Extended Hydrodynamical Model of Carrier Transport in Semiconductors

Angelo Marcello Anile^∗ Dipartimento di Matematica, Università di Catania viale A. Doria 6 - 95125 Catania, Italy

Vittorio Romano^† Politecnico di Bari, sede di Taranto, Viale del Turismo 8 - 74100 Taranto, Italy Giovanni Russo^‡ Dipartimento di Matematica, Università dell’Aquila Via Vetoio, loc. Coppito - 67100 L’Aquila

March 26, 1999

Short title: Extended Hydrodynamical Model in Semiconductors

Abstract

A hydrodynamical model based on the theory of Extended Thermodynamics is presented for carrier transport in semiconductors. Closure relations for fluxes are obtained by employing the maximum entropy principle. The production terms are modeled by means of a fitting of the Monte Carlo data for homogeneously doped semiconductors.

The mathematical properties of the model are studied. A suitable numerical method, which is a generalization of the Nessyahu-Tadmor scheme to the non homogeneous case, is provided.

The validity of the constitutive relations has been assessed by comparing the numerical results with detailed Monte Carlo simulations.

Keywords: semiconductors, hydrodynamical model for charge transport, hyperbolic systems, shock-capturing numerical methods for conservation laws.

AMS classification: 35L65, 65M06, 82D

∗e-mail anile@dipmat.unict.it †e-mail romano@dipmat.unict.it ‡e-mail russo@univaq.it

1 Introduction

The study of carrier transport in semiconductor devices is of great interest for the design of modern electron devices. Detailed Monte Carlo simulations are based on a semi-classical kinetic formulation, and provide an accurate description of charge transport in sub-micron devices [1, 2]. Their use, however, is not practical for Computer Aided Design, because of the large computer times needed for each simulation.

In engineering applications simpler models are routinely used. They give a less detailed description of the system, which is however adequate to describe the gross properties of transport phenomena.

Among these models, the more commonly used ones are the Drift -Diffusion model [3, 4, 5], their extensions including the carrier energy (called energy models) [1, 3, 7, 8], and hydrodynamic models [3, 6]. The Drift-Diffusion and energy models can be derived formally by a Chapman-Enskog type expansion of the transport equation [9, 10] and thermodynamically from linear irreversible thermodynamics [7]. They give satisfactory answers for device sizes of the order of a few microns and moderate applied voltages, because in this case the assumption of local thermodynamical equilibrium is a reasonable approximation. The energy model essentially comprises the balance equations for the carrier density end energy density, supplemented by linear constitutive laws relating the particle and energy fluxes to the gradient of chemical potential and energy density. For submicron devices high field effects must be taken into account and linear relations are no longer valid as showed for instance by the loss of validity of the Onsager reciprocity relations for fields exceeding about 10^4 V/cm [15]. Hydrodynamic models aim to provide a description of such non equilibrium effects without the overhead of large computational costs typical of kinetic models.

Among the various hydrodynamical models, the one introduced by Blotekjaer [6] and subsequently thoroughly investigated by Baccarani and coworkers [12] (which we shall denote by BBW), is incorporated in several commercial simulation packages. It comprises the balance equations for carriers density, momentum and energy, obtained as moment equations of the underlying kinetic Boltzmann transport equation. The closure of the moment equations is achieved by postulating a phenomenological constitutive relation of Fourier type for the heat flux. Thermal conductivity contains a free parameter, whose value is chosen ad hoc by comparison with Monte Carlo results [11].

Numerical simulations indicate, however, that the adopted expression of the heat flux is not in qualitative agreement with Monte Carlo results (see for example [13, 14]). Furthermore, the Onsager reciprocity relations are not satisfied [15] in this model.

A more accurate hydrodynamical model has been recently developed by Tang and coworkers [14]. They determine the constitutive relations with a calibration of the free parameters from MC data without imposing a priori a Fourier law for the heat flux and by considering the energy flux as an additional independent dynamical variable. This model can be very useful for problems such as stability analysis, which is more easily performed in a hydrodynamical context, but it is heavily dependent on MC results. It is therefore desirable to have constitutive relations of general validity obtained on the basis of fundamental physical laws.

In this sense a considerable improvement on the BBW model has been introduced by Anile and Pennisi [16], in which the closure of the moment equations is obtained from the entropy principle of Extended Thermodynamics [20, 21] (we shall refer to this model as to AP model). Apart from the usual balance equations for carriers density, momentum and energy, the model comprises evolution equations for the heat flux and shear stress. The resulting system is hyperbolic in a suitable domain of the space of variables. In the stationary case, by linearizing the heat flux equation for small temperature gradients (Maxwellian iteration) one obtains an extension of the Fourier law which includes also a convective term. With the addition of this term, the Onsager relations for small deviations from thermodynamical equilibrium are restored. Furthermore the heat conductivity turns out to be directly related to the energy-flux relaxation time and does not contain any undetermined free parameters.

In [25] a numerical scheme has been presented for the numerical solution of the BBW and AP equations for 1D non stationary problems. The equations contain a hyperbolic term and a term representing diffusive, relaxation and drift effects. A splitting technique has been used. The convection step takes care of the hyperbolic part, while the other effects are treated in a second step (relaxation step). The hyperbolic step has been solved by the scheme proposed by Nessyahu and Tadmor (NT) [26], which has the advantage over upwind-based schemes that it does not require the knowledge of the characteristic speeds of the system. This property is crucial in the case of the AP model, since in this case there is no simple explicit expression for the eigenvalues of the hyperbolic part of the system. This instead is the case for the BBW model, whose hyperbolic part coincides with the Euler hydrodynamical equations and for which shock capturing schemes can be naturally adopted [27, 28]. The numerical results have been compared with those obtained by the Monte Carlo code DAMOCLES [2, 29].

The AP model gives a better prediction for the heat flux than the BBW model, but the results for velocity and energy are not fully satisfactory.

In this article we investigate an improved version of the extended hydrodynamical model previously introduced by Anile and Muscato [15], by considering also nonlinear closures and a more accurate representation for the production terms. In the previous formulation the closure relation for the deviatoric part of the flux of energy flux was a linear one, i.e. it contained up to terms of first order in the deviation off a suitably defined state of local thermal equilibrium. The explicit form for the linear constitutive relation was explicitly obtained from the entropy principle [16, 20]. However, the method based on the entropy principle was not able to determine all the coefficients of the second order corrections. The undetermined coefficients, however can be obtained by an application of the maximum entropy approach [30, 33, 37]. The explicit results for non-degenerate gas has been obtained in [34, 35].

However in the case of semiconductors some differences arise because a full description involves a mixture of electron, hole and phonon gases. In the applications it is often a reasonable approximation to neglect the motion of the hole and consider the crystal as a thermal bath. Therefore a natural privileged frame there exists to observe the motion of the charge carriers: the rest frame of the crystal. As a consequence the electron velocity appears as relative velocity and must be considered, in order to determine the constitutive equations, as an effective thermodynamical variable.

The relaxation times have been obtained with a fitting of the MC data in the homogeneous case on the base of representation formulas for tensor-valued functions.

Mathematically, the equations have the structure of a quasi-linear hyperbolic system with source. The latter contains a relaxation term and a non local drift term, which is due to a self consistent electric field. We have investigated this system for the case of a 1D quasi-ballistic n^+ − n − n^+ diode, which is a sort of benchmark problem for models of sub-micron electron devices.

The numerical results have been compared with Monte Carlo simulations and a good agreement is observed in the field variables for realistic lengths of the channel.

The plan of the paper is the following. The basic assumptions are presented in Section 2, and the constitutive relations are outlined in Sections 3 and 4. Section 5 is devoted to the study of the formal properties of the model. In the last two sections we recall the computational scheme and show the numerical results.

2 Basic assumptions

In a semi-classical approximation, a kinetic description of the electrons is given by the semi-classical Boltzmann transport equation for the one particle distribution function f(x, t, k), which represents the probability of finding an electron at time t in an elementary volume dxdk, around position x and with crystal momentum k [4], ∂f ∂t + u^i(k) ∂f ∂x^i − eE^i ∂f ∂k^i = C[f]. (1)

Similar equations should be included for holes and phonons (these latters account for the energy transport inside the lattice). In the sequel we neglect the motion of holes and consider the crystal as a thermal bath at constant temperature T_0. Thereafter all the relations will be understood to hold in the rest frame of the crystal.

