, |F|<oo

is finite.

Proof Suppose otherwise. Then there exists a sequence (F},) of finite subsets of A,
such that 1T Ispan(Ey e Fy1 1l > 5, and

||T|span[Ea:aeF,,]|| > 10||T|span[Ea:ozeF,,_|]||a

forn > 1.Let G| = Fj, and G, = F,\(
disjoint. By induction, we show that

Fj). Then the sets (G) are finite and

j<n

||T|span[Ea:oteG,l]” > 5" 3.1)

for any n € N. The base (n = 1) is clear from the definition. To deal with the induc-
tive step, suppose (3.1) holds for n = k — 1, and prove it for n = k. Pick a norm 1
f espan[Eg : o € Fil, so that || T(f)[| > 101|T |span[Eg:acF 1]l > 5 - 10571, Write f
can be represented, in a unique way, as f = lezl gj,with g; € span[E, :a € G|].
Then || g;]l <1 for every j. Moreover, G; C Fj, hence, for j <k,

L §5—k—j—=1
IT (g < T IspantEaaeri | <5~ T VIT | spaniEgraeFin | < g ITOI-

Then

k—1 k—1
1 (i
1T @I = ITFI =Y IT@EHl > (1—1—0215 = ”)IITfII
]:

j=1

1
> —.5.10F1 > 5%,
2
yielding (3.1) holds for n = k.
Thus, we can construct a sequence (e,,) such that, for any n, e, € span[E, : o €
Gnl, llenll <27", and || Ten || > 2.
To complete the proof, suppose F is a subset of A, not necessarily finite. Any
f € E has aunique representation f = ZﬁeA fp,with fg € Eg. We define Pr(f) =
> per [p (the right hand side makes sense, due to the unconditional convergence
of the series Zﬂ fp). Set PFl =1 — Pr = Pp\r. Clearly, Pp(f) and PFl(f) have
disjoint supports.
In our case, taking e = 2211 en, wehave [|T(e)|| = | T Pg;(e)|l = 2/, forevery j,
yielding a contradiction. O
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Lemma 3.8 In the notation of Lemma 3.7, T is bounded on
span[E, :a € A'].

Proof Clearly, Eg = span[E, : o € A'] is an ideal in E. Together with (Eq)geA\ A’
it forms a convenient decomposition of E. Thus, T (Ep) is closed.

Denote by F the set of all finite subsets of A’. For any F C A, we denote by E g
the closed linear span of the ideals E,, for « € F. Applying Lemma 3.7, and scaling
T if necessary, we can assume that |T'|g. | < 1 for any F' € F. We shall show that
ITe|l <|e| for any e € Eg. To this end, we view F as a net (ordered by inclusion).
Then (Pr(e))per is a Cauchy net, hence so is (T Pr(e)) per. As T(Ep) is closed,
there exists f € Eg such that limfg |T(f) — T Pr(e)|| = 0. More explicitly, for any
& > (0 there exists a set G € F sothat |T(f) — T Pr(e)| <&, whenever G C F.

It suffices to show that f = e. Once this is accomplished, we are done, since
1T (I =limp ||T Pr(e)|| < supp || Pr(e)|l < |le|l. Furthermore, to show f =e, it
suffices to prove that Pr(f) = Pr(e) for any F' € F. To this end, fix ¢ > 0, and pick
aset G € F,suchthat F C G, and |T(f — Pg(e))| < e¢. Since Pr(f — Pg(e)) =
Pr(f)— Pr(e) and PFl(f — Pg(e)) are disjointly supported, we have | T (Pr(f) —
Pre)| <|IT(f — Pg(e))| < €. As ¢ is arbitrary, we conclude that |7 (Pr(f) —
Pr(e))|| =0, and complete the proof using the injectivity of T'. |

Next we prove Theorem 3.1 in a particular setting.

Lemma 3.9 Suppose E is an order continuous Kothe function space on (§2, X, 1),
where | is a o -finite measure. Then any DSMO preserving linear bijection T from E
to a Banach space X is continuous.

Proof For any S € ¥, denote by Eg the set of all f € E, vanishing outside of S.
The “canonical” projection, Ps, of E onto Ey is defined by setting Ps(f) := f x,.
Note that, if the sets Sy € X' (« € A) are disjoint, then at most countably many of
them have positive measure. Furthermore, if 2 = Ua A S then the ideals (in fact,
bands) Eg, form a convenient decomposition of E. For convenience of notation, we
denote by X' the set of all S € X with u(S) > 0.

First show that

VS e X¥T,35 C S such that (S”) > 0 and T is bounded on Eg. (3.2)

Indeed, if S has an atom, we can take S’ to be this atom (then Eg is 1-dimensional).
Otherwise, write S as an infinite disjoint union of sets Sy € X . By Lemma 3.6, T is
bounded on Eg,, for all but finitely many values of k.

Next observe that, if the sets Sy € X+ (k € N) are such that 7 is bounded on Eg,
for every k, then 7' is bounded on E j g, . Indeed, by passing from Sy to Sk\ U <k S;
if necessary, we can assume that the sets S are disjoint. Then apply Lemma 3.8. This
proves (3.2).

Denote by X' the set of equivalence classes of sets from S € 1 (modulo sets of
measure 0). Denote by S the set of all equivalence classes [S] € X’ for which T is
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bounded on Eg (clearly, this definition does not depend on the choice of a represen-
tative of an equivalence class). We shall show that [2] € S.

Define the relation < on S by writing [S;] < [S2] if w(S2\S;) > 0, and
w(S1\82) = 0. Note that < is a partial order. Furthermore, any chain in S has an
upper bound. Indeed, any such chain can have at most countably many distinct ele-
ments, due to the o-finiteness of y. We have observed above that [|_J, Sx] € S when-
ever [Si] € S for every k (cf. Lemmas 3.6, 3.7 and 3.8). Thus, by Zorn’s Lemma, &
has at least one maximal element. But, by (3.2), [§2] is the only possible maximal
element. O

Proof of Theorem 3.1 Suppose E is an order continuous Banach lattice. By [19,
Proposition 1.a.9], E admits a convenient decomposition into a direct sum of mutu-
ally disjoint ideals E,, each one having its own weak order unit. By [19, Proposition
1.b.14 and p. 29], each E, is order isometric to an order continuous Kothe function
space. Combining Lemmas 3.5 and 3.9, we conclude that T is bounded on each of
the ideals E,. Finally, Lemma 3.8 implies that T is bounded on E. |

Remark 3.10 We do not know whether a disjointness preserving linear bijection be-
tween general Banach lattices must be continuous. It is known that any band preserv-
ing linear map is continuous [20, Theorem 3.1.12].

We shall conclude this section exploring the automatic continuity of every L-norm
on the predual of a commutative von Neumann algebra. We have already commented
that Lq(u) is an order continuous Banach lattice. Since every orthogonality-to-1-
orthogonality preserving linear mapping 7 from L;(u) to a Banach space is DSMO
the following corollary derives from Theorem 3.1, or directly from Proposition 3.3.

