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A Decidable Tableau Calculus for MLSS

We present a fast tableau-based decision procedure for the
ground set-theoretic fragment Multi-Level Syllogistic with
Singleton (in short MLSS), a quantifier-free language with the
basic Boolean set operators and the singleton operator.




A Decidable Tableau Calculus for MLSS
@0000

Syntax and semantics of MLSS

The language of MLSS

The language of the fragment MLSS of set theory consists of

@ a denumerable infinity of uninterpreted set constants
Co, C1y .-,
@ the interpreted set constant () (empty set),

@ the operator symbols U (union), N (intersection), \ (set
difference) and {_}-rule (singleton),

@ the predicate symbols € (membership) and = (equality),
and

@ propositional connectives.
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Syntax and semantics of MLSS

Terms of MLSS

Set terms of MLSS are defined in the standard recursive way,
namely

@ any set constant is an MLSS-term;

o if t and &, are MLSS-terms, so are
HUb, tyNb, L4 \ t>, and {t1}.

Sentences of MLSS

Finally, MLSS-sentences are just propositional combinations of
atoms of the form t; € &, and #; = &, with #; and i, being any
set terms.
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Syntax and semantics of MLSS

The intended semantics of MLSS over the standard von
Neumann universe V is defined as follows.

@ A (standard) assignment over a collection V of variables is
any function M from V into V.

Clearly, any set-theoretic formula ¢ all of whose variables
belong to V becomes either true or false when each free
occurrence x gets replaced by Mx within ¢ and set-theoretic
operators and relators are interpreted according to their
standard meaning.

@ An assignment M which makes ¢ true is said to be a
model of .

@ A formula ¢ is said to be satisfiable if it has a model.
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Syntax and semantics of MLSS

Notice that the relator C and the enumerative set-former
operator { , , ..., _} are easily expressible in MLSS.
Indeed, s C tis equivalentto s U t = t and the term
{t1, p,..., 1} canberewrittenas {4} U ... U {{}.

We will make use of the abbreviations s ¢ tand s # tto
denote the literals —(s € t) and —(s = t), respectively. O
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Syntax and semantics of MLSS

The decision problem

The (satisfiability) decision problem for a collection C of
set-theoretic formulas is the problem of establishing whether or
not ¢ has a model, for any given formula ¢ in C.

To solve this problem positively, one must design an algorithm
that can test any ¢ in C for satisfiability. Of course, for a specific
C, such an algorithm may not exist.
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A tableau calculus for MLSS

We present a tableau calculus for MLSS, denoted Ty ss,
which is based upon the system KE.

The linear rules of Ty ss, namely those rules which do not
cause branch splittings, are listed below. Note that the index i
in the U- and N-rules can assume the values 1 and 2, whereas
£ in the =-rules stands for any MLSS literal.




A Decidable Tableau Calculus for MLSS

O®000000

A tableau calculus for MLSS

B B
prop « (8% ﬁf /82C
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Table: Ty ss-linear rules (part a)
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A tableau calculus for MLSS

sé¢th\t seth
set seh\b s¢t S¢ b
sch sect séth\b seh\b
\-rules:
s¢h\b
s¢b sEh\b SEb
S¢t1 S%tz S¢t1\t2
-rules: S € {t1} S% {t1} .
{yrules: | —g =, S#h t € {t}
h=10b h==0b set
V4 £ s’ t
=-rules: h & i,
Ly 15 S#S

Table: Ty ss-linear rules (part b)
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A tableau calculus for MLSS

The branching rules of Ty ss are listed next. Note that rules
(B1), (B2), and (&) are cut rules, whereas rule (ext) is not. In
particular, in rule (ext), the symbol ¢ denotes a new set
constant, one not already occurring in the branch to which the
rule is applied.
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A tableau calculus for MLSS

B B
— P2 (B — 7 (B2
A &g P
h# 1t
set|s¢t (€) ccthlcgt (ext)
c¢h|cct

Table: Ty ss-branching rules

In rule (ext), ¢ stands for a new uninterpreted set constant.
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A tableau calculus for MLSS

Next we define how to construct Ty _ss-tableaux.