In (1) e is (the absolute value of) the electron charge, and k represents the crystal momentum of the electron, belonging to the first Brillouin zone^1 E is the

1Einstein summation convention over repeated indices is used, and physical units are such that h̄ = 1.

electric field, and is related to the electron distribution by Poisson’s equation:

E_i = ∂ϕ ∂x_i , ϵΔϕ = −e(N_D − N_A − n), where ϕ is the electric potential, N_D and N_A are respectively the donor and acceptor density, and n is the electron density. The latter is related to f by n = ∫ fdk. C[f] is the collision term, which takes into account scattering with acoustic and optical phonons and with impurities (see [36]). Its expression is of the form: C[f] = ∫ dk^′ [s(x, k^′, k)f^′(1 − f) − s(x, k, k^′)f(1 − f^′)] . (2)

The first term gives the total probability that an electron at x with momentum k^′ is scattered to the state (x, k), while the second term gives the total probability that an electron in (x, k) is scattered to (x, k^′). The terms 1−f and 1−f^′ describe the effect of the Pauli exclusion principle. Note that the distribution function f is normalized in such a way that it represents the occupation probability of the quantum state denoted by the wave vector k. This normalization is justified also in the semi-classical approach. In fact, if the distribution function represents a probability at the initial time (i.e. if 0 ≤ f(x, k, 0) ≤ 1), then this bound is maintained by the solution of the transport equation (1),(2) for later times (0 ≤ f(x, k, t) ≤ 1) [4].

The electron velocity u(k) depends on the energy E measured from the conduction band minimum by the relation

u^i(k) = ∇_ki E.

In general the band structure may be very complicated, and it depends on the material. In the approximation of a single parabolic conduction band (which we adopt in the rest of the paper), the effective mass is a constant scalar m^∗, and the relation between energy and wave vector is E = |k|^2 2m^∗ , and therefore

u^i = k^i m^∗ . Consistently the first Brillouin zone is extended to R3.

Equation (1) is a nonlinear integro-differential equation in 7 independent variables. Simpler approximate models can be derived from the kinetic equation.

The main approximations are based on the expansion of the distribution function around the Maxwell-Boltzmann equilibrium distribution (e.g. Drift-Diffusion model), and the moment method (hydrodynamic models). The latter are introduced as follows. We define the moments of the distribution function f, F_{i1i2···in} = 1 (m^∗)^n ∫ dkfk_{i1} k_{i2} · · · k_{in} By multiplying Eq. (1) by k^{i1} k^{i2} · · · k^{in} /(m^∗)^n and integrating in k space, after having employed a suitable vanishing condition for f as |k| → ∞ in the parabolic band approximation (or in the general case the periodicity condition in the Brillouin zone), one obtains the generic moment equation ∂ ∂t F_{i1i2···in} + 1 m^∗ ∂ ∂x^k F_{i1i2···ink} = Q_{i1i2···in} − eE^i ∫ dk f (m^∗)^n ∂ ∂k^i k_{i1} k_{i2} · · · k_{in} (3)

where Q_{i1i2···in} are the moments of the collision term. Q_{i1i2···ink} = 1 (m^∗)^n ∫ dk C[f]k^{i1} k^{i2} · · · k^{in} . (4) In this way there are only four independent variables, but the system is infinite, because the first N equations comprise the first N + 1 moments. An approximate system is obtained by a suitable truncation of the hierarchy. This procedure can be used at different levels. We shall take into account models whose moments have an immediate physical interpretation. Let us consider the first moments:

numerical density n = F, particle flux F_i = ∫ fu_i dk, energy density 1 2 F_{ii} = 1 2 ∫ fu^2 dk, momentum flux density F_{ij} = ∫ fu_iu_j dk, energy flux density 1 2 F_{ill} = 1 2 ∫ fu_iu^2 dk

and neglecting generation recombination effects, which on the hydrodynamical time scale are negligible, the balance equations in conservation form for the first 13 moments are given by^2 ∂F ∂t + ∂ ∂x^k F_k = 0, (5) ∂F_i ∂t + ∂ ∂x^k F_{ik} = Q_i − neE_i m^∗ , (6)

2Double parenthesis indicate symmetrization. For example for a double tensor, it is A_{(ij)} = 1 2 (A_{ij} + A_{ji})

∂F_{ll} ∂t + ∂ ∂x^k F_{llk} = Q − 2ne m^∗ v · E, (7) ∂F_{<ij>} ∂t + ∂ ∂x^k F_{<ij>k} = Q_{<ij>} − 2ne m^∗ E_{<i}v_{j>}, (8) ∂F_{ill} ∂t + ∂ ∂x^k F_{ikll} = Q̂_i − e m^∗ ( 2F_{il}E^l + F^{ll}E_i ) , (9)

where Q_i, Q, Q_{<ij>}, Q̂_i are the production terms of momentum, energy, deviatoric part of the stress tensor^3, energy flux. By introducing the notation F^A = (F, F_i, F_{ll}, F_{<ij>}, F_{ill}), A = 1, 2, · · · , 13 F^{Ak} = (F_k, F_{ik}, F_{kll}, F_{<ij>k}, F_{ikll}), P^A = (0, Q^i − neE_i m^∗ , Q − 2ne m^∗ v · E, Q_{<ij>} − 2ne m^∗ E_{<i}v_{j>}, Q̂_i − e m^∗ ( 2F_{il}E^l + F^{ll}E_i ) ), the balance equations write in a compact form ∂F^A ∂t + ∂F^{Aj} ∂x^j = P^A. (10)

We remark that the balance equations have not been postulated or based on general principles of continuum mechanics, but they have been derived as moment equations of the transport equations for electrons.

By defining the mean and random component of electron relative velocity by k^i = m^∗u^i = m^∗(v^i + c^i), we can introduce the usual thermodynamical variables:

stress tensor σ_{ij} = m^∗ ∫ fc_{<i}c_{j>} dk, thermodynamic pressure p = nm^∗k_BT = 1 3 m^∗ ∫ fc^ic_i dk, heat flux q_i = 1 2 m^∗ ∫ fc_ic^rc_r dk, where T is the electron absolute temperature.

The components of F^A may therefore be rewritten in the more familiar form:

F_{ij} = nv_iv_j + 1 m^∗ (σ_{ij} + pδ_{ij}), (11)

F_{ll} = nv^2 + 3p m^∗ , (12)

F_{ill} = nv^2v^i + 1 m^∗ ( 5pv^i + 2q^i + 2σ_{ij}v^j ) , (13) F_{ijll} = nv^2v_iv_j + 1 m^∗ [ 3pv_iv_j + v^2σ_{ij} + pv^2δ_{ij}+ (14)

4v^kv_{(j}(σ_{ki)} + pδ_{ki)}) + 4v_{(i}q_{j)} + θ̂_{ijll} + 2θ̂_{ijr}v_r ] , (15)

3The deviatoric part of a tensor is the symmetric traceless part of the tensor. For example for a double tensor one has A_{<ij>} =^1_2 (A_{ij} + A_{ji}) −^1_3 A_{ll}δ_{ij}

where θ̂_{ijr} = m^∗ 2 ∫ dkfc_ic_jc_r

θ̂_{ijrs} = m^∗ 2 ∫ dkfc_ic_jc_rc_s In order to have a closed system for Eq. (10), it is necessary to express θ̂_{ijk}, θ̂_{ijll} and productions P A in terms of F A.

It is important to stress that, at variance of the monoatomic gas, here the θ̂_{ijk}, θ̂_{ijll} and productions P A can depend also on the relative velocity and such dependence cannot be determined by resorting to Galilean invariance because the frame is comoving with the crystal.