Corollary 3.11 Let (£2, X, u) be a measure space where [ is finite and positive, and
let X be a Banach space. Then every O-1-0 preserving linear bijection T : L1(u) —
X is automatically continuous.

Theorem 3.12 Let M be a commutative von Neumann algebra and let X be a Banach
space. Then, every O-1-0 preserving linear bijection T : M, — X is continuous.
Equivalently, every complete L-norm on the predual space of a commutative von
Neumann algebra is equivalent to the original norm.

Proof By [28, Proposition 1.18.1] we have

Loo

M =P Loo(2u, T, tta)

ael
for a family (uy)qer Of positive finite measures. Therefore,

4
M* :@LI(QD{» Eou Mot)'

ael
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Proposition 2.3 implies that, for each @ € I, T (L1($2y, Xy, I4y)) 18 norm closed
and the restriction

T|L1(.Qa,2a,ua) L (R, X, pe) = T (L1824, Xy, 1))

is an orthogonality-to-1-orthogonality preserving linear bijection. Corollary 3.11 as-
sures that the mapping Ty := T |1, (2,, 4. ue) 18 CONtinuous.

The argument given in the proof of Proposition 2.1, shows that K := sup{|| 7Ty || :
o € I} < oo, and since for each ¢ = (¢y)q in M,, there exists a countable subset
Iy C I such that g, =0, forevery « € I\Ip and |l¢|| =>_ ll¢ |l Propositions 2.3
and 2.1 show that T'|

aely

¢ is continuous and
Ouery L1 (R Zatte)’

1T (o)) 1= D T (@) =Y IT@)I <K D llgull =K lol,
ael acly acly
which proves that T is continuous with ||| < K. (I

Corollary 3.13 Every complete L-norm on the dual space of an abelian C*-algebra
is equivalent to the original norm.

Proof 1If A is a commutative C*-algebra, then A** is a commutative von Neumann
algebra. By Theorem 3.12, A* = (A™*), has a unique (up to equivalence) complete
L-norm. O

Corollary 3.14 Let M and N be von Neumann algebras with N abelian. Then every
L-orthogonality preserving linear bijection T : Ny — M, is continuous.

4 p-norms on Schatten spaces

Throughout this section, H denotes a complex Hilbert space, equipped with the inner
product (-|-). For a fixed p € [1, 0o), we consider the Schatten space S” (H) (defined
in Sect. 1), with its norm || - || ,. Our main result is:

Theorem 4.1 For 1 < p < 00, any O-p-O preserving linear surjection from SP (H)
to a Banach space is continuous.

Now consider a family of Hilbert spaces (H;);c;. The von Neumann algebra
M = (,.; B(Hi))¢,, can be equipped with the faithful normal semi-finite trace
T = @ie, tr;, where tr; is the canonical trace on B(H;). Then LP(t) can be iden-
tified with (D, .; SP(H;)) ¢,» equipped with the norm

1/p
l@ierllp = (Z ||¢>l-||§,,(,,,.)> :

iel

The elements ¢ and v of L”(7) are orthogonal if and only if ¢; L v; foreveryi € I.
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It turns out that any atomic or discrete von Neumann algebra (that is, an algebra
where every projection has an atomic abelian subprojection) is of the form described
above. Moreover, these von Neumann algebras are the second duals of compact C*-
algebras. Recall that a Banach algebra A is called compact (or dual) if, for any a € A,
the map b + aba is compact. By [3], a C*-algebra is compact if and only if it is of
the form (D, .; K (H;))c,-

Corollary 4.2 Suppose t is the canonical trace on the discrete von Neumann algebra
(@D;c; B(Hi))¢o,, X is a Banach space, and 1 < p < oo. Then any O-p-O preserving
linear bijection T : L?(t) — X is continuous.

Proof As explained above, we have L7 (1) = (D, ; SP(H[))gp. By Proposition 2.3,
foreachi € I, T (SP(H;)) is norm closed and the restriction

Tlsr(my : SP(Hy) — T (SP(Hy))

is an O- p-O preserving linear bijection. Theorem 4.1 implies that the mapping 7; :=
T'|sr(m;) is continuous.

It remains to show that sup{||7;|| : i € I} < oco. Otherwise there exists a sequence
of distinct indices i, € I, and elements ¢, € SP(H,;,), so that ||¢,| < 27", and
IT¢nll > 2". Define ¢ = () jer € LP(A) by setting ¢; = ¢, if j =i, for some n,
and ¥; = 0 otherwise. Note that ¥ — ¢, is orthogonal to ¢, for every n, hence
Ty = T ¢l > 2", which is impossible. O

Theorem 4.1 will be proved following a series of auxiliary lemmas. Finite rank
operators play an important role. Note that any rank 1 operator on H has the form
we.y =& ®n, defined via & ® n(h) = (h|n)&. Clearly, |z, || = llwg.yll, = IE] ]l
where ||wg ;|| denotes the norm of wg , in B(H). Moreover, wg, ;, L ws, 5, if, and
only if, (§1152) = (n1]n2) = 0. For the sake of brevity, we write wg = wg ¢.

Our first lemma is a simple algebraic exercise.

Lemma 4.3 Suppose & and n are mutually orthogonal norm-one elements of H.
Then:

(1) weyy L wg_yand we ; Loy g.
(2) wgy + wg—y =2(we + wy), and Wg 1y — Wg—py =2(wg y + Wy ).

Corollary 4.4 Suppose & and n are mutually orthogonal norm-one elements of H,
and a linear map T : SP(H) — X is O-p-O preserving. Then

I (e )I” + 1T (p )1 = T (@) I” + 1T (0|17
Proof By Lemma 4.3(2),
2P(IT @) I? + 1T (@IIP) = 12T (g + o) [I” = IT g1y + w6—p)I1”,
and

2P(IT (@ )17 + IT (@9, )17) = 12T (g, + 0y )I” = IT (0g+y — @) |17
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By Lemma 4.3(1), || T (wg+y + wg—p)|l = | T (wg+y — @ —p) ||, hence

2P(IT @) 17 + 1T (@) 17) = IT @1y — @) I = 12T (g, + w0y )1
=27 (IT @e)II? + T (wn,)I17). [

Lemma 4.5 Suppose the linear map T : SP(H) — X is O-p-O preserving. Then
sup {IT(@z)|| : € € H, ||§]| =1} < o0.

Proof Suppose, for the sake of contradiction, that the supremum above is infinite.
Construct recursively an orthonormal sequence (&), such that || T (wg,)|| > 4". Start
by selecting £ € H with |[£1]| =1, and || T (wg))|l > 4.

