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Abstract. Numerical optimization of given objective functions is a cru-
cial task in many real-life problems. The present article introduces an
immunological algorithm for continuous global optimization problems,
called OopPT-TA. Several biologically inspired algorithms have been de-
signed during the last few years and have shown to have very good per-
formance on standard test bed for numerical optimization.

In this paper we assess and evaluate the performance of OPT-IA, FEP,
IFEP, DIRECT, CEP, PSO, and EO with respect to their general ap-
plicability as numerical optimization algorithms. The experimental pro-
tocol has been performed on a suite of 23 widely used benchmarks prob-
lems. The experimental results show that OPT-TA is a suitable numerical
optimization technique that, in terms of accuracy, generally outperforms
the other algorithms analyzed in this comparative study. The opT-IA is
also shown to be able to solve large-scale problems.

Keywords: Artificial Immune Systems, Clonal Selection Algorithms,
Immune Algorithm, Aging operator, Global Numerical Optimization.

1 The Immunological Algorithm

Clonal Selection Algorithms (CSAs) [I] are a special class of Immune algorithms
(TAs) [1, 2] which are inspired by the Clonal Selection Principle [3] of the human
immune system to produce effective methods for search and optimization. In this
research paper an immune algorithm inspired by the Clonal Selection Principle,
opT-TA [4], 5] [6} [T, 8], is applied to global numerical optimization.

The opT-IA algorithm uses a population of candidate solutions, i.e. points
of the search space (B cell or B cell receptor according to immunological ter-
minology). At each time step ¢, we have a population Pét) of size d. The initial
population of candidate solutions, time ¢ = 0, is generated uniformly at random
in the relative domains of each function (see table[Il) The function Evaluate(P)
computes the fitness function value of each B cell * € P. The implemented TA
uses three immune operators, cloning, hypermutation and aging. The cloning
operator, simply, clones each B cell dup times producing an intermediate popu-
lation P](Vcclo) of size d X dup = N.,.
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The hypermutation operator acts on the B cell receptor of P](Vccl %) The num-
ber of mutations M is determined by mutation potential. Our TA uses an In-
versely Proportional Hypermutation operator, where the number of mutations
is inversely proportional to the fitness value, that is, it decreases as the fitness
function of the current B cell increases. Two different mutation potential are

used, they are defined by the following equations:

Y <l) oD 1)
p

where « represents the mutation rate, and f is the fitness function value normal-
ized in [0,1]. The number of mutations of a clone with fitness function value f
is equal to | L * a] where L is the length of the clone receptor, that is L =1 X n,
with [ being the number of bits used to code each variable and n the dimension
of the function. The first potential mutation was proposed in [10], while the sec-
ond potential mutation was introduced in [I1]. Figure [l shows the pseudo-code
of the proposed Immune Algorithm.

opt-IA(d, dup, p, 7B, Thvax)

1. FFE «— 0;

2. N. < d X dup;

3.t 0

4. P;t) «— Population_Initialization(d);

5. Evaluatc(Pét));

6. FFE «— FFE + d;

7. while (FFE < T]qu)dO

8 PI(VCCZO) «— Cloning (Py), dup);

9. P](th'yp) — Hypermuta,tion(PugdO)7 0);
10.  Evaluate(P{""");

11. FFE — FFE+ N;

19. (aptgt),apl(vhcyp)) _ Aging(Pd(t), P](thyp)J_B);
13, P — (u+ N)-Selection(* gY@ PYP));
14. t—t+1;

15.end _while

Fig. 1. Pseudo-code of opT-TIA

Aging Operator. By inspecting the pseudo-code of OPT-IA, one can see that
an “aging” operator is used. The aging operator eliminates old B cells, in the
populations P(gt) and Pl(vfiyp ) to avoid premature convergence and to increase
diversity in the current population. This operator is the main difference between
our algorithm and the other TAs and Evolutionary Algorithms. The parameter
Tp sets the maximum number of generations B cells are allowed to remain in the
population. When a B cell is 75 + 1 old it is erased from the current population,
no matter what its fitness value is. During the cloning expansion, a cloned B
cell takes the age of its parent. After the hypermutation phase, a cloned B cell
which successfully mutates, will be considered to have age equal to 0. In this
way, new B cells are given an equal opportunity to effectively explore the given
computational landscape. The best B cells which “survived” the aging operator,
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are selected from the populations “P(gt) and “P](\Zyp ) In this way, we obtain the

new population Pétﬂ), of d B cells, for the next generation t + 1. If d < d B
cells survived, the (u + X)-Selection operator creates d — d’ new B cells (Birth
phase).

The evolution cycle ends if a maximum number of Fitness Function Evalua-
tions (FFE) is reached.