3 Maximum entropy principle and closure relations for fluxes

In order to close system (10), in agreement with the information theory and molecular extended thermodynamics [30, 37, 20, 21] we shall use the maximum entropy principle (MEP). This latter states that if a certain number of moments are known one can evaluate the unknown moments by mean of the distribution f_{ME} which makes stationary the entropy functional under the constraints that it yields exactly the known moments. Then one can use the f_{ME} to evaluate the unknown quantities presented in the balance equations as functions of the moments assumed as fundamental variables. Another advantage of considering the maximum entropy principle is that it gives a first guess of the exact distribution function and therefore it can be useful in the implementation of hybrid numerical code, where in the rarefied regime the transport equation is solved while in the fluid regime the macroscopic balance equation are considered. However we want to stress that a general result relating the solution of the transport equation and the distribution function obtained by employing the MEP does not exist. In the present paper we shall use f_{ME} only to the aim to have a reasonable and physically sound way to find the closure relations for the balance equations.

Our system of electron gas and thermal bath of lattice impurities and phonons obeys a Maxwell-Boltzmann statistics with the following entropy functional [31, 32] which ensures a positive entropy production for the Boltzmann-Poisson system s = −k_B ∫ R3 ( f log f − f + m^∗u^2 2k_BT_0 f ) d^3k. (16)

Therefore we have to find the extremal f_{ME} of the functional s under the constraints

F_A = ∫ R3 ψ_Af_{ME}d^3k, (17) with ψ_A = ( 1, u^i, u_{<i}u_{j>}, 1 2 u_lu^l, 1 2 u^iu_lu^l ) , u^i being the particle velocity u^i = k^i/m^∗.

It is customary to introduce the Lagrangian multipliers Λ_A and the Legendre transformation of s, s^′ = s − Λ_AF^A, and maximize s^′ without constraints.

From the conditions δs^′ = 0, one has f_{ME} = exp [ − m^∗u^2 2k_BT_0 − Λ_Aψ^A ] , that is

f_{ME} = exp [ − ( λ + u_iλ^i + 1 2 u_lu^lλ_{rr} + u^{<i}u^{j>}λ_{<ij>} + 1 2 u^iu_lu^lλ_{irr} )] , (18)

where λ, λ^i, λ_{<ij>} and λ_{ill} are the Lagrangian multipliers relative to the number density, the velocity, the energy, the stress tensor and the energy flux respectively, while λ_{ll} = λ^{(el)}_{ll} +1/k_BT_0 is the Lagrangian multiplier relative to the energy. This latter is the sum of a term due to the electron, λ^{(el)}_{ll} , and a term due to the crystal, 1/k_BT_0.

Monte Carlo simulations for electron transport in silicon show that the distribution function is almost isotropic. Therefore we shall assume that

f_{ME} = exp { − [ λ + 1 2 u_lu^lλ_{rr} + δ ( u_iλ^i + u^{<i}u^{j>}λ_{<ij>} + 1 2 u^iu_lu^lλ_{irr} )]} , (19)

with δ a formal small parameter. By expanding up to second order in δ,

f_{ME} = exp [ − ( λ + 1 2 u_lu^lλ_{rr} )] (1 − δx + δ^2 x^2 2 ) + o(δ^2), (20)

where x = u_iλ^i + u^{<i}u^{j>}λ_{<ij>} + 1 2 u^iu_lu^lλ_{irr}. We remark that the distribution (20) is integrable on R3.

Now in order to express f_{ME} as functions of the moments F_A, we must express the Lagrangian multipliers in terms of the F_A by inverting the following algebraic nonlinear system n = ∫ dkf_{ME}k_i (m^∗)

, (21)

F_i = ∫ dkf_{ME}k_i (m^∗)

, (22)

1 2 F_{ii} = 1 2 ∫ dkf_{ME}k^2 (m^∗)^2

, (23) F_{<ij>} = ∫ dkf_{ME}k_ik_j (m^∗)^2

, (24) 1 2 F_{ill} = 1 2 ∫ dkfk_ik^2 (m^∗)^3

(25)

We assume that the multipliers are analytic function of δ and by the representation formulas for isotropic functions one has

λ = λ^{(0)} + δ^2λ^{(2)} + o(δ^2), (26) λ_i = δλ^{(1)}_i + δ^2λ^{(2)}_i + o(δ^2) (27) λ_{rr} = λ^{(0)}_{rr} + δ^2λ^{(2)}_{rr} + o(δ^2), (28) λ_{<ij>} = δλ^{(2)}_{<ij>} + δ^2λ^{(2)}_{<ij>} + o(δ^2), (29) λ_{irr} = δλ^{(1)}_{irr} + δ^2λ^{(2)}_{irr} + o(δ^2). (30)

If the previous expression of the multipliers are inserted into the relations (21)- (25), by taking into account the following formula valid for l belonging to S^2, the unit sphere of R3, ∫ S2 l^{i1} · · · l^{ik} dΩ = { 0 if k is odd 4π k+1 δ^{(i1i2} δ^{i3i4} · · · δ^{ik}�^{1ik)} if k is even ,

where δ^{(ij} denotes the Kronecker delta, and the formula (for a, ν > 0) ∫ ∞ 0 x^{ν−1} exp(−ax)dx = 1 a^ν Γ(ν), with Γ(ν) the special Gamma function, and the property valid for positive integers p Γ ( p + 1 2 ) = √ π 2^p

(2p − 1)!!,

after tedious but simple calculations one finds the Lagrangian multipliers as functions of the moments F_A.

If for the F_A we use the decomposition (11)-(15), the following explicit expressions are obtained

λ = − log n(m^∗)^2 (2πm^∗k_BT )^{3/2} + m^∗v · v 2k_BT − m^∗ n(k_BT )^2 v · q − 2 5 m^∗ n^2(k_BT )^3 q · q − 1 4 σ_{kr}σ_{kr} n^2(k_BT )^2 , λ_{rr} = 1 k_BT + 2 3 m^∗v · q n(k_BT )^3 + 2 5 m^∗q · q n^2(k_BT )^4 + 1 3 σ_{kr}σ_{kr} n^2(k_BT )^3 , λ_i = − m^∗ k_BT v_i + m^∗ n(k_BT )^2 q_i + m^∗σ_{ij}v^j n(k_BT )^2 − 7 5 m^∗σ_{ij}q^j n^2(k_BT )^3 , λ_{<ij>} = − 1 2 σ_{ij} n(k_BT )^2 + 2 5 m^∗ n(k_BT )^3 v_{<i}q_{j>} + 9 25 m^∗ n^2(k_BT )^4 q_{<i}q_{j>} + 1 2 σ_{<ir}σ_{rj>} n^2(k_BT )^3 , λ_{irr} = − 2 5 m^∗ n(k_BT )^3 q_i + 18 25 m^∗ n^2(k_BT )^4 σ_{ij}q^j. They are the same of those obtained in [34] for monoatomic gas, although the velocity here plays a different role.

Similar results were found in [33] in the case of a Fermi electron gas by introducing the decomposition of the Lagrangian multipliers into convective and non-convective parts, by imposing the condition that the non-convective parts are independent on the velocity and by performing an expansion around a state of partial thermodynamic equilibrium (whose meaning is not totally clear at kinetic level because it involves the presence of different time scales which are not evident from the expression of the distribution function, but can be obtained by analyzing the collision operator only after the expression of f_{ME} has been obtained).

This procedure followed in [33] has been justified on the basis of the properties proved in [18] according to which the entropy production is an objective quantity if and only if the non-convective part are independent on the velocity. Such a result was obtained by using the method of Liu [19] while our derivation has been performed coherently in the framework of the molecular extended thermodynamics by imposing conditions only on the form of the distribution function and without resorting to the ambiguous concept of state of partial thermodynamical equilibrium.

