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Abstract.
We present some results pointing out pairs E, F' of Banach spaces for which
any polynomial P : E — F' is completely continuous. Hence we study local

complete continuity of holomorphic functions.
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1.Introduction. It is well known that several many isomorphic properties of Banach
spaces are defined in terms of the coincidence of different classes of linear, bounded opera-
tors (see, for instance, the survey paper [B2]). Working in this direction many authors have
studied the question of when two classes of polynomials between Banach spaces coincide.
One of the first results of this kind is contained in an old paper by Pelczynski ([P1], [P2])
where he considered assumptions on F, F' sufficient to guarantee that any polynomial from
F into F' is completely continuous. Other more recent papers concerning the question of

the validity of the equality P(*E, F) = P..(*E, F) are the papers [GJ],[GG1],[GG2]. In
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this note we present some other results about this question.

Since polynomials enter quite naturally in the definition of holomorphic functions on
infinite dimensional Banach spaces, i.e. functions possessing a Taylor expansions in a
series of polynomials, the question of when a property enjoyed by polynomials passes to
holomorphic functions has been considered, too; for instance, it is known that compactness
or weak compactness of polynomials in the Taylor series are equivalent to compactness or
weak compactness of the corresponding holomorphic function (see [AS],Prop. 34; [R],Th.
3.2). Here, we present a result about the (local) complete continuity of holomorphic

functions.

2.Preliminaries. Let E, F' be two Banach spaces. For k > 1,k € N we shall denote
by L(*¥E, F) the space of all continuous k-linear operators from E*¥ = E x k x FE into F.
There is a canonical isomorphism between £(*E, F) and E(@kE , F') where @kE denotes
the k-fold projective tensor product E @ k @ E. Amap P: E — F is a k-homogeneous
polynomial if it is the restriction to the diagonal of E* of a continuous k-linear map T,
which is unique if it is required to be symmetric. P(*E, F) will denote the Banach space of
all k-homogeneous polynomials from E into F', endowed with the sup norm on the unit ball
of E. The closed linear span of the set {z(*) = 2 ® k ®:x € E} in @kE is denoted by
A*E. For every Banach space F, the spaces £(3kE , F) and P(*E, F) are isomorphic. If T},
is the operator corresponding to P and Oy : F — Ak E stands for the map O (z) = =¥,
then we have P = Tpo®p. In the note we shall also consider P,.(*E, F), i.e. the subspace

of P(*E, F) of all polynomials (called completely continuous) sending weakly converging

sequences into norm converging sequences.

We also need some notions related to holomorphy in Banach spaces. Let E, F' be

complex Banach spaces and let U be an open subset of E. Recall that a map f : U —



F' is holomorphic if for every x € U there is a sequence of homogeneous polynomials
P,f(z) € P("E;F) and r > 0 such that f(z) = Y o, P.f(z)(z — ), uniformly for
|z — z|| < r. The supremum of all such r > 0 is called the radius of uniform convergence
of f at z, and will be denoted by r(f,z). By the Cauchy-Hadamard formula ([M]), we
have [r(f,2)]"! = limsup || P, f(z)||*. We shall denote by H(U; F) the space of all the

holomorphic mappings from U into F'.

3. On completely continuous polynomials. This section is devoted to the ques-
tion of when each polynomial between two Banach spaces is completely continuous. In
particular, we point out two pairs of families of Banach spaces for which the equality

P*E,F) = P..(*E, F) is true.

Let us first establish the following general stability result:

Proposition 1.Let E, F be a pair of Banach spaces such that P(*FE, F) = P..(*E, F).

Then the same equality holds for the pair H, M, when:
1) H is a complemented subspace of E and M is a (closed) subspace of F.
2) H = E/G, with G a closed subspace not containing copies of {1, M as in (1).

Proof. (1) is obvious. As for (2), let P € P(*E/G,M) and (g,) be a weakly
convergent sequence in E/G. By a result in [L], there is a weakly Cauchy sequence (z,,)
in E such that 7(x,,) = g, for every n (7 denotes the quotient map from F onto E/G).
Then, Q = Por € P(*E,M) = P..(*E, M) by (1). By [AHV, Th. 2.3], Q transforms the
weakly Cauchy sequence (x,,) into a norm convergent sequence Q(x,) = P(q,). Hence P

is completely continous.