Definition

Let ¢ be an MLSS-sentence. The initial ‘% ss-tableau for ¢ is
the single-node tree whose root is labeled by .

An TyLss-tableau for ¢ is a tableau labeled with
MLSS-sentences, which can be constructed from the initial
tableau for ¢ by a finite number of applications of the rules of

TmLss-

O
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A tableau calculus for MLSS

Closure conditions must take into account also the semantics of
set theory, as in the following definition.

Definition
A branch of a T _ss-tableau is closed if it contains either
@ two complementary sentences v» and —1), or
@ a finite membership cycle of the form
hethbe...cty €tp,or
@ a literal of the form t # t, or
@ a literal of the form t € 0.
A tableau is closed if all its branches are closed. O]
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A tableau calculus for MLSS

Tableau proofs and refutations are defined in the standard way.

Definition

A TuLss-tableau proof for an MLSS-sentence ¢ is any closed
TMLSS—tabIeau for —p.

A Twss-tableau refutation for o is any closed ¥y ss-tableau
for . O

Our next task is to show that the tableau calculus %y ss
captures the semantics of MLSS exactly, namely it is both
sound and complete. In fact, completeness will be proved
under some restrictions which will render the calculus suitable
for effective use as a decision procedure for MLSS.
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Soundness of the tableaux calculus ¥/ s

Soundness of the tableau calculus Ty ss can easily be proved
by showing that

(a) at least one of the extensions of any satisfiable branch is
satisfiable, and
(b) no closed branch is satisfiable,

where a branch 9 of a T _ss-tableau is said to be satisfiable it
there exists a set model which makes true all sentences in 9.

Property (b) follows by observing that
all closure conditions are unsatisfiable in the standard von
Neumann universe.
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Soundness of the tableaux calculus ¥/ s

Concerning (a), for the sake of simplicity we will only consider
the case in which a satisfiable branch ¥ is extended by an
application of the branching rule (ext), with the literal t; # f, as
premiss, using the set constant ¢ (not occurring in 49).

Let 194 and 92 be the two branches which extend 9 and let
be a set model satisfying . Since Mt; # Mt,, by extensionality
there exists a set e which belongs to the symmetric difference
of Mt; and Mt,.

Let M’ be the assignment such that M’c = e and otherwise
takes the same values as M. Since the set constant ¢ does not
occur in any sentence in 9, it is plain that M’ must satisfy either
¥4 Or Ys.

Other cases can be treated similarly. Thus we have:

Theorem (Soundness)

The tableau calculus Xy ss for MLSS is sound. O
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Soundness of the tableaux calculus ¥/ s

Complete the proof of soundness of the tableau calculus
TmLss-
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Completeness of Ty s

Some of the rules of the tableau calculus %y ss, if not suitably
restricted, can cause a combinatorial explosion of the number
of branches in an attempt to find a closed tableau for a given
MLSS-sentence.

This is the case, for instance, for the linear rules

sct sé¢t s¢t
sehhuUub sé¢hnk s¢th\b t € {t}

which can cause the introduction of an unbounded number of
new terms.
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Completeness of Ty s

Hence, some restrictions need to be imposed on rule
applicability.

The following is a quite strong restriction which completely
takes care of the first problem outlined above:

R1. during the construction of a Ty, ss-tableau T for an
MLSS-sentence ¢, no new compound set term can be
introduced in T by any linear or branching rule.
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Completeness of Ty s

To further optimize our tableau system < yss, we will impose

some restrictions on the applicability of the branching rules (€)
and (ext).