For θ̂_{ijr} and θ̂_{ijll} we get the following expressions

θ̂_{ijr} = 12 5pm^∗ q_{<i}σ_{jr>} + 6 5m^∗ q_{(i}δ_{jr)}, (31) θ̂_{ijll} = 5p^2 n(m^∗)^2 δ_{ij} + 7p n(m^∗)^2 σ_{ij} + 2 n(m^∗)^2 σ_{ik}σ_{kj} + 112 25p(m^∗)^2 q_iq_j + 36 25 q^2 p(m^∗)^2 δ_{ij}. (32)

These imply F_{ijk} = nv_iv_jv_k + 1 m^∗ [ 3v_{(i}σ_{jk)} + 3pv_{(i}δ_{jk)} + 6 5 q_{(i}δ_{jk)} + 12 5p q_{<i}σ_{jk>} ] , (33) F_{ijll} = nv_iv_jv^2 + 1 m^∗ [ 5 p^2 nm^∗ δ_{ij} + 3pv_iv_j + v^2σ_{ij} + pv^2δ_{ij}+ 7p nm^∗ σ_{ij} + 4v^kv_{(j} (σ_{ki)} + pδ_{ki)}) + 4v_{(i}q_{j)} + 12 5 q_{(i}δ_{jk)}v^k + 2 nm^∗ σ_{ik}σ_{kj} + 112 25pm^∗ q_iq_j + 24 5pm^∗ q_{<i}σ_{jk>}v^k + 36 25 q^2 pm^∗ δ_{ij} ] . (34)

We remark that in our model the velocity is a first order quantity. Consistently with the quadratic expansion, in the expressions for F_{jk} and F_{ijll} higher order terms in the velocity are neglected. This expansion is therefore more consistent than the one presented in [16, 15, 33].

Moreover Monte Carlo data indicate that viscous terms σ_{ij} are always negligible compared to the effects of the heat flux. Indeed it is quite standard in the existing literature on hydrodynamical models for semiconductors consider the electron gas as inviscid. We shall keep only linear terms in σ_{ij} and neglect contributions of the form σ_{ik}σ^{kj}, σ_{ij}q^j and σ_{ij}vj.

Therefore the final form of the closure relations for fluxes is F_{ijk} = 1 m^∗ [ 3pv_{(i}δ_{jk)} + 6 5 q_{(i}δ_{jk)} ] , (35) F_{ijll} = 1 m^∗ [ 5 p^2 nm^∗ δ_{ij} + 3pv_iv_j + pv^2δ_{ij} + 7p nm^∗ σ_{ij} + 4v^kv_{(j}pδ_{ki)} +4v_{(i}q_{j)} + 12 5 q_{(i}δ_{jk)}v^k + 112 25pm^∗ q_iq_j + 36 25 q^2 pm^∗ δ_{ij} ] . (36)

4 Closure relations for the production terms

Now in order to close the system, it is necessary to find constitutive relations for the production terms. These may be obtained by using again the distribution function obtained with the maximum entropy principle. However, because of the difficulty of the problem, no satisfactory analytical approximation has been obtained so far. Furthermore, as it has been observed in [30] in the case of rarefied gases, because of the truncation of the moment expansion of the density function f to finite order, the procedure applied to the collision operator might lead, for the transport parameter, to rather large discrepancy with MC simulations. We therefore follow another approach in modeling the production terms.

In the framework of a hydrodynamical model we assume that the productions are functions of the fields F^A. In gas dynamics the requirement of Galilean invariance determines the general expression for Q^A. In the case of carrier transport in semiconductors such expressions cannot be used.

The representation theorems show that the productions Q_i and Q̃_i have the general form

Q_i = d_1F_i + d_2S_i + d_3F_{ij}F^i + d_4F_{ij}S^j + · · · (37)

and similarly for Q̃_i, with S_i =^1_2 F_{ill}. The coefficients d_i are functions of the independent scalar quantities that can be obtained with the F^A’s, e.g. F^iF_i, F^i_kF^i_k and so on.

However if we restrict our attention to the case of silicon semiconductors, the scattering are isotropic [36] and we can retain only the first two terms in the expansion (37). This is also consistent with a quadratic modeling of the closure relations.

The same considerations lead to the following expression for Q_{<ij>} Q_{<ij>} = −d F_{<ij>} m^∗ . (38)

The coefficient d is the inverse of the viscosity relaxation time, d = 1 τ_σ . Now let us consider the production of the energy balance equation. Since Q is a scalar quantity, expansion (37), together with the isotropy assumption, leads to a term of the form: Q = −2 W − W_0 m^∗τ_W , (39)

with W =^1_2 F_{ll} and W_0 =^3_2 nk_BT_0, T_0 being the lattice temperature, and τ_W denotes the energy relaxation time.

The relaxation times τ_W , τ_σ are, like the coefficients d_i, function of the scalar quantities that can be constructed with the F^A. Moreover, all the transport coefficients may depend on the doping concentration (if scattering with the impurities is considered).

The above constitutive laws for the productions are local. Therefore they must have the same expression both in the homogeneous and non-homogeneous case. This enables us to determine the transport coefficients from the MC data obtained for homogeneous doped silicon [15].

The energy relaxation time is obtained by fitting the MC data with the functional form τ_W = a_1 + a_2r + a_3 exp(−a_4r) where r = W/W_0 − 1, W_0 =^3_2 k_BT_0. We obtain the following values for the coefficients a = [0.4012, 0.0126, 1.0387, 1.8734], with the a_i expressed in picosecond. However for the application τ_W can be considered constant (relevant deviations are only for energy lower than 0.05 eV). The more appropriate value is τ_W = 0.47 ps.

For the analysis of Q_i and Q̃_i, in the one dimensional case it is more useful to introduce the relaxation time of momentum τ_p and energy flux τ_q, defined according to

Q_1 = − J τ_p , (40)

Q̃_1 = −2S τ_q (41)

where J and S are the components of F_i and 1/2F_{ill} along the direction of motion.

As previously observed in [14], τ^{−1}_p and τ^{−1}_q are single-valued functions of the ratio S/J. But at variance with [14] we use a quadratic function to fit the MC results

τ^{−1}_p = c_1 + c_2 S J + c_3

S^2 J^2

, (42)

τ^{−1}_q = c̃_1 + c̃_2 S J + c̃_3

S^2 J^2

. (43)

The values of the c_i and c̃_i are the following:

c_1 = 0.32 ps^{−1}, c_2 = 77.586 ps^{−1}eV^{−1}, c_3 = -80.092 ps^{−1}eV^{−2}, c̃_1 = 0.458 ps^{−1}, c̃_2 = 91.138 ps^{−1}eV^{−1}, c̃_3 = -87.866 ps^{−1}eV^{−2}.

The relaxation times of viscosity tensor can be taken as constant. The more appropriate value is τ_σ = 0.02 ps.

We remark that the above data refer to homogeneous Si material modeled with parabolic bands and with only the electron-phonon scattering (both acoustic and optical) taken into account. In particular, scattering with impurities has been completely neglected.

The generalization of the previous results to the three dimensional situation is straightforward for the production terms of energy and stress, but it presents some difficulties for the momentum and energy flux productions because the generalization of (42, 43) in a tensorial form is not unique.

Two possible generalizations of (42, 43) to the three dimensional case are the following

Q_i = − ( c_1 + c_3

S · S J · S ) F_i + 1 2 c_2F_{ill} (44) or Q_i = −c_1F_i + 1 2 ( c_2 + c_3

S · J J · J ) F_{ill}. (45) The same expressions can be introduced for Q̃_i.

In order to choose between (44) and (45), one needs an accurate analysis of two and three dimensional MC simulation in non-homogeneous situations. We will not tackle this question here. It will be considered in a future paper. However we observe that the only component of F_{ill} which is not collinear with F_i is q_i. In turn, q_i can be decomposed into a convective and a diffusive term. If we perform a Maxwellian iteration as in [16], we explicitly get q_i = −τ_q nk_BT m^∗ ∂T ∂x^i + 5 2 k_BT ( τ_q τ_q − 1 ) F_i where from

F_{ill} = v^2F_i + 5 2 τ_q τ_p k_BT F_i − τ_q nk_BT m^∗ ∂T ∂x^i . In practical situation the diffusion term represented by q_i is negligible compared to the convective one and the first term of F_{ill} is small compared to the second one. Therefore the two representations should give the same results within a reasonable degree of approximation.