In particular, if P(*E,F) = P..(*E, F) for some non trivial F', then P(*E,K) =

P..(*E,K), i.e., every scalar k-homogeneous polynomial on E is weakly sequentially con-



tinuous. This is equivalent to say (see section 2) that ©y sends weakly convergent sequences
into weakly convergent sequences (in short, E has the k-SCP or k-sequential continuity
property). If, moreover, F' is a Schur space, then clearly the k-SCP is a necessary and
sufficient condition for E in order we have P(*E, F) = P..(*E, F).

Examples of spaces with the k-SCP are the following:

a) If 1 < p, the space ¢, has the k-SCP for k < p and does not have the k-SCP for
k> p ([P1, 4.2]).

b) If the space P;(*E) of finite type k-homogeneous polynomials (i.e., the space
spanned by the monomials (z*)*, z* € E*) is dense in P(*E), it is clear that E has
the k-SCP.

c¢) The original Tsirelson’s space T™* is a reflexive space with the k-SCP, for every
k> 1 (see [AAD]).

d) Every Banach space E with the Dunford-Pettis property (see below for the defini-

tion) has the k-SCP for any k > 1 ([P2, Prop. 5]).

In particular, we have P(*T* (1) = P..(*T*,¢;) for all k > 1 and P(*¢,,¢;) =

P..(¥¢,,01) for k < p.

For our further results, we first need some preliminary facts, for which we need the

following definition

Definition. A subset M of a Banach space E is named a Dunford-Pettis set (resp.

limited set) if for any weak null (resp. weak® null) sequence (z}) C E* we have

lim sup z; (x) =0
n ozeM

We need also the following result, that in our opinion is interesting in itself



Lemma 2.Let (x,) C E, (y,) C F be two Dunford-Pettis sequences, weakly converg-
ing tox € E,y € F, respectively. Then the sequence (z, @Yy, ) is a Dunford-Pettis sequence
m E ®, F, that converges to x ® y in the weak topology.

Proof. First we show that (x,, ® y,,) is a Dunford-Pettis sequence. Consider a weakly
null sequence (L,,) in (F ®, F)* = L(E, F*). We have L, (z, ® yn) = [Ln(z,)](y,) for all
n € N. We claim that L,(x,) — 0 in F*. Indeed, if 2** € F** we have, for all n € N,
[Ly(xn)](x**) = [L} (2**)](zy,). Since the map T" — T™*(z**) is linear and bounded from
L(E, F*) into E*, we have L (z**) = 0 in E*. Now we recall that (z,,) is a Dunford-Pettis
sequence; so we may get our claim. Since, again, (y,) is a Dunford-Pettis sequence, we
have that [L,(z,)](yn) — 0, from which easily follows that (z, ® y,) is a Dunford-Pettis
sequence. Now,we prove that (z, ® y,) % 2 ®vy. Choose L € L(E, F*) and calculate as

follows

L(x, @yn) =
[L(@n)](yn) — [L(2)](yn) + [L(2)](yn) — [L(2)](y) + [L(2)](y) =

[L(zn — 2)|(yn) + L(z)[yn — y] + L(z ®@ y).

Observe now that L(x, — z) — # and that (y,) is a Dunford-Pettis sequence, so that
the first summand of the last member of the previous equality goes to zero; also, since

Yn — 1y — 0 also the second summand goes to zero. We are done.

Corollary 3.Let (x,) be a Dunford-Pettis sequence in E, weakly converging to x € E.
Thus the sequence (X, ® Ty, @ Ty -+ - Ty,) 18 a Dunford-Pettis sequence in E @, E Q-+ E,
that converges to x @ x ® - - - x in the weak topology.

