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Abstract

We show that, in certain situations, we have lineability in the set of bounded linear and non-absolutely summing operators.
Examples on lineability of the set [T, (E, F) \ I,(E, F) are also presented and some open questions are proposed.
© 2007 Elsevier Inc. All rights reserved.
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0. Preliminaries and background

Let E be a Banach space. A subset M of E is said to be lineable [1,5,9] if there exists an infinite-dimensional vector
space, V C M U{0}. Following [7, p. 55] we say that, given two Banach spaces E and F, an operator T € L(E, F) is
absolutely summing if for each unconditionally convergent series Y .o, x; in E, the series Y .-, T (x;) is absolutely
convergent in F. As usual, we denote by I1(E, F) to the space of absolutely summing operators from E to F (also
called 1-summing). In a more general definition, take any 1 < p < oo and u € L(E, F). We say that u is p-summing
if there is a probability measure 1 and bounded linear operators a : L, (1) — zfg “and b: E — Loo(p) giving rise to
the commutative diagram

E u F jF ECISOF*

b T

Loo(1t) TL;;(M)

* Corresponding author.
E-mail addresses: puglisi@math.kent.edu (D. Puglisi), jseoane @mat.ucm.es (J.B. Seoane-Sepulveda).

1 Supported by MTM 2006-03531.
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where i), : Loo() — Lp(p) is the formal identity, and jp: F — zfg * is the canonical isometric embedding. We
denote

7y (u) = inf{|lall - |5]l},

and this infimum is extended over all measures y and operators a, b as above. IT,(E, F) denotes the Banach space of
all p-summing operators from E to F, which is a linear subspace of L(E, F). Also, ,, defines a norm in IT,(E, F)
with [[u|| < 7, (u) forevery u € I1,(E, F). In a similar manner, we shall say that a linear mapping u : E — F between
Banach spaces is a p-integral operator (1 < p < o0) if there is a probability measure © and bounded linear operators
a:L,(u)— F* and b: E — Loo(n) giving rise to the commutative diagram

E—" wp- " e
bl Ta
Loo (1) — Ly(n)

where i) : Loo(u) = L,(u) is the formal identity, and kr: F — F** is the canonical isometric embedding. The
Banach space of all p-integral operators from E to F' is denoted I,(E, F). Analogously, for each u € I,,(E, F) we
associate its p-integral norm,

tp(u) =inf{flall - 5]},

and this infimum is extended over all measures p and operators a, b as above. The interested reader can refer to [4]
for a complete study of these classes of operators.

Definition 0.1. A Banach space E is said to have the “two series property” provided there exist unconditionally
convergent series » 1o, f; in E* and ) i, x; in E such that

Z|:Z |fj(xi)|2:|2 — 400
£

i=1Lj=1

Definition 0.2. A Banach space E is said to be “sufficiently Euclidean” if there exist a positive constant C and
sequences of operators {Jy, },eN, { Pn}neN such that

J, P,
Y RN

with P, o J, = I, (the identity operator on £3) and || P,|| =1, 1 < || J,|| < C, for every n € N.

Stegall and Retherford [11] proved that every sufficiently Euclidean Banach space E has the two series property,
and every £ ,-space (1 < p < 00) is sufficiently Euclidean.

This note is divided in 2 main sections. In Section 1 we show that the set L(E, F*) \ IT{(E, F*) is lineable,
where E is any Banach space with the two series property. Section 2 shows that the set I7,(E, F) \ I,(E, F) is also
lineable for every p > 1 (p # 2). We also propose some problems and give some directions to study the lineability of
certain sets of operators. Some results due to Dvoretzky and Petczyriski, some summability techniques, and some set
theoretical considerations are used.

1. The set L(E, F*)\ II|(E, F*)
We start this section by introducing a basic lemma about divergent series.

Lemma 1.1. Let {a,}, N be a sequence of positive real numbers. If Zf’il a, = 400 then there exists {A;}ien C N
such that:
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(i) |Aj| = wo foreachi € N, where |A| denotes the cardinality of A, and wg = |N|,
() AiNA;=0ifi#j, and
(iii) ZmGAi am = 400 for each i € N.