It is convenient to introduce the following definition:
Definition

Let T be an Ty _ss-tableau for . An unfulfilled item of a branch
¥ of T is either

@ a sentence 3 in ¥ such that none of its components 3; and
(32 oceurs in 9;
or

@ aliteral #; # f, in ¥ such that
(b1) t; and t, occur in ¢; and

(b2) there exists no term s such that the branch ¥ contains both
s€ tiands ¢ t3_j, forsome i € {1,2}; .
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Completeness of Ty s

Definition (cntd)

or
@ an ordered pair (s, t) of terms occurring in 9 such that
(c1) neither s € tnors ¢ tisin9; and
(c2) for some terms t’ and t” in ¢, either

(c2.i) » contains the literal s € t U t/, or
(c2.ii) t hasthe form #’ \ t” and s € t’ occurs in ¥, or
(c2.iii) t hasthe form t' Nt and s € t’ occurs in 9.
A branch 1 is fulfilled if it has no unfulfilled item.
A tableau is fulfilled if all its branches are fulfilled. O

/ /
_SEMUL ooy Sl (c2.ii)
sct|sgt set\t'[s¢gt\t"
/
Sel (c2.iii)
setnt’|s¢tnt
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Completeness of Ty s

The idea is that only branching rules which cause a previously
unfulfilled item to become fulfilled are allowed. More precisely,
we impose the following further restriction:

R2. during the construction of a %y ss-tableau T for an
MLSS-sentence ¢, the branching rules can be used to
extend a branch ¥ of T only if they are applied to unfulfilled
items of ¥4, where, by convention, when the cut rule (€) is
applied with the sentences s € t and s ¢ t, we say that it
has been applied to the ordered pair (s, ).
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Completeness of Ty s

A further optimization can be achieved by imposing the
following restriction on the first two =-rules:

R3. during the construction of a ¥y, ss-tableau T for an
MLSS-sentence ¢, in the first two =-rules the substituted
term is restricted to being a top-level term of the literal 4.

Thus, for instance, restriction R3 allows the substitution only of
the terms t; and #, in the literal t; ¢ f, by means of a =-rule.

Definition

A TuLss-tableau is restricted if, during its construction, the
above restrictions R1 through R3 have been observed. Ol
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Completeness of T 55

Example

1 —|({Cl} =c1Ucy— (Cl =0A cy = {Cl}))
2: {C]_} =C U C2
|
3 _‘(Cl =0Acy = {Cl})
|
4. cq € {Cl}
5¢1 € citUce
\
6:.c1 €1 Tc1 €

+ |
8. c1 € co

Table 1: A Ty ss-tableau proof of
{1} =ciUca—(ci =0Aca={c1})
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Completeness of T 55

Example (cntd)

9:c1;£(2)
I

10: c3 € 1
11: c3 € c1 Uce
12:¢c3 € {c1}
13:c3 = ¢

14: cq1 € 1
L

7. cq g C1
8: c1 € co
15:¢, =0
|
16: C2 ?é {Cl}
/ ~
17: c3 € c2 21 c3 ¢ Co
| |
18:c3 & {c1} 22:c3 € {c1}
|
19:c3 € c1 Uca 23.c3 =c1
|
20: c3 € {C]} 24: cq ¢ C2
1 1

Table 1: A Ty, ss-tableau proof of
{ei} =ci1Uca— (c1 =0 Aca = {e1}) (cntd)
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Completeness of Ty s

A branch of a Tj_ss-tableau is

@ linearly saturated, if no new sentence can be added to it by
any application of a linear rule complying with restrictions
R1 and RS3;

@ saturated, if it is linearly saturated and it does not contain
any unfulfilled item.

Likewise, a Ty Lss-tableau is
@ linearly saturated, if all its branches are linearly saturated;
@ saturated, if all its branches are saturated.

A Tyss-tableau is s-restricted if it is restricted and saturated.
L]
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Completeness of Ty s

Completeness of the tableau calculus %y ss will be proved

@ by exhibiting a saturation process which, given an
MLSS-sentence ¢, constructs a restricted <y ss-tableau
for ¢ which is either closed or saturated; and

@ by showing that any open and s-restricted % _ss-tableau
is satisfiable, namely it has at least one satisfiable branch.
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Completeness of Ty s