Now suppose the orthonormal vectors &1, .. ., &, have already been chosen, so that
1T (we )|l > 4% for 1 <k <n. Let H, = span[&q,...,&,], and C = sup{|| T (we) | :
&1l =1,& € H,}. Pick n € H sothat |[n]| =1, and ||T (w;)l > 34" 4+ ©). Clearly,
n ¢ Hy. Write n = a& + p&,41, where [|§|| = [[§4411l = 1, §n41 is orthogonal to Hy,
£ belongs to Hy, and |@|? + |8]? = 1. We claim that || T (o, ,,) || > 4"*!. Indeed,

oy = lelws + |Blwx, ., +eBor,,, +TPws,., &
hence
IT (pll < NIT (we)ll + 1T (wg, )| + 1T (e 6, DIl + 1T (we, 61l

However, by Corollary 4.4, || T (wg ¢,,,) || and || T (wg, )|l do not exceed || T (we) || +
IT (wg,, ). Thus, [T (0l < 3(C + T (wg,, )1, and therefore, [T (wg,, )|l =
IT (wy)]l/3 — C > 4T,

Now consider ¢ = > 72,27 "wg, € SP(H). Then, for any natural n, wg, L
(¢ — 27w, ), hence

IT @) = 27" T (wg,)|| > 27" - 4" =2",
which is impossible. 0

Corollary 4.6 Suppose the linear map T : SP(H) — X is O-p-O preserving. Then
the set {||T (wg, )| : €, n € H, [I§]| = |Inll = 1} is bounded.

Proof By Lemma4.5, K = sup ¢ = |7 (wg)|| is finite. We show that || T (wg,,) || < 3K
whenever |&]] = |In|l = 1. If n € span[§], we are done. Otherwise, write
n = af + B¢, where |I¢] =1, (§1¢) =0, and |a|* + |B]* = 1. Then wg,, =
awg + Bwg . But | T (wg)|| < K. Furthermore, by Corollary 4.4,
1
IT (we.)ll < (IT @)II” + IT (@)1IP) P <2k,

Therefore, || T (wz.y) || < ||| T (@)l + |BIIT (wg,0)ll < V5K <3K. O

@ Springer



T. Oikhberg et al.

Remark 4.7 Using similar methods, one can prove the following statement: suppose
&1, ..., &, is an orthonormal family in H, and A1, ..., A, a complex numbers. Then,
for any O-1-O preserving linear map 7 : S'(H) — X, we have

n

1
=5 20 il A1 (IT @I+ IT (@) -

ij=1

T (@518 4 -4 30)

We denote by F(H) the space of finite rank operators on H. When equipped with
the norm inherited from S? (H), this space is denoted by F7 (H).

Corollary 4.8 Suppose T : SP(H) — X is an O-p-0O preserving linear map. Then
T is bounded on FP(H).

Proof By Corollary 4.6,

K= sup [T (wgp)l
[HESNTIES

is finite. Any ¢ € FP(H) admits a polar decomposition ¢ = ) }_, axwg, ., Where
the systems (£¢) and (1) are orthonormal, and (cx) C R™ are the singular numbers
of ¢ (with ||¢||§ =>4 oc,f). Then, since T is O- p-O preserving,

n n
IT@N7 =" lewlIT @gp)I” < KP Y lewl?” = KP||$]1}

k=1 k=1

and hence | T|zrm |l < K. O

It is easy to see that, for any ¢ € S”(H), there exists a projection pg in B(H) with
separable range, such that po¢po = ¢. Here and below, the word “projection” refers
to a self-adjoint idempotent on a Hilbert space.

Proposition 4.9 Suppose ¢ is an element of SP(H), and pg is a projection with
separable range, such that po¢po = ¢. Suppose, furthermore, that X is a Banach
space, and the linear map T : SP(H) — X is O-p-O preserving. Then there exists
x € X such that

lim |lx =T (igri)| =0

whenever (l;) and (r;) are increasing sequences of projections, converging strongly
to po.

The proof relies on an easy
Lemma 4.10 Suppose ¢, po, (I;), and (r;) are as in the previous proposition. Then

lim||¢ —li¢ll, =lim [|¢ — ¢rill, =lim || — L;prill , =0.
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Proof Finite rank operators are dense in S”(H), hence it suffices to consider the
case of ¢ = wg ;. We shall show that lim; ||¢ — [;¢r; ||, = O (the other equalities are
handled similarly). An easy computation shows that

¢ —lipri = wg, (py—ri)n + O(po—i)&, rin-

Therefore, ||¢ — ligrill, < [E11I(po — ridnll + I(po — l)&]llInll. To complete the
proof, recall that lim; ||(po — ri)n|| = lim; ||(po — [;)€]| = 0. O

Proof of Proposition 4.9 Let K = ||T|zrmll (cf. Corollary 4.8). Suppose first that
(I;) and (r;) are sequences of projections as above. Let ¢; = [;¢r;. Then (¢;) is
a Cauchy sequence in F7(H). Indeed, for j > i, ¢; — ¢; =1;(¢ — ¢;)rj, hence
lo;j — dillp < ¢ — @illp, and the right hand side tends to 0, by Lemma 4.10. Thus,
lim; ; [|[¢; — ¢illp, = 0. The operator T is bounded on F7(H), hence the image of
the Cauchy sequence (¢;)72, is again Cauchy. Since X is complete, the sequence
(T((;&i));’i1 converges to some x € X.

Now suppose (l}) and (r;.) are two other sequences of projections, increasing
to po. As above, we see that ¢ = I/¢r] form a Cauchy sequence in 77 (H). For any
e >0, we can find N € N such that ||¢ — ¢;|l, <&/2 and [|¢ — ¢[||, < &/2 when-
ever i > N. By the triangle inequality, [¢; — ¢;||, < & whenever i, j > N. Moreover,
¢; and ¢/ have finite rank, hence [|T(¢;) — T (¢;)|| < Ke. Letting j grow without a
bound, we conclude that ||x — T(¢l{ )|| < Kefori > N. As ¢ is arbitrary, we conclude
that lim; [|x — T (¢])[| =0. d

Proof of Theorem 4.1 Suppose T : SP(H) — X is linear bijection (X is a Banach
space). By Corollary 4.8 and scaling if necessary, we can assume ||T|zr )l = 1.
Suppose ¢ is a norm-one element of SP(H). We can always find two increasing
sequences of finite rank projections (p;) and (g;), such that their strong limits satisfy
lim; p; = lim; g; = po, where pg is a projection with separable range, and po¢po =
¢. By Proposition 4.9, there exists x € X such that x = lim; T (e;¢f;) whenever (e;)
and (f;) are increasing sequences of finite rank projections, such that their strong
limits satisfy lim; e; = lim; f; = po, po is a projection with separable range, and
podpo = ¢. We shall show that T'(¢) = x. Once this is established, observe that

Ixll =T @)l =Hm [T (e;¢fOll < I T 17 I im flespfill = 1.

which implies ||T'|| < 1.

By the bijectivity of T, there exists ¥ € SP(H) such that T () = x. We have
to show that ¢ — ¢ = 0. To this end, use polar decomposition to write ¥y — ¢ =
Z?il Ciwg; p;» Where ¢; > ¢2 > - - - > 0 are the singular values of ¥ — ¢, while (§;);en
and (n;);cN are orthonormal systems in H. Find a projection po with separable range

such that po¢po = ¢, and poyypo = . Pick the vectors (£]);en and (1));en in po(H),
such that:

1. po(H) =span[&), &,§,&},...1=span[n, 0}, n2, 05, .. 1.
2. For every i, either &/ =0, or ||§/|| = 1. Similarly, either n; =0, or [|n}|| = 1.