2 Numerical Optimization

Numerical optimization problems are fundamental for every field of engineering
and science. The task is that of finding global optima of a generic objective
function. However, often, the objective function is difficult to optimize because
of numerous local optima. Moreover, this difficulty increases proportionally with
the problem dimension.

In this paper we consider the following numerical minimization problem:

min(f(x)), B, <z<B, (2)

where @ = (21,2,...,2,) is the variable vector in R™, f(x) denotes the ob-
jective function to minimize and By = (By,, Bi,, .., Bi,), Bu = (Buys Bugs - - -
B, ) represent, respectively, the lower and the upper bound of the variables,
such that x; € [By,, By,

We used binary string representation: real values x; are coded using bitstrings
of length [ = 32. The mapping from the binary string b =< by, bs,...,b; > into
a real number x consists of two steps:

(i) convert the bitstring b =< b1, ba,...,b; > from base 2 to base 10 using the

equation: 22:1 b x 20 = a/;

(i7) finding the corresponding real value: x = By, + %
B,, are the lower and upper bounds of the variables.

, where B, and

Test Functions. We selected twentythree functions from three categories [12].
This relative large set is necessary in order to reduce biases in evaluating algo-
rithms. Table [ lists the 23 functions and their key properties (for a complete
description of all the functions and the parameters involved see [12]). These
functions can be divided into three categories of different complexities:

— unimodal functions (f; — f7), which are relatively easy to optimize, but the
difficulty increases as the problem dimension increases;

— multimodal functions (fs — f13), with many local minima, they represent the
most difficult class of problems for many optimization algorithms;

— multimodal functions which contain only few local optima (f14 — fa3).

Some functions possess unique features: fg is a discontinuous step function hav-
ing a single optimum; f7 is a noisy quartic function involving a uniformly dis-
tributed random variable within [0, 1). Optimizing unimodal functions is not a
major issue, so in this case the convergence rate is of main interest. However,
for multimodal functions the quality of the final results is more important since
it reflects the algorithm’s ability in escaping from local optima.
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Table 1. The 23 benchmark functions used in our experimental study; n is the di-
mension of the function; fyin is the minimum value of the function; S C R™ are the
variable bounds (for a complete description of all the functions and the parameters
involved see [12])

Test function n S fmin
fi(z) = EZ:l z7 R 30 [—100, 1007]1" 0
fa(x) =20 1 |=i| + Hi:lz‘zi‘ 30 [—10,10]" 0
fo(@) = 30, (Xiy ) 30| [~100,100]" 0
fa(@) = max;{|z;],1 < i< n} 30| [—100,100]™ 0
fs(x) = S0 [100(ziq1 — 22)? + (2 — 1)?) 30 [—30, 30]™ 0
fe(x) =0, (lzi +0.5))? 30 [—100, 100]™ 0
fr(z) = 30 izt + random[0, 1) 30| [—1.28,1.28]" 0
fs(z) = 30—z sin(y/]z4]) 30| [—500,500]™ —12569.5
fo(x) = 30, [#2 — 10 cos(27x;) + 10] 30| [-5.12,5.12]" 0

fio(x) = —20 exp (—0.2,/% > m?) 30 [—32,32]" 0

—exp (2 S0 cos2mw;) +20 + e
f11(®) = qo55 Xieq @F — [1j=, cos (%) +1 30 [—600, 600]™ 0
fr2(x) = Z{10sin®(my1) 30 [—50, 50]™ 0
+ 30 (wi — 1?1 + 10sin® (7yi11)] + (yn — 1)%}
>oieq u(z4, 10,100, 4),
yi =14 3(z; +1)
k(z; —a)™, ifz; > a,
u(zi,a,k,m) =4 0, if —a < a; <a,
k(—z; —a)™, if z; < —a.
fiz(x) = 0.1{sin?(37x1) 30 [—50, 50]™ 0
+ 2?;11 (z: — 1)%[1 + sin?(37xi41)]
+(zn — D1+ sin® 27zn)]} + 7, ulxi, 5,100, 4)
—1

f1a(z) = [ﬁ +335, m 2 |[—65.536, 65.536]™ 1

fis(z) = 1L, |:ai - %ﬁ%] 4 [-5,5]" 0.0003075

fro(m) = 4ot — 2,127 + L2 + x125 — 423 + 42 2 [~5,5]" —1.0316285

frr(@) = (22 — 2ba? 4 Say — 6)2 2| [=5,10] x [0, 15] 0.398
+10 (1 — g&=) coszy + 10

fis(x) = [1 + (1 + z2 + 1)2(19 — 14z1 + 327 — ldzo 2 [-2,2]™ 3

+6z122 + 3232)] X [30 + (221 — 3x2)2 (18 — 32z
+1227 + 4825 — 36z 12 + 2723)]

fro(®) = =i, ciexp | — X5, asj (x5 — pij)* 4 [0,1]" —3.86
fao(@) = = Xi_  ciexp |— X5 aij(z; — pi,j)2J 6 [0,1]" —3.32
for(@) = -5, [(z —ai)(z —a:)T + ci] - 4 [0, 10]™ ~10.1422
foala) = -7, [(z —ai)(® —a))T + ci] -t 4 [0,10]™ ~10.3909
fas(@) =~ 21, [@ - a)@—a) +ei] 4 [0, 10]" ~10.53