Let us consider the following procedure for the construction of
restricted Ty ss-tableaux, based on the procedure
KE-Saturate

procedure <-Saturate( ¢ );
- let T be the initial tableau for ¢;
repeat
- linearly saturate T;
if T has an unfulfilled branch 4 then
- select an unfulfilled item x of ¥;
- apply the appropriate branching rule for x on ¥;
end if;
until T is either closed or saturated;
return T;
end < -Saturate;
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Completeness of Ty s

We will assume that the linear saturation phase which takes
place just at the beginning of the repeat-until block is regular,

i.e., it never introduces on a branch a literal which already
occurs in it.
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Completeness of Ty s

Termination

@ To prove that procedure T-Saturate terminates, by Konig’s
lemma it is enough to show that at any time during its
execution for the construction of a tableau T for ¢, each
branch of T has bounded length.

@ Accordingly, let 9 be a branch of T and let T, and T be
the collections of set terms occurring in ¢ and 9,
respectively.

@ In view of restriction R1, the only new terms introduced in
9 are the set constants added by the branching rule (ext).

@ Since, by restriction R2, rule (ext) can be applied on ¥ at
most | T,,|? times, it follows that | Ty| < |T,| + | T, |2

@ Hence, the number of literals in « and, in turn the length of
19, can easily be bounded in terms of | T,|. P
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Completeness of Ty s

Let G = (N, €) be a directed acyclic graph (dag, for short), let
{V, T} be a partition of N, and let {u; : t € T} be a family of
sets indexed over T.

Edges can form any acyclic dyadic relation on N, but we denote
their collection as € to suggest that they will be interpreted as
set-membership constraints.
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Completeness of Ty s

Since the graph G is acyclic, the following definitions are well
posed:

Definition (REALIZATIONS)

The REALIZATION of G = (N, €) relative to {u; : t € T} and to
V., T is the assignment R recursively definedover N =V U T

as follows:
Rx =,, {Rz:ze€ VUT| zex}, for x in V;
Rt =, {Rz:zeVUT|zetyu{u}, fortinT.

The HEIGHT of a vin N is

0 ifygAvaoranyyinN,

height(v) =o. max{height(y) +1:y € N | yev}

otherwise.
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Completeness of Ty s

Lemma (Realizations’ Lemma)

LetG = (VUT,E) beadagwith VN T = 0. Also, let
{u; : t € T} be a given family of U-sets, and let R be the
realization of G relative to {u; : t € T} andto V, T.
Assume that
(@) u; # uy, for all distinctt,d in T;
(b) us #Rv, foralltinT andallvinV UT.
Then:
(i) Rt £ Rt for all distinctt,t’ € T;
(ii) if Rx = Ry, then height(x) = height(y), forx,y inV U T;
(iii) if Rx € Ry, then height(x) < height(y), forx,y in VU T.
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Completeness of Ty s

Proof of the Realizations’ Lemma

(i) follows immediately from (a) and (b) above.
Concerning (ii), we can proceed by induction on
max{ height(x), height(y)} .

If max{height(x), height(y)} = 0, then (ii) is trivially true.
As for the inductive step, notice that if Rx = Ry then for each
wE x there exists a vey such that Rw = Rv, and
symmetrically.

Therefore,

height(x) = max{height(w) + 1 : wEx}
= max{height(v) +1:veEy} = height(y).
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Completeness of T s

Proof of the Realizations’ Lemma (cntd)

As for (iii), let Rx € Ry. Then Rx = Rz, for some z€y.
Hence, height(x) = height(z) < height(y). O
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Completeness of Ty s

Let T be an open and s-restricted %y ss-tableau for ¢ and let
¥ be an open branch of T. It is convenient to associate with 9
and ¢ the following objects:

Ueor
Cg:

Cy:

Tg:
Gg:

the collection of all terms occurring in ;

the collection of the new set constants added to ¢, namely
those constants not occurring in ¢;

the collection of the set constants ¢ in Cy such that for no
term t € T, either c = t or t = c occurs in ¥,

the set T, U (Cy \ CJ);

the directed acyclic graph (C/, U T}, €), where sct iff the
literal s € t occurs in ?9; notice that the acyclicity of Gy
follows from the fact that the branch ¥ is open and
therefore it cannot contain any membership cycle;
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Completeness of Ty s