5 Formal properties

Once the Lagrangian multipliers are known and the expression of the distribution function is set out, in principle it is possible to write explicitly the additional balance law for the entropy of the system [20, 21, 30, 31, 32]. The existence of an additional balance law has important consequences on the mathematical structure of the field equations.

In fact, if s is a convex function of the field variables, i.e. if the Hessian matrix ( ∂^2s ∂F^A∂F^B )

is positive definite, then the transformation Λ^B = Λ^B(F^A) is globally invertible. The system, rewritten in terms of the Lagrange multipliers, is symmetric hyperbolic according to Friedrichs and Lax [41]. As a consequence, the initial value problem for this system is well posed [43].

In our case the multipliers have been obtained in an approximate way and the resulting system is not necessarily symmetric hyperbolic. We shall check directly the hyperbolicity of the system in the one dimensional case.

In the one dimensional case the evolution equations read ∂n ∂t + ∂ ∂x (nv) = 0, (46) ∂ ∂t (nv) + ∂ ∂x ( nv^2 + p m^∗ + σ m^∗ ) = − nv τ_p − neE m^∗ , (47) ∂ ∂t ( nv^2 + 3p m^∗ ) + ∂ ∂x ( 5vp m^∗ + 2q m^∗ ) = −2 W − W_0 m^∗τ_W − 2nevE m^∗ , (48) ∂ ∂t ( 2 3 nv^2 + σ m^∗ ) + ∂ ∂x ( 4 3 vp m^∗ + 8 15 q m^∗ ) = − 1 τ_σ ( 2 3 nv^2 + σ m^∗ ) − 4nevE 3m^∗ , (49) ∂ ∂t ( 5vp m^∗ + 2q m^∗ ) + ∂ ∂x [ 5 p^2 n(m^∗)^2 + 7 σp n(m^∗)^2 + 32 5 qv m^∗ + 8 pv^2 m^∗ + 148 25 q^2 m^∗p ] = − 1 τ_q ( 5vp m^∗ + 2q m^∗ ) − eE m^∗ ( 3nv^2 + 5p m^∗ + 2σ m^∗ ) . (50)

If we introduce the Jacobian matrix A^{(0)} of density vector F^A, and the Jacobian matrix A^{(1)} of flux vector F^{A1} with respect to the field variables U = (n, v, T, σ, q), the system is written as

A^{(0)} ∂U ∂t + A^{(1)} ∂U ∂x = f(U) (51)

We recall that system (51) is said hyperbolic if det A^{(0)} ≠ 0 and the eigenvalue equation

(A^{(1)} − λA^{(0)})r = 0 has real eigenvalues and the eigenvectors span R^5. If the eigenvalues are distinct, the system is said strictly hyperbolic.

Because of the nonlinearity of the system, this condition may depend on the values of the field U and can be analyzed in the regions where the solution is regular (where the system can be written in the form (51)).

The first condition on the hyperbolicity is satisfied because for physical values of the solutions det A^{(0)} = 6k_Bn^2/(m^∗)^3 > 0, while the characteristic equation reads λ [ λ^4 − ( 8v 3 + 148q 25nk_BT ) λ^3 + ( 16 15 v^2 − 26 5 k_BT m^∗ − 17 15 σ nm^∗ + 148 75 q^2 (nk_BT )^2 + 148 15 vq nk_BT ) λ^2+ ( 348 25 q nm^∗ + 8 5 σv nm^∗ − 296 125 vq^2 (nk_BT )^2 − 12 5 v^3 − 296 25 qv^2 nk_BT + 48 5 vk_BT m^∗ ) λ − 7 5 σv^2 nm^∗ + 8 5 v^4 + 148 25 qv^3 nk_BT − 24 5 v^2k_BT m^∗ + 3 (k_BT )^2 (m^∗)^2 + 21 5 k_BT σ n(m^∗)^2 + 148 25 q^2v^2 (nk_BT )^2 − 348 25 vq nm^∗ ] = 0. (52)

By setting λ = √ k_BT m^∗ λ̃, v = √ k_BT m^∗ ṽ, q = nm^∗ ( k_BT m^∗ )3/2 q̃, σ = nk_BT σ̃, the characteristic polynomial becomes λ̃ [ λ̃^4 + α_1λ̃^3 + α_2λ̃^2 + α_3λ̃ + α_4 ] , with obvious values of the coefficients α_i.

If we introduce the affine transformation λ̂ = λ̃ − α_1/4, the characteristic equation rewrites λ̂ [ λ̂^4 + β_2λ̂^2 + β_3λ̂ + β_4 ] = 0, (53)

with

β_2 = − 26 5 − 7 3 σ̃ − 88 75 ṽ^2 −

1628 375 ṽq̃ − 20942 1875 q̃^2,

β_3 = 32 25 ṽ − 184 125 q̃ − 14 15 σ̃ṽ − 518 75 σ̃q̃ − 1136 375 ṽ^3 −

6808 625 ṽ^2q̃ −

113072 9375 ṽq̃^2 −

941872 46875 q̃^3,

β_4 = 3 + 21 5 σ̃ − 56 125 ṽ^2 − 556 625 ṽq̃ + 28786 3125 q̃^2 − 49 75 ṽ^2σ̃ − 518 375 σ̃ṽq̃ − 9573 1875 σ̃q̃^2 − 11802149 1171875 q̃^4 −

651644 78125 q̃^3ṽ −

609316 46875 q̃^2ṽ^2 −

44548 9375 q̃ṽ^3 − 304 1875 ṽ^4.

Therefore the hyperbolicity condition depends on the variables ṽ, σ̃ and q̃ (of course the affine transformation λ̃ → λ̃ − α_1/4 does not change the hyperbolicity region in the (ṽ, q̃, σ̃)-space).

Firstly we show that the hyperbolicity region is not empty. For ṽ = q̃ = σ̃ = 0 it is immediate to see that the system is strictly hyperbolic and the eigenvalues are given by

λ̂ = 0, λ̂ = ± √ 1 5 (13 ± √ 94).

We expect the system to be hyperbolic in a neighborhood of the origin in the (ṽ, σ̃, q̃)-space.

On the boundary of the hyperbolicity region, at least two of the real roots are coincident, i.e. the characteristic equation is of the form

λ̂(λ̂ − λ̂_1)^2(λ̂ − λ̂_2)(λ̂ − λ̂_3) = 0. (54)

By comparing (53) with (54), one has

λ̂_1 + 1 2 (λ̂_2 + λ̂_3) = 0, (55) λ̂^2_1 + 2λ̂_1(λ̂_2 + λ̂_3) + λ̂_2λ̂_3 = β_2, (56) λ̂^2_1(λ̂_2 + λ̂_3) + 2λ̂_1λ̂_2λ̂_3 = β_3, (57) λ̂^2_1λ̂_2λ̂_3 = β_4. (58)

By solving the previous system, one obtains that the hyperbolicity region is the connected component, containing the origin, of the set whose boundary is given by the curves of equations

β_3 = ±η ( η^2 2 + β2 ) , (59)

where η = √ 2 3 ( −β_2 ± √ β^2_2 + 14β_4 ) . Fig. 1 shows the hyperbolicity region in the ( σ̃ - q̃ ) plane for several values of ṽ. When ṽ ≈ 0 there are practically not limits on σ̃ and q̃. If the value of ṽ is increased, bounds on the normalized heat flux appear. These limitations are relevant only for |ṽ| greater than 0.7. However in the simulation of real electron devices such values of ṽ are not usually met and therefore we expect that our model satisfies the hyperbolicity condition in the cases of practical applications.

6 Numerical method

Numerical integration of quasi-linear hyperbolic systems represents by itself an active research area (see [44]). It is well known that the solutions of quasilinear systems suffer loss of regularity and formation of shocks. In the last decade accurate shock capturing schemes have been developed, such as ENO schemes [45]. However, high order upwind-based shock capturing schemes require the explicit knowledge of the characteristic speeds of the hyperbolic system. In the case of the model presented in the previous section, it is not possible to obtain analytical expressions for the eigenvalues and eigenvectors of the system, and it is therefore not practical to use upwind-based ENO schemes in order to integrate Eqs. (46)-(50). The scheme proposed by Nessyahu and Tadmor (NT) [26] uses Lax-Friedrichs scheme as building block, corrected by MUSCL-type interpolation so that it becomes second order accurate in smooth regions. It does not require the knowledge of the characteristic structure and it is therefore particularly suited for the system (46)-(50). NT scheme has been developed for homogeneous systems. Here we use a suitable extension of the method to systems that contain production terms.