3. Fori # j, (§/15)) = (n;In}) = 0. For any i and j, (§/15;) = (n;|n;) =0.
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Let r,, and /,,, be the projections onto span[n;, n; : 1 <i <m] and span[§;, Ei/ 1<
i < m], respectively. Then (I,) and (r,,) form sequences of finite rank projections,
increasing toward pg. Moreover, L, (Y — @) = Z;"zl Ciwg; ;> and

In(W = Qyrm =1s(f — P)rg + (b — L)W — ) (rm — 1) 4.1

for s < m (the terms in the right hand side are orthogonal).

We have to show that, for any ¢ > 0, there exists M € N such that | T ([,,(¢y —
P)rm)|| < e for any m > M. Once this is accomplished, (4.1) establishes that, for
any s,

1T s = Pro)ll = Em [T U (Y = @)rm) |l = 0.
The injectivity of T implies I;(yy — ¢)ry = 0. As s is arbitrary, we conclude that
v —¢=0.
For the sake of brevity, we use the notation g = pg — ¢ whenever ¢ is a subpro-
jection of pg. Note that, for n > m, I,,I,, =1,,, and r,r,, = r,,, and therefore,

Lidrn — ¥ = (L + L) Undrn — ) s +7m)
=L (lndrn — V) + L (laprn — V)7
+ Ly (Unprn — )1+ Ly Lyt — Y. 4.2)

Note that [, (I,¢r, — ¥)ry = Ly (¢ — )1y, and furthermore, 1, (¢ — ¥)ry, is orthog-
onal to l,ﬁ (Lnpr, — w)r,#. As T is O-p-O preserving, we have

1T U (P = V) Il < IT Ui (b = V) + Ly U — Y1) .
By (4.2),
In (@ — W)rm + Ly U prn — V)1
= (n@rn — V) — Ly lnrn — )rm — L (lnrn — ¥,
hence, by the triangle inequality,
1T U (& — Y1) | < IT U (P — ¥)rm + L Unprn — Y0 |
<N T Unpra — N + 1T U Unprn — 1)l
1T U Unprn — W1l 4.3)

Recall that lim,, T ({,,¢r,) = T (), hence there exists Ng € N such that ||T (I,¢r, —
Y| < e/3 for n > Ny. Note also that

LeUnprn — V)rm = bl rm — L trry,
hence

WL Luprn — )rmllp < Wil + LW 1.
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By Lemma 4.10, there exists N| € N such that ||l,ﬁ¢||p + IIZ,#// l, <e/3,form > Ny.
Moreover,

rank (l,#(l,,q)rn — W)rm) <rank r,, < 00,
hence

IT (ot (U prn — V)|l < Wk Unprn — Y)rmllp < g

for n > m > Njp. Similarly, there exists N, € N such that

IT U (Unpra — )0 | < &/3,

for n > m > N,. By (4.3), we conclude that ||T(,;,(¢ — ¥)rn)|| < & for m >
max{No, N1, Na2}. This completes the proof. Il

5 Orthogonality preserving maps between non-commutative L? spaces

This section is devoted to the structure of orthogonality (equivalently, O-p-O) pre-
serving maps between non-commutative L” spaces. We begin by describing or-
thogonality preserving bijections between Schatten spaces. Throughout this section,
H and K stand for Hilbert spaces.

Theorem 5.1 Suppose 1 < p < oo, and T : SP(H) — SP(K) is an orthogonal-
ity preserving linear bijection. Then there exists a scalar y, and unitary operators
UeB(H,K),VeBK,H),UeB(H*,K) and V € B(K, H*), such that either
T(@)=yUV,orT(p)=y U¢'V, for every ¢ in SP(H) (where ¢' stands for the
transpose of ¢). In particular, T is a scalar multiple of an isometry.

The proof relies on several auxiliary results. As in Sect. 4, wp, « (h, k € H) stands
for the rank 1 operator, defined by wp, «(§) = (&|k)h. First, we express the rank of an
operator a (denoted by rank(a)) in terms of mutually orthogonal summands. Here,
rank(a) is defined as dim(ran(a)), if ran(a) is finite dimensional, and rank(a) = oo
otherwise. Thus, rank(a) takes values in the set Z4 U {oo}, where Z = {0, 1,...}.
For S C Z4, sup S is defined (in the standard manner) to be either a non-negative
integer, or 0o.

Note that our definition doesn’t distinguish between different types of “infinite
cardinals”: rank(a) = co when ran(a) is either separable infinite dimensional, or non-
separable. However, in this paper, we mostly work with operators in S? (H), which
are compact. Employing a standard singular value decomposition technique (as used
in the proof below), one can show that any compact operator a € B(H ) has separable
range.

Lemma 5.2 Suppose A denotes either B(H), or SP(H) (1 < p < 00). Let a be an
element in A. When a has finite rank, then rank(a) equals the supremum of alln € 74
for which a can be represented as a sum of n non-zero mutually orthogonal elements
of A. Moreover, rank(a) = oo if, and only if, a can be represented as a sum of n
non-zero mutually orthogonal elements of A for any n > 1.
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Proof First, we show that rank(a) > n if there exist mutually orthogonal non-zero op-
erators (a;)}_,, satisfying a = >, a;i. Indeed, there exist non-zero projections (p;)
and (g;), so that p;p; =q;q; =01if i # j, and p;a;q; = a; forany i. For 1 <i <n,
pick a norm 1 vector & € q;(H), so that n; = a;& # 0. It is easy to see that the
range of ) ; a; contains the linear span of the vectors 7;. Moreover, the vectors 7);
are linearly independent. Therefore, rank(a) > n. Taking the supremum, we obtain
rank(a) > n.

Now suppose a € Ahasrankn € Zy. Note thatn =0 ifand only ifa =0.If n > 1,
then, by [30, Theorem 1.4] or [14, Sect. I1.2], a admits a singular value decomposition
a= Z?:l si(@)wg; n;» where (&) and (n;) are orthonormal systems in H, and the
singular numbers s; (a) are positive. It is easy to see that the operators a; =s; (a)wg;
(1 <i < n) are mutually orthogonal, and therefore, a can be represented as a sum of
n mutually orthogonal non-zero elements of .A. This establishes the statement of the
lemma for finite rank a.

It remains to show that, whenever a € A has infinite rank, then, for any n € N,
there exist mutually orthogonal, non-zero members of to A, satisfyinga =Y/, a;.

If a is compact, the singular value decomposition yields a = Y -2, s; (a)wg, », . Set
ai =sj(@)wg;, ;; (1 <i<n-—1),anda, = Zﬁn s; (a)wg; ;- The operators (a,) _j are
mutually orthogonal, non-zero, belong to A, and satisfy a =) "_, a;.