Ry: a realization of Gy relative to Cj, T}, and to pairwise
distinct sets ug, for ¢ € C/,, each having cardinality no less
than |C}, U T}/, defined by

Rst =,, {Rss:seT,UC)| set}, fortinT)

Rsc =,, {Rss:secTLUCyI sec} U {uc},
for cin Cj

so that uc # Ryt, forevery c € Cyand t € Tj U Cj,.
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Completeness of T s

The following lemma can be proved by induction on the length
of 9.

If c € Cj then there can be no term t in T, U Cy such that
eitherc = t, ort = c, ort € c occurs in 9. O

Prove the preceding lemma.
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Completeness of Ty s

In order to show that the realization R satisfies 1, we begin by
proving that it models correctly all literals in 49, at least in the
case in which compound terms are not interpreted, i.e. they are
treated as if they were just “complex names” for constant
symbols.

Lemma
The following assertions hold:

(i) ifs € t occurs in 9, then Rys € Ryt;
(ii) ifs ¢ t occurs in Y, then Rys ¢ Ryt;
(iii) ift; = & occurs in 9, then Ryty = Ryta;
(iv) ifty # b occurs in 9, then Ryty # Ryls.
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Completeness of Ty s

Proof of (i) and (iii)

@ Assertion (i) follows directly from the definition of R.

It is more convenient to prove (iii) and (iv) before (ii).

@ Concerning (iii), let t; = f be in Y. By the preceding
lemma, ty, 2 € T}. If, by contradiction, Ryt; # Ryts, then
without loss of generality we can assume that there exists a
term s such that the literal s € t; isin ¥ and Rys & Ryts.
But ¥ is linearly saturated, thus it must also contain the
literal s € 15, so that Rys € Ryl>, a contradiction.




A Decidable Tableau Calculus for MLSS
0000000000000 0000000000e0000000000

Completeness of Ty s

Proof of (iv)

@ To show that (iv) holds, let t; # & be in 29. Let us first
assume that t; € CJ. Then, uy, € Ryty. Since ¥ is open, it
follows that the terms t; and f» are distinct, so that
u:, ¢ Ryty, which in turn yields Ryt; # Ryfz. Analogous
conclusion can be reached in the case in which f, € CJ.
To conclude the proof of (iv), it remains to show that the set

Aﬂ:Def{(ThTZ) 1T, T2 € T1,9 |71 # T2 isin ¥ and Ryt; = Rﬂtz}

is empty.
Let us assume, by way of contradiction, that Ay # 0 and
put

hs(T1, T2) =, min{height(ry), height(t2)} ,

for 7, m™ € T1'9 . ol
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Completeness of Ty s

Proof of (iv) - cntd

@ Let (#1, 1) € Ay be such that

hs(ti, ) = min  h(ry,72).
(7—1’7-2)6A19

It is easy to see that since the tableau T is restricted, there
must exist two terms t{, t; € T, such that Ryt] = Ryf;, for
i = 1,2, and the literal t; # £ occurs in 9. Hence,

(t, 1) € Ay and, by (i) of the Realizations’ Lemma,
hy(t{, ) = hy(t, k).

Due to the fact that the literal t{ # ] is a fulfilled item of 9,
we can assume without loss of generality that there exists
a term s, such that both the literals s, € ) and s, ¢ ]
occur in 9. Hence, Rys, € Ryt; = Ryt], so that, since ¥
is open, there must exist a term s; such that the literal
s1 € t/isin ¥ and Rysy = Rysa. J. |3




A Decidable Tableau Calculus for MLSS
0000000000000 000000000000e00000000

Completeness of T s

Proof of (iv) - cntd

@ As 9 is linearly saturated and open, it must contain the
literal s1 # s, and we must also have that sq, s, € T},
Thus, (s1,s2) € Ay, which is a contradiction, as by (iii) of
the Realizations’ Lemma we have hy(sq, s2) < hy(ty, o).
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Completeness of Ty s

Proof of (ii)

@ Finally, let us show that (ii) holds. Let the literal t; ¢ > be
in 19, but assume by contradiction that Ryt; € Rylo.
Hence, there must exist a term s such that the literal s € &
isin 19 and Rys = Ryt;. Owing to the fact that ¢ is linearly
saturated, ¥ must also contain the literal s # t;, so that, by
(iv) above, Rgs # Ryty, which is a contradiction. O
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Completeness of Ty s

Next we will show that even set operators are correctly modeled
by Rs.