Proof. Since Zflo:l an =400, and a, = 0, Vn € N, by Cauchy’s criterion there exists € > 0 such that
YwveN dpeN: ay+---+ay,>e.

Then, fixed v; € N there is p; € N with a,, + -+ + ay,4p, = €. Now, for each k € N, consider vy € N with v, >
Vk—1 + pk—1. Then there exists py € N such that a,, + -+ +ay, 4 p, = €. Next, let

Bl = U{v2k5 ey U2k+p2k}
keN
and
Ar=Jv2st 2k 14 py -
keN

We now have: By, Ay SN with [Bi| = |Ai|=wo, BINAi =@ and Y, 5 an = ,c4, an = +0c.
Working on B; and for the same reason as above we have two countably infinite disjoint subsets By, A of By such
that ), _ B, dn> D one A, dn = F00. Following this inductive procedure we obtain the desired sequence, {A;}ien. O

Lemma 1.2. Let E be a Banach space enjoying the two series property. Let Y oo f; in E* and Y ;2| x; in E such
()2
that Z?il[Z?il I‘ff‘ jf'lll)l ]% = +00. Then, there exists {A, }nen € N such that:
J

(1) |An| = wo for each n € N,
(i) Ap,NA,=0ifn#m, and

00 LfiGl? 1
(iii) Zi:l[ZjeAn il 12 = +o0 for each n € N.

Gl
G
(ai,j)jeN € £ for each i € N (otherwise the conclusion follows, directly, from the previous lemma). Thus, for some

positive elements r; = (r; ;) jen of the unit sphere of £, we have

Proof. To simplify, let us denote by a; ; for each i, j € N. Now, notice that one can assume that a; =

> {Z%} => |:Zai2,ji| =;||ai||ez =Y lai.ri)=>)_ |: ._lai,jri,ji| =Z |:;ai,jri,]}-

i=1 L j=1 i=1 L j=1 i=1 i=1 L j=1

Next, let

o)
1= {jENI Za,-,jr;,j =+OO].

i=1

We need to consider two possible cases:

(1) 1 is infinite. In this case the assertion follows trivially.

(2) 1 is finite. In this case we can suppose that I = (J since, considering permutations of index o (i) and p(j), we
can work with Z?‘;l fo(jyin E* and Y72 | x4y in E (still unconditionally convergent) in order to have I empty.
Then, in this case, we can apply the previous lemma to the sequence s; = Y .-, a;, jr; j (note that a; jr; j > 0 for
every i, j € N). Thus, there exists {A}reny € N such that:

(i) |Agx| =wqo foreachi e N,
(i) Ax N Ay =@ fork #s, and
(ili) 3 jca, 2oioy @i jri,j = +oc foreach n € N.
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Finally,

o0

o0
too= "N airij=y Y aijri; <y |@i))jea, l,, ¥neN,

jeA, i=l1 ieN jeA, i=1

and we are done. O

Theorem 1.3. Let E be a Banach space with the two series property. Then
L(E, L)\ TI(E, {2)

is lineable.

Proof. By hypothesis, we know that there exist unconditionally convergent series Y .o, f; in E* and Y ;o x; in E
such that

[o'e] [ee) eN2 %
Z(Zm(xm ) .
=\ = 5l

Consider the sequence {A;},eN as in the previous lemma.
For each n € N, let us define

T,:E—> (>
by

T,(x) = Z fk(x)

‘a1 fell2

Since 23021 fj 1s unconditionally convergent in E*, we have that sup,— 27021 | fj(x)] is finite, call it C. Moreover,
for each x € By (the closed unit ball of X)

¥ A0, :(Z |fk(x)|2)%<<Z|fk(x)|2)%<c |
St e~ \ & A el

This means that T, is well-defined and 7,, € L(E, £,) for every n € N.
Also, for every n € N

e 2
>l =3 (£ o) - e

keA,

D=

|7, =

from the choice of the sequence {A,},eN. Since Zfi 1 X; is unconditionally convergent in E, and by definition of
absolutely summing operator, we have that 7, ¢ I1;(E, {») for each n € N.