Now suppose a is not compact (this can only happen if A = B(H)). Write a = ub,
where b = (a*a)'/? is positive, u is an isometry from the range of b to the range of
a (see e.g. [30, Sect. 1.1]). If o(b) (the spectrum of b) is infinite, we can repre-
sent o (b) as a disjoint union of non-empty Borel subsets (S;)_,. Then the operators
ai =ux,, (b)b are mutually orthogonal, non-zero, and satisfy Zl 14i =a.

If o(b) is finite, then it contains an eigenvalue 8 > 0 with infinite multiplicity. Let
P = X (b) be the corresponding spectral projection. For n > 2, we can write p =

p1 + -+ + pn, where the non-zero projections py, ..., p, are mutually orthogonal.
Leta; = up; (1 <i<n—1),and a, =a — Y 1] a; = u(1 — Bp)b + Bup,. Once
again, the operators (a;)7_, have the required properties. 0

Remark 5.3 For a € A, denote by rank 4 o (@) the supremum of all n € Z for
which a can be represented as a sum of n non-zero mutually orthogonal elements of A
(we set rank 4 orn(a) = 0 if no such representation exists). As we do not distinguish
between different types of “infinite cardinals” when computing rank(a), we conclude
that the proof above shows that rank(a) = rank 4 o (a) for any a € A.

From Lemma 5.2 we obtain:

Corollary 5.4 For 1 < p < oo, any orthogonality preserving T linear bijection from
SP(H) to SP(K) is rank-nondecreasing. That is, rank(T (¢)) > rank(¢), for any
¢ € SP(H). In particular, the preimage of any rank 1 operator also has rank 1. [

The following result may be of independent interest. Here and below, we use the
notation S” (Hy, Hy) (H; and H; are Hilbert spaces) for the set of all compact opera-
tors ¢ from Hj to Hj, whose sequence of singular values (s; (¢));cN iS p-summable.
Equipping it with the norm |||, = (3_;s; (@)")V/P, we turn SP (H,, H) into a Ba-
nach space. One easily observes that S” (H, H) = S” (H). Furthermore, if H; and H»

@ Springer



Automatic continuity of orthogonality or disjointness preserving bijections

are subspaces of K| and K», we can view S” (H|, H») as a subspace of S” (K1, K»).
More precisely, the canonical isometric embedding 7 : S (Hy, Hy) — SP(K1, K»)
is defined via ¢ = J¢p, where p and J denote the orthogonal projection from K
onto Hp, and the canonical injection of Hj into K>, respectively.

Proposition 5.5 Suppose 1 < p < o0, and S is an isomorphism of SP(K) onto a
subspace A of SP(H), which takes rank 1 maps to rank 1 maps. Then one of the
following statements is true:

(a) There exists ¢y € H, and a subspace Hy of H, so that A = o ® Hy.

(b) There exists ¢y € H, and a subspace Hy of H, so that A= Hy ® &o.

(¢) A=SP(Hy, Hy), where H| and H, are subspaces of H, isomorphic to K. There
exist invertible operators U € B(Hy, K) and V € B(K, H>), such that S(¢) =
JVoUpy for every ¢ in SP(K).

(d) A=SP(H,, Hy), where H| and H; are subspaces of H, isomorphic to K. There
exist invertible operators Ue B(H;, K*) and Ve B(K*, Hy), such that S(¢) =
Jo ‘7(1)’(7171 for every ¢ in SP(K), where ¢! denotes the transpose of ¢.

In (c) and (d), p1 and J, denote the orthogonal projection from H onto Hj, and the
canonical injection of H into H, respectively.

Clearly, (a) or (b) in the above Proposition can occur if and only if K is finite
dimensional.

The proof depends on several lemmas, and will be completed once Lemma 5.9
is established. Throughout our reasoning, the letters H, K, A, and S have the same
meaning as in Proposition 5.5. We assume (without loss of generality) that S~! is a
contraction. We let C = || S||.

First, introduce some notation. As before, we denote by wy, « (1, k € H) the rank
1 operator, defined by wp  (§) = (§|k)h. As S takes rank 1 map to rank 1 maps, for
every &, n € K\{0} there exist &, k € H\{0} so that S(wg,,) = wp i. Let

rE n:={hk) e HxH:Swzy,) =oni}- (5.1)

Note that, if both (h, k) and (A, k") belong to I'(§,7), then wpx = wy p, and
therefore, there exists A € C\{0} so that »’ = Ah and k' = A~'k. Conversely, if
(h,k) € I'(€, n), then also (Ah, A~'k) € ' (€, n) for any A € C\{0}. Thus, ® (£, n) =
spanlh : (h,k) € I'(¢§,n)] and ¥ (&, n) = spanlk : (h, k) € " (€, n)] are 1-dimensional
subspaces of H.

As an illustration, consider the case of S : SP(K) — SP(H) : ¢ — UV, with
U e B(K,H) and V € B(H, K). Then S(wt ;) = wue),v+u), hence I'(§,n) =
{QUE) A7V = A € C\{0}}, @, n) = span[U(§)], and ¥(£.n) =
span[V*(n)].

Below, we use the symbol ~ to indicate the collinearity of non-zero vectors: we
write & ~ n if span[£] = span[7], and & ~ n otherwise.

The following basic observation will be used several times.

Lemma 5.6 The following statements hold:
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(i) Suppose &, n1, and 0o are non-zero vectors in K, with ny ~ n». Then exactly one
of the two following statements is true:
(D) @&, n) =D&, m),and Y (&, n) Y (&, ).

(2) @& ) # P&, n2), and Y (§,m) =¥ (&, n2).
(1) Suppose &1, & and n are non-zero vectors in K, with &) ~ &. Then exactly one

of the two following statements is true:
(1) @G, n) =2(E2,n), and ¥ (&1, 1) # ¥ (82, 1).
(2) ®(&1,m) # P (62, 1), and ¥ (&1, 1) =¥ (62, 7).

Proof (i) Note that, for any (a1, a2) € C*\{(0, 0)},

S (g0 +a2my) = A1S (g ) + 028 (wg )

must be a rank 1 operator.

Suppose first @ (&, n1) = @ (&, n2) and ¥ (&, n1) = ¥ (&, n2). Then there exists
h,ki,ky € H sothat (h, k1) € I'(§,11), (h,k2) € I'(§, n2), and span[k;] = span[kz].
Find non-zero a1 and oy so that arrk; + a2k = 0, hence S(we oy, +arm,) = 0, which
is impossible.

If, on the other hand, @ (&, n1) # @ (&,1n2) and ¥ (&, n1) # Y (&, n2), then u =
S(we, y;41,) has rank 2, which contradicts our hypothesis. To verify the last statement,
pick hy, ha, k1, ko € H, with the property that (h;, k;) € I'(§,7n;) (i = 1,2). Find
¢ € H, which is orthogonal to k5, but not to kq. Note that u = wj,, x, + wp, k,, hence
h1 belongs to the range of u. Similarly, this range contains /.

Statement (ii) follows similarly. O

Lemma 5.7 Suppose &, n1, and ny are non-zero vectors in K, with ny ~ .