Every compound set term s occurring in 9 is modeled correctly
by the realization Ry, namely if s has the form t; x t>, with

* € {U,N,\}, then Rys = Ryt; x Rytp, whereas if s has the
form {t}, then Rys = {Ryt}.

In addition, Ry = 0, provided that the constant () occurs in 9.
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Completeness of Ty s

Plainly, since ¢ is open, no sentence of the form s € () can
occur in 19, so that Ry = 0, provided that the constant ()
occurs in 9.

Concerning compound terms £, we proceed by induction on the
number of set operators occurring in t. Accordingly, let us
assume that the realization Ry models correctly all terms in
with fewer than k set operators, with k > 1, and let f be a term
in 9 containing exactly k operators.

We will consider only the case in which t has the form #; Nt

and leave the remaining cases to the reader as an exercise. To
begin with, notice that, by restrictions R1 and R3, it follows that
t,hbecT,. .
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Completeness of Ty s

Proof (cntd)

Lete € Ry(t N f2). Then there exists a term s such that

Rys = e and the literal s € # N & occurs in Y. Since 9 is
saturated, both literals s € t; and s € 1, must also occur in 19,
so that, by property (i) of the preceding lemma,

e = Rys € Ryt; N Ryly, which in turn implies

Rﬁ(h M tg) C Ryt N Ryts. J.
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Completeness of Ty s

Proof (cntd)

Conversely, let e € Ryt; N Ryto. Then, there must exist two
terms sy and s, such that Rgys;{ = RySs = e and the literals

sy € 11, so € 1 occur in 19. By saturation, either s; € t; N #; or
sy ¢ t; Nt must occur in Y. In the latter case, sy ¢ f, and
therefore also s» # sy, must occur in ¥, so that, by property (iv)
of the preceding lemma, we have Rys> # Rysq, a
contradiction. Hence, the literal s; € t; N &> must occur in 4, so
thate = Rysy € Rﬂ(t1 N tg). Thus, Ryt N Rgls C Rﬁ(ﬁ N tg)
which, together with the inverse inclusion established earlier,
yields Ry(ty N &) = Ryti N Ryly. L]

Complete the proof of the lemma. .
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Completeness of T s

So far we have shown that the realization Ry is a set model for
all literals in 9. By induction, it can easily be shown that
compound sentences in ¥ are also satisfied by Ry, yielding:

Let T be an open and s-restricted Xy ss-tableau for an MLSS
sentence. Then any open branch of T is satisfiable. O

Complete the proof of the lemma.

Thus, in view of the saturation process <-Saturate described
earlier, we have

Theorem (Completeness)
The tableau calculus %y ss for MLSS is complete.
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Completeness of Ty s

The results discussed above imply immediately that the
following is a decision procedure for MLSS:

procedure MLSS-decision test( ¢ );
- let T be the initial tableau for —;
T := T-Saturate(T);
if T is closed then
return “T is a Ty _ss-tableau proof for ”;
else
- let 19 be an open branch of T and let Ry be a realization
associated with 19;
return “Ry is a set model which falsifies ¢”;
end if;
end MLSS-decision test;
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Completeness of Ty s

Notice that the Ty ss-tableau proof in our preceding example
could be the possible output of the MLSS-decision test when
applied to the MLSS-sentence

{1} =crUuca—(c1 =0Ac2={c1}). O

In conclusion we have:
Theorem (Decidability of MLSS)

The collection of MLSS-sentences has a solvable decision

problem. O]
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