3 Experimental Results

3.1 Experimental Setup

The performance of the proposed TA is assessed by carrying out optimization on
the 23 functions listed in table [Il and comparing results with some well-known
algorithms for global optimization. For each test function 50 independent runs
are performed. At each generation we compute the mean value of the best fit
individuals for all 50 runs in order to plot the evolution curves. Moreover the
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Table 2. Parameters used by OPT-IA for each function (f1,..., f23)

Function| a =7 | a= (%) e(=9

d dup T8 p|d dup B p
f1 10 2 5 10110 2 10 150
fo 10 2 10 10({10 2 10 150
f3 20 2 20 10|20 2 10 150
fa 10 2 10 10|20 2 20 150
fs 10 2 10 1020 2 20 150
fe 20 2 20 10|20 2 50 150
fr 10 2 10 10|20 2 20 150
fs 20 2 20 10|20 2 20 150
fo 20 2 20 10|20 2 5 150
f1o 20 2 20 10|10 2 10 150
fi1 20 2 20 10|10 2 10 150
fiz 20 2 20 10|10 2 10 150
fis 20 2 20 10|20 2 5 150
f14 10 5 5 10|20 2 20 150
fis 20 2 20 10|20 2 20 150
fi6 10 2 5 610 2 20 100
fir 10 2 15 7([10 2 15 125
fis 10 2 10 8|10 2 15 100
f19 10 2 10 9|10 2 15 100
f20 10 2 10 8 (20 2 20 150
fo1 10 2 25 6|10 2 10 150
fa2 10 2 5 7]10 2 15 125
fa3 10 2 5 710 2 10 100

standard deviation is used to indicate the consistency of the algorithm. Table 2]
summarizes the key parameters setting of OPT-IA for each test function and for
each mutation potential used.

There are several algorithms designed for numerical optimization. We start
comparing OPT-IA with one of the best evolutionary algorithms for numerical
optimization in literature: Fast Evolutionary Programming (FEP) [12] and his
improved version IFEP. FEP is based on Conventional Evolutionary Program-
ming (CEP [I3]) but uses a new mutation operator based on Cauchy random
numbers that helps the algorithm to escape from local optima. The performance
of opPT-TA is further compared with some other well-established evolutionary
algorithms such as CEP with three different mutation operators (Gaussian Mu-
tation Operator GMO, Cauchy Mutation Operator CMO and Mean Mutation
Operator MMO) [13], Particle Swarm Optimization (PSO) [I4] and Evolution-
ary Optimization (EO) [I4]. Moreover comparison is made, when possible, with
a global search algorithm for bound constrained optimization based on Lipschitz
constant estimation, DIRECT [15] [16].

3.2 Comparison with FEP and DIRECT

Unimodal functions (f1 — f7). Unimodal functions are not the most challenging
test problems. There are more efficient algorithms which are specifically designed
to optimize them. The aim in this case is to get a picture of the convergence
rate of the algorithms. In table [3] we report the optimization results obtained
by opPT-IA with respect to those obtained by FEP and DIRECT. All results
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Table 3. Comparison between FEP, opT-IA and DIRECT on functions fi — fr

Fun.| Thax Direct FEP opt-IA
a=el—rH o= (;) (=)
P
Min Found | Mean Best Mean Best Mean Best
Std Dev Std Dev Std Dev
fi [150,000 n.a 5.7x10%[9.23 x 10712 1.7 x 1078
1.3 x107%|2.44 x 107 35x 107!
f2 [200,000 n.a. 81x10°° 0.0 7.1x 10~
7.7x 1074 0.0 0.0
fs  [500,000 n.a 1.6 x 102 0.0 1.9 x 10~ 10
1.4 x 1072 0.0 2.63 x 10710
fa  |500,000 n.a. 0.3 1.0 X 102 4.1 x 1072
0.5 5.3 X 102 5.3 x 1072
fs 2 % 10° 27.89 5.06 3.02 28.4
5.87 12.2 0.42
f6 | 150,000 n.a 0.0 0.2 0.0
0.0 0.44 0.0
fr 300,000[8.9x 1073[7.6 x 107 3| 3.0 x 10~3 3.9 x 1073
2.6x107%| 1.2 x 1073 1.3 x 1072
Mean performance curve for test function 1
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Individual performance curves for test function 6 Mean performance curve for test function 6
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Fig. 2. Evolution curves of opT-IA algorithm

on two unimodal functions (f1, f6) over
50 independent runs Individual curves for each run (left plot), mean performance curve
(right plot)

have been averaged over 50 independent runs. “Mean Best” indicates the mean
best function values found in the last generation, “Std Dev” stands for standard
deviation. Second column shows the maximum number of Fitness Function Eval-
uation allowed (T},qz ); we used the same Ty,,q. values proposed by X. Yao, Y. Liu
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Table 4. Comparison between FEP, opT-IA and DIRECT on functions fs — fi3