(M If @E,m) = @&, n2), and Y&, m) # W, n2), then, for any n € K,
D&, m) =D&, n).

Q) If ®E,m) # PE,n2), and Y&, m) = W(E, n2), then, for any n € K,
Y&, n)=w(E, n.

Proof We prove (1), since (2) is established in a similar manner. It suffices to consider
the case when 7 is not a scalar multiple of either 7 or n;. By Lemma 5.6(i), one of
the following holds:

(1) ¢(E’ Ul)Z(D(E, 7])’ and '1/(57 771)?5‘1’(5;" fl),

5.2)
2 @E.n)#PE,n), and W(E,n)=Y(E,n).
Similarly, one of the statements below holds:
(1) @E.m)=oE,n), and ¥(E,m)#¥E,n), 5.3)

2) 2E.m)#PE.m, and Y&, m)=¥(E, ).

We show that, if (5.2)(i) and (5.3)(j) hold at the same time, then i = j = 1. Sup-
pose first that (5.2)(1) and (5.3)(2) hold. Then @ (¢, n1) = @ (&, n) # @ (£, n2), which
contradicts @ (&, n;) = @ (&, ). The combination of (5.2)(2) and (5.3)(1) is ruled
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out similarly. Furthermore, if (5.2)(2) and (5.3)(2) hold at the same time, then
Y&, m) =¥ (&, n) =¥(&,n), which contradicts ¥ (§, n1) # ¥ (&, n2). 0

Now fix &y, 1, 12 € K\{0}, such that ||&|| = 1, and 11 ~ 1,. Suppose, without
loss of generality, that @ (&, n1) = @ (40, n2). By Lemma 5.7, for every n € K\{0},
@ (&0, m) = @ (0. n), and ¥ (&, n1) # ¥ (50, n) whenever n ~ n;. Find a norm
1 vector §o € H € @ (&, n1). By (5.1) and the discussion following it, for every
n € K\{0} there exists a unique ¥ (n) € H, so that (¢o, ¥(n)) € I'(&y,n) (hence
@ (&9, n) = span[p]). Define ¥ (0) = 0. Then, for any n € K, ¥ () is the unique ele-
ment k € H, satisfying wg, x = S(wsg,,»). Note that the maps n — S(wsg,,,) and k
wh i (defined on K and H, respectively) are anti-linear, hence the map ¢ : K — H
is linear. Furthermore, for 1 # 0,

1l = llogy,yopllp = 1S @eo,) 1 p € [IInll, Clinll]

(recall that S~! is a contraction, and C = ||S||). In particular, ¥ is an isomorphism
from K to a closed subspace of H. Note also that, for n £ 0, ¥ (&9, n) = span[¥ (n)].

Lemma 5.8 In the above notation, suppose & € K is not collinear to &y. Then exactly
one of the two following statements is true:

(1) @&, n) =PGo,n), and ¥ (§, 1) # ¥ (%o, n) for any n € K\{0}.
(2) @(&.n) # Do, n), and ¥ (§,n) =W (%o, n) for any n € K\{0}.

Proof First fix ng € K\{0}. Applying Lemma 5.6(ii) to &y, & and ng, we see that
exactly one of the two following statements holds.

(1) @&, no) =P, no) =span[fp], and
Y (&, no) # ¥ (&0, no) = span[y (no)],

5.4
(2) @, n0) # P (60, o) =span[fp], and
¥ (&, m0) =¥ (50, no) = span[¥ (no)].
Similarly, for any n € K\{0}, we have one of the two:
(1) @&, n) =P, n) =span[fo], and
'4 14 =
(&, m) # ¥ (%0, n) = span[¥ ()], 5.5

(2) @&, n) # P8, n) =span[fo]l, and
(&, n) =¥ (&, n) =span[y (n)].
We show that (5.4)(1) < (5.5)(1), and (5.4)(2) < (5.5)(2). Indeed, suppose (5.4)(1)

and (5.5)(2) hold. Then @ (&, no) # @ (&, n), and ¥ (&, no) # ¥ (&, n), which contra-
dicts Lemma 5.6. Similarly, (5.4)(2) is incompatible with (5.5)(1). O

Lemma 5.9 Suppose there exist norm-one vectors & € K, ¢y € H, and a linear iso-
morphism ¥ from K into H, so that, for every n € K, S(wgy.y) = wgo,yap)- Then

exactly one of the two statements holds:
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(A) Forany§,n € K, with &~ &, ®(§,n) =span[fo], and ¥ (§, n) # span[y (1)].
(B) Forany §,n € K, with& =&, @ (&, 1) # span[{o], and ¥ (&, ) = span[y (17)].

Proof Pick & € K, not collinear to &y. By the dichotomy from Lemma 5.8, one of
the following two statements holds:

(A") Forany n € K, @ (&1, ) = span[{ol, and ¥ (&1, 1) # span[¥ (n)].
(B) Forany n € K, ®(&1,7) # span[{o], and ¥ (§1, ) = span[¥ (1)].

We shall prove first that (A”) implies (A). Suppose, for the sake of contradiction,
that the statement of (A) is false for some non-zero € and 7 in K, with &y » £. That
is, ®(&,7) # span[{p], or U(E T = span[¥ (n)]. Under these conditions, we may
assume that & ~ & and € ~ &.

Having in mind our assumptions and applying Lemma 5.6(ii) to &, £, and 7, we
obtain

@ (&,7) #span[fo], and ¥ (,7) = span[y ()]

Doing the same for &1, E, and 77, we see that

(&, 7) # P51, 7) =span[g), and W(E, ) =W (51, 7).

Thus, ¥ (£, 77) = span[y (77)], which contradicts (A”).
Similarly, (B’) implies (B). If, for some £ and 77 in K, (B) is false, then

@ (&,7) =span[fo], and ¥ (&,7) # span[y ()]

Therefore ®(£,7) # ®(£1,7), and ¥(£,n) # ¥(&,7). This is ruled out by
Lemma 5.6(i). O

Below, we denote by F(H1, H>) the set of operators from H; to H3, of rank not
exceeding k.

Proof of Proposition 5.5 Pick norm 1 vectors &y, 19 € K. By Lemma 5.6, Lemma 5.7
and the comments following the latter, there exists a norm one ¢y € H for which one
of the following two statement holds:

(1) @(&0,n) = span[] for any n € K, and ¥ (&, n1) # ¥ (&0, n2) whenever
ny ~n2.

(2) W(&,n) = span[¢p] for any n € K, and @ (&, n1) # P (&, n2) whenever
ny ~n2.

We consider (1), as (2) is dealt with in the same manner. We shall show that, in this
case, either (a) or (c) of Proposition 5.5 holds. Note that S(wg,,,) = ¢,y (), Where
¥ : K — H is a (well defined) linear map, with

Inll =iyl < Clinll.

Lemma 5.9 provides us with the following dichotomy:
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(1.1) Forany &,n € K, @(&, n) =span[{p].
(1.2) Forany&,n € K, (&, n) # span[{o] unless & ~ &y, and ¥ (&, n) = span[¥ (1)].