To show this result it is enough to apply an inductive argument and Lemma 2. Simi-

larly, we can show the following



Lemma 4.Let (z,) C E, (yn) C F be two limited sequences, weakly converging to
x € E,y € F, respectively. Thus the sequence (z, ® y,) is a limited sequence in E @, F,

that converges to x ® y in the weak topology.

Corollary 5.Let (x,,) be a limited sequence in E, weakly converging to x € E. Thus
the sequence (T, ® T, @ Ty, -+ - Ty,) is a limited sequence in E®,; E®, --- E, that converges
tox@x®---x in the weak topology.

We also need to consider the following properties of Banach spaces

Definition. A Banach space E is said to possess the Dunford-Pettis property (resp.
Gelfand-Phillips property) if any relatively weakly compact (resp. limited) set in E is a

Dunford-Pettis (resp. relatively compact) set.

Many examples of spaces possessing the Dunford-Pettis property or the Gelfand-
Phillips property are known in the literature (we refer to [D],[DU],[E2] for lists of such
spaces).

We are now able to prove the main result of this section

Theorem 6.5uppose E and F' are two Banach spaces verifying at least one of the
following two conditions:

1) E has the Dunford-Pettis property and in F' any Dunford-Pettis set is relatively compact
2) in E any weak null sequence is limited and F has the Gelfand-Phillips property.
Thus P(*E,F) = P..(*E,F), for allk € N.

Proof. Let (x,) be a sequence in E weakly converging to some x € E. Under (1)
it is Dunford-Pettis, whereas under (2) it is limited. Since any P € P(*E,F) admits
a factorization as described in the previous section, thanks to our Lemmata 2 and 4
the sequence (P(x,)) is Dunford-Pettis under (1) or limited under (2), and moreover it

converges weakly to P(z). Our assumptions on F' allow us to conclude the proof.



Examples of spaces in which any Dunford-Pettis set is relatively compact are con-
tained in the paper [E1l], whereas the following are examples of spaces in which any weakly
null sequence is limited:

1) Schur spaces (i.e. spaces in which weakly null sequences are strongly null)

2) Grothendieck spaces (see [D]) possessing the Dunford-Pettis property

3) A(X) with A suitable sequence space and X verifying the required property (see [B1])
Theorem 6 in conjunction with Proposition 1 and the subsequent commentaries, allow to
get wide classes of Banach spaces E, F such that P(*E, F) = P..(*E,F). As already
quoted, results similar to ours are contained in the recent papers [GG1], [GG2] by Gonza-
lez and Gutierrez, who actually proved the following:

R,) If E has the Dunford-Pettis property, thus L(E, F) = WCo(E, F) (the weakly com-
pact operators) implies P(*E, F) = P..(*E, F) for all k € N

Rs) L(E,co) = CC(E,cy) (the completely continuous operators) implies P(*E, cy) =
P..(*E,cg) for all k € N

Rj3) If E has the hereditary Dunford-Pettis property and L(E, F) = UC(E, F) (the un-
conditionally converging operators), thus P(*E, F) = P..(*E, F) for all k € N

Assuming F = F = [y in Theorem 6,(1), or £ = l1(ls), F' = I3 in Theorem 6,(2), gives
that our result is not a consequence of R; or Ry. If we choose F = [, and F' a Gelfand-
Phillips space, thus our Theorem 6 can be used, but R3 is not applicable. Conversely, the
choice F = Ly, F a reflexive Banach space proves that R, is not following from Theorem
6, whereas if £ = ¢y and F' does not contain copies of ¢g, R3 is applicable, but Theorem 6

is not.

Concerning Rs we observe that the assumption L(E,cy) = CC(E,cy) is equivalent

to say that any weakly null sequence is limited; being F' = ¢y a Gelfand-Phillips space,



the Gonzalez-Gutierrez result Ry surely follows from Theorem 6,(2); actually, we have the

following more precise result

Theorem 7.Let F' be a Gelfand-Phillips space containing co. Thus the following are

equivalent:

i) L(E,F)=CC(E,F)

it) L(E,cy) = CC(E, )
iii) P"E,F) = P..(*E,F)
iv) P(*E, cy) = P..(FE, cp).