The complete method is based on a splitting technique. The NT scheme is used for the convection step, while the relaxation step is solved by some unconditionally stable scheme [25]. Here we shall briefly recall the method.

Let us consider a system of the form ∂v ∂t + ∂F (v) ∂x = G(v), (60)

with v ∈ R^m and F : R^m → R^m.

The basic idea is to integrate first the relaxation system (relaxation step), dv dt = G(v). (61)

and then the homogeneous system (convection step), using the output of the previous step as initial condition. ∂v ∂t + ∂F (v) ∂x = 0, (62)

We use NT scheme with a staggered grid for the convection step.

Each step has the form of predictor-corrector scheme: v^{n+1/2} j+1/2 = 1 2 (v^{n+1}_j + v^n_{j+1}) + 1 8 (v^′_j − v^′_{j+1}) − λ [ F (v^{n+1/2}_{j+1} ) − F (v^{n+1/2}_j ) ] , (63) v^{n+1/2} j = v^n_j − λ 2 F^′_j. (64)

where λ = Δt/Δx. The time step Δt must satisfy a stability condition λ · max ρ(A(v(x, t)) < 1 2 (65) where ρ(A(v(x, t)) is the spectral radius of the Jacobian matrix, A = ∂F ∂v . This condition will ensure that the generalized Riemann problems with piece-wise smooth data at time t_n will not interfere during the time step Δt.

In order to couple the convection step with the relaxation step, it is convenient to make two convection steps of step size Δt/2, so that the solution is computed on the same grid. A complete convection step of step size Δt is obtained as a sequence of two intermediate steps of step size Δt/2.

The values of v^′_j/Δx and F^′_j/Δx are a first order approximation of the space derivatives of the field and of the flux, computed from cell averages by using Uniform Non Oscillatory reconstruction (UNO, see [45]),

v^′_j = MM ( d_{j−} 1_2 v + 1 2 MM(D_{j−1}, D_j), d_{j+} 1_2 v − 1 2 MM(D_j, D_{j+1}) ) (66)

where D_j = v_{j+1} − 2v_j + v_{j−1},

d_{j+1/2} = v_{j+1} − v_j. and MM(x, y) = { sign(x) · min(|x|, |y|) if sign(x) = sign(y) 0 otherwise.

A similar procedure is used for computing F^′_j.

For the relaxation step an unconditionally stable second order scheme can be obtained by analytical integration of the linearized relaxation equation, where linearization is obtained by freezing the coefficients at time t_n. The electric potential is computed by solving with standard procedure the tridiagonal system ϵ(ϕ_{j+1} − 2ϕ_j + ϕ_{j−1}) = −e(Δx)^2 (N_D − N_A − n^n_i ) and the electric field has been obtained by the electric potential using finite differences.

Eq. (61) can be written explicitly as dn dt = 0, dJ dt = − J τ_p − neE m^∗ , dW dt = W − 3nk_BT_0/2 τ_W − JeE, dV dt = − V τ_σ − 4JeE 3m^∗ , dS dt = − S τ_q − eE 2m^∗ ( 3nv^2 + 5p m^∗ + 2σ m^∗ ) , with V = F_{<11>}.

By evaluating the relaxation times and the electric field at t = t_n, we can integrate numerically the equations for density, energy and shear as

n^{n+1}_j = n^n_j ,

J^{n+1}_j = J^n_j exp ( Δt τ^n_{pj} ) − d_1 ( 1 − exp ( Δt τ^n_{pj} ))

W^{n+1}_j =

3n^n_j k_BT_0 2 + ( W^n_j − 3n^n_j k_BT_0 2 ) exp ( − Δt τ^n_{Wj} ) − d_2 ( 1 − exp ( − Δt τ^n_{Wj} )) , V^{n+1}_j = V^n_j exp ( Δt τ^n_{σj} ) − d_3 ( 1 − exp ( − Δt τ^n_{σj} )) , S^{n+1}_j = S^n_j exp ( Δt τ^n_{qj} ) − d_4 ( 1 − exp ( Δt τ^n_{qj} )) . The coefficients d_i are given by

d_1 = n^n_j eE^n_j m^∗ , d_2 = J^n_j eE^n_j τ_W ,

d_3 = 4J^n_j eE^n_j τ^n_{σj} 3m^∗ , d_4 = eE^n_j 2m^∗ ( 3J^n_j v^n_j + 5p^n_j m^∗ + 2σ^n_j m^∗ ) . The time step is chosen in order to satisfy condition (65) on the eigenvalues of the matrix A.

The splitting technique that we just presented is first order in time. It is possible to obtain second order accuracy in time by combining the two steps according to the following scheme [24, 25]. Given the field at time t_n, (U^n, E^n), the field at time t_{n+1/2} is obtained by

U_1 = U^n − R(U_1, E^n, Δt), U_2 = 3 2 U^n − 1 2 U_1, U_3 = U_2 − R(U_3, E^n, Δt), U_4 = C_{Δt}U_3, E^{n+1} = P(U_4), U^{n+1} = U_4 − R(U^{n+1}, E^{n+1}, Δt/2)

where R represents the discrete operator corresponding to the relaxation step, C_{Δt} is the discrete operator corresponding to NT scheme, and P(U) gives the solution to Poisson’s equation.

7 Numerical results

As test problem we consider a ballistic diode n^+ − n − n^+, which models a MOSFET channel. The diode is made of silicon, and the bulk temperature is supposed to be 300^∘K. The n^+ regions are 0.1μm long.

Three test cases have been considered, which differ in the channel length and in the doping profile. The parameters are shown in the following table.

Channel length N^+_D N_D Test # L_c (μm) (×10^{17} cm^{−3}) (×10^{17} cm^{−3}) 1 0.4 5 0.02 2 0.3 10 0.1 3 0.2 10 0.1

For the electron effective mass in the approximation of parabolic band we use m^∗ = 0.32 m_e when m_e is the electron mass [46]. Silicon dielectric constant is given by ϵ = ϵ_rϵ_0, where ϵ_r =11.7 is the relative dielectric constant and ϵ_0 = 8.85 × 10^{−18}C/V μm is the dielectric constant of vacuum.

The initial electron temperature is the lattice temperature T_0 = 300^∘K and the charges are at rest. A bias voltage of 1 Volt is applied, and this determines a charge flux in the semiconductor.

The initial conditions for the system are

n(x, 0) = n_0(x), T (x, 0) = 300^∘K, v(x, 0) = 0, q(x, 0) = 0, σ(x, 0) = 0. (67)

The doping profile is regularized according to the function

n_0(x) = n_0 − d_0 ( tanh x − x_1 s − tanh x − x_2 s ) , where s = 0.01μm, n_0 = n_0(0), d_0 = n_0(1 − N_D/N^+_D )/2, x_1 = 0.1μm, and x_2 = x_1 + L_c with L_c channel length. The total length of the device is L = L_c + 0.2μm.

Regarding the boundary conditions, in principle the number of independent conditions on each boundary should be equal to the number of characteristics entering the domain. However, in the highly doped regions, one is close to thermodynamic equilibrium, therefore in that part of the device the nonlinear effects are negligible and the results should be very close to those obtained for model obtained by Maxwellian iteration [22]. Numerical results show that in the latter the solution is flat near the boundary. This justifies the use of the following boundary conditions

n(0, t) = n(L, t) = N^+_D (68) ∂ ∂x v(0, t) = ∂ ∂x v(L, t) = 0, (69) ∂ ∂x T (0, t) = ∂ ∂x T (L, t) = 0, (70)

eϕ(0) = T_0 ln ( n(0) n_i ) , eϕ(L) = T_0 ln ( n(L) n_i ) + eV_b, (71) where n_i =1.4×10^{10} cm^{−3} is electron intrinsic concentration, and V_b is the applied bias voltage.