If (1.1) holds, clearly S maps F(1)(K) into {y ® Hp, where Hy = ¥(K) is a
closed subspace of H. By the density of the linear span of F(1)(K) in SP(K),
A= S8(SP(K)) = ¢y ® Hp, and Statement (a) of the proposition is true.

Now suppose (1.2) holds. In this case, write S(wg,,,) = W,y (). Combining
Lemma 5.6 and Lemma 5.7 (applied to & ~ &y, n1, and 1 with n ~ 1), we have

DE, m) =D&, n), foreveryneK
or

&, m)=w(E,n), foreveryneKk.

When the second statement holds, it follows, by (1.2), that ¥ (1) ~ ¥ () for every
n € K. We deduce that ¥ is a rank-one operator, and hence K is one dimensional,
this is covered by case (1.1). Therefore, we may assume that

@ (&.m) =P (&, m2), forevery ni,nyand & in K\{0}. (5.6)

We have to show that, in this situation, (c) is true.
First, we define a linear isomorphism ¢ : K — H» (where H> is a closed subspace
of H) with the property that

span[S(ws, ;)] = span[wg &),y (] forany &,n e K. 5.7

Set ¢(0) = 0. For & € K\ {0}, there exists a unique ¢(£) € H so that (¢(£), ¥ (no)) €
I (&, no) (see (5.1) and the remarks following it). In other words, ¢(£) is the unique
element 7 € H with the property that S(wg, y,) = @p, (- Note that the map & —
S(wg, o) is linear, hence ¢ is also linear. Furthermore, || (no)|| € [1, C], and

Ip@ ¥ (o)1l = 1S (@e5) 1l € [IE11, ClIEN]:

hence C~L||&|| < |¢(&)| < C||&]. In particular, H> = ¢(K) is a closed subspace of
H,and ¢ : K — Hj; is a linear isomorphism.
Now consider arbitrary non-zero £, n € K. By (5.6) and Condition (1.2),

D&, n) =D&, no) =span[¢p(§)], and
W (&, n) =span[y(n)] foreveryn, & e K.

Then, for every (h, k) € I' (€, n), there exist non-zero A, u € C so that h = A¢ (&),
and k = uy (n). Therefore,

S(wg,n) = whk = AAO(E),$(n) -

This establishes (5.7). Thus, for any &, n € K\{0}, there exists a unique y (§,7n) €
C\{0} satisfying

S(wg,n) =vE MogE), -
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We define y (0, n) =y (£,0) =0. For £, n € K\{0}, we have

IS (we )l p
eIy I

As noted above, ()]l € [CT'I€], ClI&N], and E)Il € [Inl, Clinlll, while
IS (w1l p € LIEINIL ClEINnI. Therefore,

ly (€. ml=

C2E NIl < ly & mIlE Mgl < C*IENINI.

Thus, § maps F(1)(K) onto F(1y(H;, Hp), where H] = ¥ (K) and H, = ¢(K).
Thus, A = SP(H;, Hy). By [23, Theorem 3.3], there exist invertible operators
U e B(H,K), V € B(K, H), Ue B(H, K*) and Ve B(K*, Hy), such that ei-
ther S(¢p) = J1VoUp, for every ¢ in SP(K), or S(¢p) = J1V¢>’Up2 for every
¢ € SP(H). Here, ¢' denotes the transpose of ¢, p, is the orthogonal projection
of H onto H», and J; denotes the canonical injection of Hj into H. O

Proof of Theorem 5.1 Suppose T : SP(H) — SP(K) is an orthogonality preserv-
ing linear bijection. By Theorem 4.1, T is an isomorphism. By Corollary 5.4,
: §P(K) — SP(H) takes rank 1 operators to rank 1 operators. By Proposi-
tion 5.5, there exist invertible S, R € B(H, K), S,Re B(H*, K), such that either
T(¢) = RpS™ for every ¢ € SP(H), or T(¢) = qu’S* for every ¢ € SP(H).

We have to show that R and S (resp., S, R) are multiples of unitaries. By the
famous theorem of U. Uhlhorn (see [6] for a recent generalization), it suffices to show
that (R(§)|R(n)) = (S*(&)|S*(n)) = 0 whenever (£|n) = 0. We consider the case of
T (¢) = RpS* (the other possibility is handled in a similar manner). If & L 5, then
¢ = wg and Y = w,, are orthogonal in SP(H). Then T (¢) = wr(),s+¢) and T () =
WR(y),s*(p are also orthogonal, which leads to the desired conclusion concerning R
and S. 0

We have already seen that the notion of orthogonality can be also considered in the
predual of a general (non necessarily tracial) von Neumann algebra. We shall explore
now the automatic continuity of those linear bijections between von Neumann algebra
preduals which are orthogonality preserving.

Theorem 5.10 Let A be a compact C*-algebra, and N a von Neumann algebra.
Then every orthogonality preserving linear bijection T : A* — N, is continuous. In
this situation, N is isometric to the second dual of A (as a von Neumann algebra).

We start by showing that orthogonality preserving maps between preduals of von
Neumann algebras “respect” central projections. For the sake of brevity, we use the
notation e for 1 — e.

Lemma 5.11 Suppose T is a orthogonality preserving linear bijection from Ny to
My, where N and M are von Neumann algebras. Then, for any central projection e
in N, there exists a central projection f in M, so that T maps Nye and Nye* onto
M, f and M, f, respectively.
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Proof Let X1 =T (Nye) and X, = T(N*eL). As T preserves orthogonality, x1 L x>
whenever x; € X| and xp € X». For k = 1,2, let [} = \/Xkexkl(xk) and r; =
\/xkeXk r(xg). By the above, /1 L I, and r; L rp. Furthermore, X; = Iy Xyry. By
the bijectivity of T, M, = X| @1 X». Therefore, [] + I, = 1. Indeed, if [; + 1, < 1,
then (I1 + )M, # M, = X1 @1 X», a contradiction. Similarly, r| +r, = 1.

We shall show that /1 = r1, [, = r», and that these projections are central. Note that
we have [ M,rp = I M,r1 =0, hence, by duality, [{ Mr, = [, Mr; = 0. In particular,
no subprojection of /1 (resp., [2) is equivalent to a subprojection of r; (resp., r1). By
[31, Lemma V.1.7], ¢(l1) L ¢(2), and ¢(l3) L ¢(r1) (here and below, ¢(p) denotes
the central cover of a projection p). Thus,

2-1= (L 4+ L)+ (1 +r2) < (cl) +er2) + (cl2) +e(r)) <2- 1.

Thus, we have equality in the centered expression, which can only happen if [y = ¢(lx)
and ry = ¢(ry) for k = 1,2. We prove next that r; < [j. Indeed, by [31, Theo-
rem II1.4.2(1)], I(x) ~ r(x) for any x. Therefore, for any x € X1, r(x) <c(r(x)) =
c¢(/(x)) <I;. Thus, r; <I;. But the converse inequality is also true, hence [} = ry.
Similarly, I = r;. O

Corollary 5.12 Suppose T is a orthogonality preserving continuous linear bijection
from Ny = (B;c; 8" (H))e, to My = (B ;c; S'(Kj))e,. Then, for any i € I, there
exists a set J (i) C J so that T maps S'(H;) onto (eajel(i) Sl(Kj))gl.