Proof. i) = ii) and iii) = iv) are clear since F' contains c¢y. ii) < iv) is due to
Gonzalez-Gutierrez([GG2]). We prove that i) = ii) = iii); since F' contains ¢y, ii) follows
from i) and so, under ii), any weakly null sequence in F is limited, as already remarked;
being F' a Gelfand-Phillips space, we have iii) by virtue of Theorem 6. Finally, we show
that iii) = i). Suppose T' € L(E, F)\CC(FE, F'). There is a weakly null sequence (z,) C E
with || T(x, )| # 0. Hence (T'(z,,)) is not limited, since F' is a Gelfand-Phillips space; this
means that there is a weak™ null sequence (y) C F* for which < T'(x,,),y;; >+ 0. Define
a polynomial H : E — ¢o by H(x) = [(< T(x),y: >)¥] for all z € E. Since ¢y C F,
H € P(*E,F) and hence H € P..(*E, F). This gives that ||H(z,)||¢, — 0, contradicting

the choice of (y;).

4.0n locally completely continuous holomorphic functions. Unlike to the
case of (strong or weak) compactness quoted in section 2, it is not enough that all the
polynomials in the Taylor expansion of a holomorphic function f are completely continuous
to ensure that f is (i.e. that f sends weakly convergent sequences in U into norm convergent

sequences in F'), as the following example shows:



Example. Let F = ¢y, F' = C and

fx) = Z xn, for x = (x,,) € ¢
n=1

Then f is an entire function ([M, Ex. 5.5]) and, since ¢y has the Dunford-Pettis Property,
every scalar polynomial on it is completely continuous. If we put z,, = (—1)"e,, then (x,,)
is weakly null, but f(z,) does not converge.

Hence, additional assumptions are needed in this case. We recall that a characteriza-
tion of the entire functions which sends weakly convergent sequences into norm convergent
ones was given in ([A], Prop. 1.8).

Here we consider the notion of local complete continuity that will reveal to be the

appropriate one to answer (at least partially) our question

Definition. A map f € H(U;F) is locally completely continuous at z € U if,
whenever (x,,) converges weakly to x and ||z, — z|| < p < r(f,x) for every n, then (f(z,))

is norm-convergent.

Theorem 8.Let f € H(U, F). The following assertions are equivalent:
a) f is locally completely continuous at x € U
b) P, f(x) is completely continuous at 0, for every n € N.

Proof. a) = b): Let f be locally completely continuous at z € U and fix k € N, € > 0
and let us write Py f(z) = Py to simplify. Let (z,) be a weakly null sequence. We have to
prove that there exists n. € N such that || Py(x,)|| < € for n > n.. Let M > 0 be suitably
chosen in order that | Mz, || < p < r(f,x) for every n. Proceeding as in ([A], Prop. 1.8) we
prove that there exists n. € N such that || f(y) — f(z)|| < M¥e for every y € x+aco{ Mz, :
n > ne} (where aco(A) means the absolutely convex hull of the set A). If there is an

n > n. such that ||Px(x,)|| > €, then we can find a ¢ € F* such that |¢(Px(Mx,))| > 1



and |¢(2)] < 1 for ||z]] < MFe. If we define g(\) = ¢ (f(c+ AMz,) — f(x)), then g is

holomorphic in {A € C: A < §}, for some § > 1, and

g™®)(0)
il

16 (Pu(M,))| = ’ ‘ 1

By Cauchy inequalities,

g®)(0)
il

< sup |g(A)] = sup |¢ (f(z + AMz,) — f(2))] <1,
IA=1 IA|I=1

which is a contradiction.
b) = a): Let (x,) = , ||z, — z|| < p < r(f,z). As above, let us write Py f(z) = Pj.

Then
1 (zn) = f(@)]| <

S e
+ Z | Pel o

k>m

<D P
k=1

Since Y 7o | || P||p* < oo, given € > 0 we can choose m € N such that

€
S IRt <

k>m

Then, since each Py is completely continuous at 0, we can find n. such that if n > n.,

ZHPk |<—

ie.,

[ (zn) = f2)]| <€ forn >n
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