Now, from (ii) of the previous lemma, and from the definition, we also have that the sequence {7}, },¢n is linearly
independent in L(E, £3).

Now, we have to show that every bounded linear operator belonging to the linear span of (7},), is not absolutely
summing. For simplicity, we consider the linear combination of two elements (the general case follows similarly).
Thus, let A1, A» € K and ny, ny € N, by definition

Ty () + ATy (¥) = > f"(klx) + Y fk(km)

kea,, ISkl 2 keAn, I ficll2

We can also assume, without loss of generality, that A; # 0. Then

> > i (xi)? (2 xl)P] ”[ |fk<xi>|2]5
Ty, 2Ty, - Jktx )™ har¥iuiiel 1ktxi) |

2| ( )+ ’ <A1) ;L; A +k§n2 > kgl il

= +00.

%)
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Since Y 72, i‘—‘l is an unconditional convergent series in £ we obtain that

span{T,: n e N} C L(E, F)\ 1| (E, F) U {0},

and we are done. O
Let us recall a couple of well-known results, that we will need later [2,8].

Theorem 1.4 (Dvoretzky). For each € > 0 and each n € N, there exists n(¢) € N such that if E is a Banach space of
dimension greater that n(g), then there exists a subspace F of E with d(F,{}) <1 +e.

Proposition 1.5. Let X, Y be any two Banach spaces, and T : X — Y a bounded linear operator. Then there exists
a constant C so that T € I1\(X,Y) and 7 (T) < 1 if and only if for each finite subspace Xy of X the restriction
T|x, € 11 (Xo,Y) and n(T|x,) < C.

Moreover, we know that, for any two Banach spaces E, F, we have L(E, F*) = L(F, E*), and I1|(E, F*) =
IT|(F, E*) (here = denotes an isometric isomorphism).

Thus, using the proposition above and Dvoretzky’s result, if T € L(E, £5) but T is not absolutely summing, then
T is not absolutely summing when seen as an operator in £(¢2, E*). Again, by the above proposition there exists
n € N such that T| o ¢ IT, (¢35, E*). Now, by Dvoretzky’s result, there exists F subspace of F' and So: Fp — £}
with [|Soll < 1, IS, ! | <1+ €. Therefore T o Sy ¢ I1;(Fy, E*) (otherwise, and by the ideal property, we would
have T = §, 1S()T € IT; (¢4, E*)). Finally, and using an argument about the projections, we can find T e L(F, E*)
and non-absolutely summing. Following in this way, given two Banach spaces E, F, with E enjoying the two series
property, we can construct a sequence T, € L(E, F*) non-absolutely summing from the sequence 7,, € L(E, £;) made
in Theorem 1.3. Finally, notice that T, » preserves the linear independence (because in our case (7y),, € L(£2, E*) have
disjoint support, and to construct the sequence (Tn)n we used bijections and projections).

As a consequence we have

Corollary 1.6. Let E, F be two Banach spaces, with E having the two series property. Then

L(E,F*)\IT,(E, F*)

is lineable.
2. Theset I1,(E, F) \ I,(E, F): An example

We will need the following lemma in this section. Its proof is well known.
Lemma 2.1. There exists a family F of subsets of N with:

(1) |F|=c, where c = |R|,
(2) forevery A e F, |Al = wo, and
(3) if A# A" € F, then AN A’ is finite.

By means of the previous lemma we will construct a basis of an infinite-dimensional vector space every non-zero
element of which belongs to IT,(E, F)\ I,(E, F), p > 1, p # 2. We start by letting 7 = {Ay: « € I} be a family as
in the previous lemma. Let us also fix N € N and consider, for every o € I, U, C A, such that |U,| = N. It is well
known that in C(U4,) the elements

2mkn

enk)y=¢e N

are a basis of C(Uy) for 1 <n < N. Then, each f € C(U,) can be written, uniquely, as

f= Zf(n)en



D. Puglisi, J.B. Seoane-Sepiilveda / J. Math. Anal. Appl. 338 (2008) 292-298 297

Next, consider the measure w, on Uy, given by u({k}) = % for every k € Uy . Now, for each A, C U, let us define the
following subspaces:

Ca, = {f €CU): f=) f(n)en},

neAy
and
Lp,Aa = {fELp(/L): f: Z f(n)en}
neAy

Also, denote by u 4, the natural inclusion C4, <> L a,. Clearly, m,(ua,) < 1. Now, we want to estimate the value
of t)(ua,). We will follow a similar construction as in [4, pp. 103—-104], sketching only the parts we need to change.
In order to do that, consider the p-integral factorization (see [4]) given by

Ca, 25 CUy) 2% Ly(v) 255 Ly 4,
where v is a probability measure on U, . Since |Ay| = wp, there is a bijection I, : Ay <> N. Without loss of generality
we can assume that I, (Uy) ={1,2,..., N}. Forevery f € C(Uy), k € Z, define

fe) = £(I; (I () + 1 (K))),  n €U, @)

where I, (n) + I, (k) is taken modulo N. Let us now define the following measure v, given by

(i, )= (v, fi).

It is easy to see that u = % . Z,](\l:l vi. Next, consider wy : C(Uy) — Lp, a, defined as

1 N
wa(f) = ) _(laipafid i )
k=1

Now, using the same argument as the ones from [4], one can obtain that

1 1
suptp(ua,) = Kp-Nlﬁ_fl.

Defining now the spaces X = (P Ca,)2 and Y = (P Lp,4,)2, and denoting

0% X D 0 e Lo(Ag) DSy,

we obtain that 7, (u%) < 1 forall N € N, and ¢, (i) N>, ~. From the fact that IT,(X,Y) is a dual space (see,

e.g. [10]) and using Cantor’s diagonalization process, we can find (ny); C N such that

re ok pi

i =ow* — 11]£n Uy,
is well-defined. Thus, we obtain that % is p-summing but not p-integral. Also, and since the intersection of the sup-
ports of any finite number of these operators u“ is finite, we obtain that the family {#“: « € I} is linearly independent.
Now, it is not difficult to check that the family {#*: o € I} spans a vector space in (IT,(X,Y) \ I,(X,Y)) U {0}.
Indeed, let A1, A2 € K and a1, ap € I (as we did earlier, we will consider the linear combination of just two elements,
but, as the reader can check, the general case follows similarly). By the above construction,

Mily +dollyy = Jy o (hua, +ratta,,) o Py
where Py and Jy are the natural projection and embedding, respectively, and Aju Aay + Aou Aa, :C Ay XAay >

L,(Ag X Ag,) is “almost” the natural map; the reader can see that we also obtain that

1_1
sup  {hua,, +Araua, ) = Kyl )N 2!

A(,,1><A(,,2

where the constant depends on |A{| and |Xy|. Thus, A1u%! + Aru*? is not p-integral. We can summarize the previous
construction as follows:
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Example 2.2. Let X and Y be the Banach spaces constructed above. Then IT,(X, Y) \ 1,(X, Y) is lineable for every
1 < p <00, p # 2. Moreover, there exists a vector space V C (I1,(X, Y) \ I,,(X, Y)) U {0} such that dim(V) =c.

The following remark is also worth mentioning.

Remark 2.3. In the previous example we need p # 2 since I1>(X,Y) = (X, Y) for every pair of Banach spaces
X, Y (see [4, Corollary 5.9]).

We finish by proposing some problems related to the lineability of certain subsets of operators in Banach spaces.

Question 2.4. In [3] Davis and Johnson proved that there exists a bounded linear operator that is not absolutely
summing under certain conditions, namely the set L(E, F) \ I1,(E, F) is non-empty whenever E is superreflexive
and F is any Banach space. One could ask whether this set is lineable. We believe that this is the case.

Question 2.5. In [6] Figiel and Johnson proved that, if a Banach space X has the approximation property but fails the
bounded approximation property, and X* is separable, then there exists a non-nuclear operator T on X such that T*
is nuclear. Therefore, is the set of non-nuclear operators (and with nuclear adjoint) lineable?
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