Proof By Lemma 5.11, for every i € I there exists a non-zero central projection f; €
M = (@jel(i) B(K}))¢,, so that T(S'(H;)) = f;M,. Furthermore, the projections
{ fi}ier are mutually orthogonal. We complete the proof by observing that the central
projections in M are precisely the “coordinate” projections. g

We need one more technical lemma.

Lemma 5.13 If1 < p < oo, and ¢, € SP(K) are such that, for every a > 0, a¢p +
Y is orthogonal to ¢ — oy, then ¢ = =0.

Proof Suppose ¢ and i are as in the statement of the lemma—that is, for any « > 0,
(¢ +v)" (& —av) =v"d +a(d*d — v y) —a’s*y =0,
(p+¥) (6 — )" =vo* +a(ps* —yy*) —a’py* =0.

Comparing the coefficients of different powers of «, we conclude that ¥*¢ = Yy ¢* =
0 (that is, ¢ L i), and ¢*¢ = ¥*¢r. Multiplying both sides of the last equality by
¢ on the left, we obtain ¢p¢*¢p = (™) = 0. However, ||¢pp*d|loco = ||qb||io (here,
| - lo denotes the usual operator norm), hence ¢ = 0. Similarly, ¥ = 0. U

Proof of Theorem 5.10 As discussed above, T is O-1-O preserving. An application
of Corollary 4.2 shows that T is continuous. Thus, T is an isomorphism. If N is

not discrete, then, by [27, Lemma], it contains a subalgebra, isometric to Lo (0, 1),
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which is the range of a weak™ continuous conditional expectation. Thus, N, contains
an isometric copy of L1(0, 1). However, since A* = (B, ; S! (H;))¢, is isomorphic
to a complemented subspace of some S'(K), for a suitable Hilbert space K, by the
comments preceding Theorem 6 in [4] (or by [15, Lemma 6.4]), A* does not contain
L1(0, 1) isomorphically.

Thus, A* = (D;<; S'(H))¢,, and N, = (@jejsl(Kj))zl. By Corollary 5.12,
for any i € I there exists J (i) C J so that T maps S'(H;) onto (EBJ-EJ(I-) Sl(Kj))l.
It remains to show that, for any i, J(i) is a singleton. Once this is established, we
conclude that dim H; = dim K (;), where {j (i)} = J(i). Therefore, A** and N are
isomorphic as von Neumann algebras.

For the sake of brevity, write H instead of H;, and U/ instead of J(i). Sup-
pose, for the sake of contradiction, that I/ is not a singleton. For j e U, let X; =
T-1(S! (K;)) C S!(H). For aset V C U, denote by Qv the “coordinate” projection
from (P 1y S (Kj))e, onto (B ey S'(K )¢, Then Py =T~ QT is a projec-
tion from S'(H) onto span[X; : j € V]. For singletons, we use the notation Q; and
P; instead of Qy;; and Py;j, respectively.

Now fix j € U, and let V = U\{j}. By Corollary 5.4, T is rank-nondecreasing,
hence T S1(k ;) breserves rank 1 elements. Applying Proposition 5.5 to 7| SU(K;)»

we see that X; = T’I(Sl(Kj)) = S'(H,, Hy), where H; and H» are closed sub-
spaces of H, at least one of them proper. Without loss of generality, assume that H;
is a proper subspace of H. Now, note that Py + P; = I (the identity on S L(H)),
hence ker Py = X.

Pick norm one vectors & € H; and np € Hp. Furthermore, pick norm 1
§1 € H\Hy, and 1 € H, so that (§1162) = (1]m2) = 0. Let

b1 = wgy 5 2 =gy, and g0 = Wz, + Ok ;-
A direct calculation shows that, for any o > 0,
2
P + ado + 2 = Wag, +£,an+1

and
$1 — o + P2 = Wg, —aty ny—am-
Note that (a1 + &21&1 — @é2) = (an1 + n2ln — anz) =0, hence
(062(}51 +ago+¢2) L (1 —ago + a2¢2)-

Now note that QT = T Py preserves orthogonality. Furthermore, ¢; lies in X; =
ker Py, while ¢ ¢ ker Py. Therefore,

(2 QvT(¢1) +aQyT(¢0)) L (QvT (¢1) — QT (o))
for any o > 0. Lemma 5.13 implies that QT (¢1) = Oy T (¢p) = 0. In particular,

T Py(¢1) = OyT (¢1) = 0, which, by the injectivity of T, gives Py (¢1) =0 and we
get the desired contradiction. O

@ Springer



Automatic continuity of orthogonality or disjointness preserving bijections

In this paper, we do not consider L” spaces arising from non-tracial von Neumann
algebras. In the tracial case, a version of Theorem 5.10 holds for p € [1, 00).

Theorem 5.14 Suppose M| and M> are von Neumann algebras, equipped with nor-
mal faithful semi-finite traces 11 and 1>, respectively. Suppose, furthermore, that M
is discrete, p € [1,00), and T : LP(t1) — LP (1) is an orthogonality preserving lin-
ear bijection. Then T is continuous, and M1 is isomorphic to M> as a von Neumann
algebra.

Proof (Sketch) We proceed as in Theorem 5.10. The only difference is that, for p # 1,
we use a different method of proving that M is discrete. If M» is not discrete, we
can use e.g. [31, Proposition V.1.35] to show that L? (1) contains a copy of L? (0, 1).
The latter space is not contained in L”(t1), by [4, Theorem 6]. Il

Remark 5.15 Equip the von Neumann algebra M = (5, .; B(H;))¢., with its canon-
ical trace T = P, tr;, where tr; is the usual trace on B(H;). Consider p € [1, 00),
and a von Neumann algebra M’. For p # 1, we assume that M’ is equipped with
a normal faithful semi-finite trace t’. Suppose T is an orthogonality preserving bi-
jection from L?(t) to L?(z’) (to M, if p = 1). By Theorems 5.10 and 5.14, T is
an isomorphism. Moreover, M’ can be identified with (B,.; B(H;))¢,, and 7’ =
D, citri, with ¢; > 0. Furthermore, there exist y; € [ci_l/pllT_1 ||_1,ci_1/P||T||],
and unitaries U;, V; € B(H;) (i € I), and J C I, so that, for ¢ = (¢;)icr), we have
T(¢) = (yiUi¢;Vi)icr. Here, ¢; = ¢; for i € J, and ¢; = ¢! for i € I\J. Thus,
T(¢) =y -ap(¢), where y = (¥;1p;)ics is an invertible element of the center of
M’, and ap arises from the triple isomorphism o : M — M, (¢)icr — (U,-d;,'Vi)ie[.
Similar results for orthogonality preservers on C*-algebras were obtained by the sec-
ond author and his co-authors in [7, 8].
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