From the continuity equation, and from conditions (68, 69, 70) it follows ∂J ∂x (0, t) = ∂J ∂x (L, t) = 0 ∂W ∂x (0, t) = ∂W ∂x (L, t) = 0 ∂S ∂x (0, t) = ∂S ∂x (L, t) = 0

There is no sign of spurious oscillations near the boundary, indicating that the boundary conditions are in fact compatible with the solution of the problem.

We observed that during the transient the solutions may leave the hyperbolicity region due to oscillations near the junctions. To overcome this problem we have adopted initially a very restrictive CFL condition. Then, once a solution close to the stationary one has been obtained, we continued the computation by using Δt = Δx/2c_s for the test problem 1, Δt = Δx/2.5c_s for the test problem 2, Δt = Δx/3c_s for the test problem 3, c_s being √ k_BT_0/m^∗.

The stationary solution is reached within a few picoseconds (about five). For the test case 2 we have performed the simulations with 120 and 240 grid points. As shown in Fig. 2 there are noticeable differences only near the junctions, where the electric field has the greatest intensity. Therefore for the applications it is sufficient to consider only 120 grid points.

In all cases we have treated we notice the presence of an irregular behavior located almost at the end of the second junction. This anomalous effect is more pronounced for the momentum (see Fig. 2(d)); indeed the latter is not conserved in the stationary regime, but presents a deviation from constancy near the first junction and a sharp spike near the second junction. A refinement of the spatial mesh shows that the first irregularity is of numerical type and it is negligible with 240 grid points. Concerning the second effect, the spike is enhanced by smaller mesh size, which is an indication of the occurrence of some sort of “singularity” in the stationary solution. By computing the Jacobian throughout the stationary solution one finds that the location of the singularity corresponds to a point where the Jacobian vanishes but where the compatibility with the RHS is not satisfied. The irregularity seems to be more singular than a shock and suggests the presence of a delta-shock (see [48] and references therein). An assessment of the various possibilities requires a much more detailed analysis. We remark that in the case of extended thermodynamics of a mono atomic rarefied gas with Maxwell molecules, the numerical simulations of [42] show that no singularity occurs at the points where the Jacobian vanishes (in the stationary solution) because the compatibility condition is automatically satisfied. To the authors knowledge no satisfactory mathematical explanation of this phenomenon has been found yet. A possible approach could be the extension of viscosity solution methods to the system under consideration. Such techniques have been used in [49] in the case of a simpler problem consisting of two balance equations.

It is remarkable that our numerical scheme is capable of providing a sensible solution which is regular everywhere except at some singular point and which agrees reasonably well with the MC simulations. This perhaps could be ascribed to the fact that our scheme solves the non stationary equations and the stationary solution is approached with a limiting process.

The numerical results found for the stationary case with 120 grid points have been compared with the Monte Carlo results obtained by the DAMOCLES code [2].

Numerical solutions show for the test case 1 and 2 a good agreement with a discrepancy at most of about 10% (see Fig. 2 and Fig. 3) for all the fields except the heat flux (Fig. 2c and Fig. 3c). We observe that the relaxation times given in [15] are obtained without considering the scattering with crystal impurities. Therefore the effective relaxation times could be shorter due to the additional scattering mechanism. This could be a partial explanation of the discrepancy. A meaningful comparison with MC simulations would require that the relaxation times (Eqs.24-25) be fitted to the results of homogeneous MC simulations but at various levels of impurities concentrations and taking into account scattering with impurities.

Test case 3 shows a good agreement for the energy and the heat flux is described better than the previous case, but the results of the velocity are not satisfactory. Probably in such a limiting case (which presents a situation very far from thermodynamical equilibrium and a regime where the fluid approach is suspicious and a full kinetic description could be mandatory) a more accurate description must be followed by increasing the number of the moments and improving the accuracy of the closure relations.

Finally we remark that the effect of viscosity is negligible and in the applications it is sufficient to consider only the inviscid case.

Conclusions

A new hydrodynamical model has been presented for charge transport in semiconductors. The model is based on Extended Thermodynamics, and constitutes an improvement of a previous model presented in [16, 15]. A robust and accurate numerical method has been developed, which is suitable for the mathematical structure of the model, and a comparison has been performed with detailed Monte Carlo simulations.

The results of the comparison are quite satisfactory, since the agreement with Monte Carlo is observed in all the field variables with a discrepancy of about 10%, at least for the cases considered here.

One of the main open problems is the determination of the coefficients of the production terms. The entropy principle does not allow to determine them. They have been considered as phenomenological functions, expressed by fitting MC data in the homogeneous case. We want to stress that the expression given for the relaxation times do not depend on the particular simulated device, but only on the homogeneous material, because of the local dependence on the macroscopic variables.

We want to remark that our hydrodynamical model can also be successfully used for perturbation analysis of a given device under given operating conditions. In a perturbation approach the basic transport parameters appearing in the closure and production terms will be those of the unperturbed state. By linearizing the equations around the unperturbed state one obtains an analytical linear boundary value problem which leads itself to analytical linear analysis.

At this point the same numerical technique used to solve the unperturbed problem can be used to solve the perturbed problem in order to obtain important physical quantities, e.g. the impedance matrix in the small signal analysis (see [50] for the n^+ − n − n^+ InP diode).

We used a versatile numerical technique, easily implementable in computer codes. It makes it easy to change closures and models for the production terms. It automatically solves also the non-stationary problem. The authors are presently working to a 2D extension of the numerical scheme, in order to treat devices with a more complex geometry.

The universality of our models remains to be checked by considering different channel lengths, applied voltages and doping profiles. This require an extensive database of MC simulations which is under current construction.

Acknowledgments

The authors would like to thank Dr. O. Muscato for providing the data of Monte Carlo simulations obtained by the DAMOCLES code.

This work has been partially supported by MURST, and by CNR project Modelli matematici per semiconduttori. Progetto speciale: metodi matematici in fluidodinamica e dinamica molecolare, grant number 96.03855.CT01.

References

[1] K. Tomizawa, Numerical simulation of sub micron semiconductor devices, Artech House, Boston, 1993.

[2] M. V. Fischetti and S. Laux, Monte Carlo study of Electron Transport in Silicon Inversion Layers, Phys. Rev. B, 48 (1993), pp. 2244–2274.

[3] W. Haensch, The drift-diffusion equation and its application in MOSFET modeling, Springer-Verlag, Wien, 1991.

[4] A. Markowich, C. A. Ringhofer and C. Schmeiser, Semiconductor equations, Springer-Verlag, Wien, 1990.

[5] S. Selberherr, Analysis and simulation of semiconductor devices, Springer- Verlag, Wien New York, 1984.

[6] K. Blotekjaer, Transport equations for electron in two-valley semiconductors, IEEE Trans. on Electron Devices, ED-17 (1970), pp. 38–47.

[7] G. Wachutka, Unified framework for thermal electrical, magnetic and optical semiconductor devices modeling, COMPEL, 10 (1991), pp. 311–321.

[8] R. Stratton, Diffusion of hot and cold electrons in semiconductor barriers, Phys. Rev., 126 (1962), pp. 2002–2014.

[9] N. Ben Abdallah, P. Degond and S. Genieys, An energy-transport model for semiconductors derived from the Boltzmann equation, J. Stat. Phys., 84 (1996), pp. 205– .

[10] N. Ben Abdallah and P. Degond, On a hierarchy of macroscopic models for semiconductors, J. Math. Phys., 37 (1996), pp. 3306–3333.

[11] A. Gnudi, F. Odeh and M. Rudan, Investigation of non-local transport phenomena in small semiconductor devices, European Transactions on Telecommunications and related technologies, 1 (1990), pp. 307–312 .

[12] G. Baccarani and M. R. Wordeman, An investigation on steady-state velocity overshoot in Silicon, Solid-state Electronics, 29 (1982), pp. 970–977.

[13] M. A. Stettler, M. A. Alam and M. S. Lundstrom, A critical examination of the assumptions underlying macroscopic transport equations for silicon device, IEEE Trans. on Electron devices, 40 (4) (1993), pp. 733–739.

[14] S.-C. Lee and T.-W. Tang, Transport coefficients for a silicon hydrodynamical model extracted from inhomogeneous Monte-Carlo simulation, Solid-State Electronics, 35 (4) (1992), pp. 561–569.

[15] A. M. Anile e O. Muscato, Improved hydrodynamical model for carrier transport in semiconductors, Phys. Rev. B., 51 (1995), pp. 16728–16740.

[16] A. M. Anile e S. Pennisi, Thermodynamic derivation of the hydrodynamical model for charge transport in semiconductors, Phys. Rev. B, 46 (1992) pp. 13186–13193.

[17] A. M. Anile, S. Pennisi and M. Trovato, Extended thermodynamics of charge transport in semiconductors, in Nonlinear Hyperbolic Problems:Theoretical, Applied and Computational Aspects, A. Donato and F. Oliveri ed.s, Notes in numerical fluid mechanics 43, Vieveg, Braunschweig, 1993, pp. 23–32.

[18] S. Pennisi and M. Trovato, Field equations for charge conducting fluids in electromagnetic fields, Cont. Mech. Thermod., 7 (1995), pp. 489–520.

[19] I-Shi Liu, Method of Lagrange Multipliers for Exploitation of the entropy principle, Arch. Rat. Mech. Anal., 46 (1972), pp. 131–148 .

[20] I. Müller and T. Ruggeri, Extended thermodynamics, Springer-Verlag, Berlin, 1993.

[21] D. Jou, J. Casas-Vazquez and G. Lebon, Extended irreversible thermodynamics, Springer-Verlag, Berlin, 1993.

[22] A. M. Anile, C. Maccora, R. M. Pidatella, Simulation of n^+ − n − n^+ device by a hydrodynamic model: subsonic and supersonic flow, Compel, 7 (1994), pp. 1–18.

[23] A. Majorana and G. Russo, Stationary solutions of hydrodynamic models for semiconductor device simulation, COMPEL, 12 (1993), pp. 81–93.

[24] R. E. Caflisch, G. Russo and Shi Jin, Uniformly accurate schemes for hyperbolic system with relaxation, SIAM J. Numer. Anal., 34 (1) 1997, pp. 246– 281.

[25] F. Liotta, V. Romano and G. Russo, Central scheme for systems of balance laws, Proceeding 7th International Conference on Hyperbolic Problem, Zurich 1998, to appear.

[26] H. Nessyahu e E. Tadmor, Non-Oscillatory central differencing for hyperbolic conservation laws, J. Comput. Phys., 87 (2) 1990, pp. 408–463.

[27] E. Fatemi, J. Jerome e S. Osher, Solution of hydrodynamic device model using high-order non oscillatory shock capturing algorithms, IEEE Transaction on computer-aided design, 10 (1991), pp. 232–244.

[28] C. L. Gardner, Numerical simulation of a steady- state electron shock wave in a sub-micrometer semiconductor device, IEEE Transaction on Electron devices, 38 (1991), pp. 392–398.

[29] O. Muscato, R. M. Pidatella and M. V. Fischetti, Monte Carlo and hydrodynamics simulation of a one dimensional n^+ − n − n^+ silicon diode, in Proceeding of the Fourth International Workshop on Computational Electronics and VLSI Design, Carl Gardner ed., 1996.

[30] C. D. Levermore, Moment Closure Hierarchies for Kinetic Theories, J. Stat.

Phys, 83 (1996), pp. 331–407.

[31] C. D. Levermore, Moment closure hierarchies for the Boltzmann-Poisson equation, Proceedings IWCE-5, to appear in VLSI Design.

[32] A. Majorana, Equilibrium solutions of the non-linear Boltzmann equation for an electron gas in a semiconductors, Il Nuovo Cimento 108B (1993), pp. 871–877.

[33] A. M. Anile and M. Trovato, Rigorous hydrodynamical model for hot carriers transport in semiconductors, to appear in Cont. Mech. and Thermod., 1996.

[34] J. D. Au, Nonlinear Closure in Molecular Extended Thermodynamics with Application to the Shock Wave Structure Solution, in Supplemento ai Rendiconti del Circolo Matematico di Palermo 45, Proceedings International Conference on Wave and Stability, A. Greco and S. Rionero ed.s, Palermo, 1995.

[35] A. M. Anile and M. Trovato, Nonlinear closures for hydrodynamical semiconductors transport models, to be published in Physics Letters.

[36] C. Jacoboni and L. Reggiani, The Monte Carlo method for the solution of charge transport in semiconductors with applications to covalent materials, Rev. Mod. Phys., 55 (1983), pp. 645–705.

[37] W. Dreyer, Maximization of the entropy in non-equilibrium, J. Phys. A:

Math. Gen., 20 (1987), pp. 6505–6517.

[38] A. M. Anile, S. Pennisi and M. Sammartino, Covariant radiation hydrodynamics, Ann. Inst. H. Poincaré, 56 (1992), pp. 49–74.

[39] W. Dreyer and H. Struchtrup, Heat pulse experiments revised, Cont. Mech.

Thermod., 5 (1993), pp. 3–50.

[40] A. Jeffrey, Quasi-linear hyperbolic systems and waves, Research Notes in Mathematics, Pitman, S. Francisco, 1976.

[41] K. O. Friedrichs, and P. D. Lax, Systems of conservation equations with convex extension, Proceedings of the National Academy of Sciences USA 68 (1971), pp. 1686–8.

[42] W. Weiss, Continuous shock structure in extended thermodynamics, Phys.

Rev. E, 52 (1995), pp. R5760–R5763.

[43] A. Fisher and D. P. Marsden, The Einstein evolution equations as a first order quasi-linear symmetric hyperbolic system, Comm. on Mathematical Physics, 28 (1972), pp. 1–38.

[44] R. LeVeque, Numerical methods for conservation laws, Birkhäuser, Basel, 1990.

[45] A. Harten and S. Osher, Uniformly high-order accurate non-oscillatory schemes, SIAM J. Numer. Anal., 24 (2) (1987), pp. 279–309.

[46] T. Vogelsang and W. Haensh, A novel approach for including band structure effects in a Monte Carlo simulation of electron transport in silicon, J. Appl. Phys., 70 (1991), pp. 1493–1499.

[47] T. Ruggeri, Breakdown of regular shock wave solution, Phys. Rev. E, 47 (1993), pp. 4135–4140.

[48] D. Tan, T. Zhang and Y. Zheng, Delta-shock waves as limits of vanishing viscosity for hyperbolic systems of conservation laws, J. Diff. Equation, 112 (1994), pp. 1–32.

[49] I. Gamba Martinez, Viscosity approximating solutions to ODE systems that admit shocks, and their limits, Advances in Applied Mathematics, 15 (1994), pp. 129–182.

[50] V. Gruzinski, E. Starikov and P. Shiktorov, L. Reggiani, L. Varani, Linear and nonlinear analysis of microwave power generator in sub-micrometer n^+− n − n^+ InP diodes, J. Appl. Phys., 76 (1994), pp. 5260-5271.

Figure 1: Hyperbolicity region for several values of ṽ. For low values of ṽ the range of variability of q̃ and σ̃ is practically not limited. By increasing the absolute value of ṽ some bounds arise for q̃ and σ̃, but they allow to satisfy the hyperbolicity condition in the concrete cases arising in the applications.

Figure 2: Fig. 2. Comparison between the stationary solution obtained for the case of channel of length 0.3 μm with 120 (dashed line) and 240 grid points (continuous line) for the following fields: velocity (a), energy (b), heat flux (c), momentum (d).

Figure 3: Numerical results for the test case 1 (continuous line) obtained with 120 grid points compared with the MC results (circles).

Figure 4: Numerical results for the test case 2 (continuous line) obtained with 120 grid points compared with the MC results (circles).

Figure 5: Numerical results for the test case 3 (continuous line) obtained with 120 grid points compared with the MC results (circles).