12000

Fun.| Thiazx Direct FEP opt-TIA
a=e(=r*f) o — (%) (=5
Min Found | Mean Best | Mean Best Mean Best
Std Dev Std Dev Std Dev
fs 900, 000 | -4093.0. —12554.5 —12508.38 —12568.27
52.6 155.54 0.23
fo 500,000 n.a. 4.6 X 10~ 2 19.98 2.66
1.2 x 10— 2 7.66 2.39
fio |150,000 n.a. 1.8 x 1072 18.98 1.1x 10 %
2.1 x 1073 0.35 3.1 x 10~°
f11 [200,000 n.a 1.6 X 10~2| 7.7 x 1072  4.55 x 102
2.2 X 1072|8.63 x 1072 4.46 x 1072
fiz |150,000 0.03 9.2 x 10~ ° 0.137 3.1x 1072
3.6 X 10~¢ 0.23 5.7 x 1072
fis [150,000 0.96 1.6 X 10— 2 1.51 3.20
7.3 x 107° 0.10 0.13
Individual performance curves for test function 8 Mean performance curve for test function 8
0 T T T T T -2000 T T T T T
-2000 | ] 4000 1
s -4000 |- 1 3 6000 |
S 6000 B
8 5 -8000
S -8000 1 k]
c c
2 10000 | & -10000
-12000 ] -12000
-14000 . . . . . -14000 ' . . . .
0 2000 4000 6000 8000 10000 12000 0 2000 4000 6000 8000 10000
Generation Generation
Individual performance curves for test function 10 Mean performance curve for test function 10
100 T T T T T T 100 T T T T T T
10 10
3 1 S 1
Kl 3
> >
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B B
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2 001 T 001
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7000
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Fig. 3. Evolution curves of oPT-TA algorithm on two multimodal functions with many
local minima (fs, fi0) over 50 independent runs. Individual curves for each run (left
plot), mean performance curve (right plot).

and G. Lin in [I2]. Better results are highlighted in boldface. As it can be seen,
OPT-IA is able to always obtain better results than FEP except for function fs.
For most functions, results for DIRECT are not available because the symmetry
of the function implies that the optimum is in the center of the variable bounds,
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Table 5. Comparison between FEP, opT-IA and DIRECT on functions fia — fa3

Fun.| Thax Direct FEP opt-IA
a=el=P*H) 4 = (%) e(=H
Min Found | Mean Best | Mean Best Mean Best
Std Dev Std Dev Std Dev
f14 | 10,000 1.0. 1.22 1.02 1.21
.56 7.1 X 1072 0.54
fi5 [400,000]1.2 x 1073 [5.0 x 10~ %[ 7.1 x 10~ % 7.7 %x 1073
3.2 x 1074 1.3 x 107* 1.4 x 1072
fie | 10,000 -1.031 —1.031 —1.03158 —1.02
49X 1077| 1.5 x 1074 1.1 x 1072
fiz | 10,000 0.398 0.398 0.398 0.450
1.5 X 1077| 2.0 x 107% 0.21
fis | 10,000 3.01 3.02 3.0 3.0
0.11 0.0 0.0
fio | 10,000 —3.86 —3.86 —3.72 —3.72
1.4 x 107%| 1.1 x 1074 1.1 x 1072
f20 | 20,000 —3.30 —3.27 —3.31 —3.31
59%x1072 | 74x 1072 5.9 x 1073
f21 | 10,000 —6.84 —5.52 —9.11 —5.36
1.59 1.82 2.20
f22 | 10,000 —7.09 —5.52 —9.86 —5.34
2.12 1.88 2.11
f23 | 10,000 —7.22 —6.57 —9.96 —6.03
3.14 1.46 2.66

the point from which DIRECT starts the search. Figure ] shows performance
curves of OPT-IA for the two unimodal functions f; and fg.

Multimodal functions with many local minima (fs — f13). Function fg — f13 are
multimodal function with many local minima. The number of local minima in-
creases exponentially as the function dimension increases. The fitness landscape
of these functions is generally very rugged and difficult to optimize. Table 4 sum-
marizes the final results obtained bye opT-IA, FEP and DIRECT. FEP has a
better performance on 4 of 6 test problems. In particular, for functions fog, fi2
and f13 FEP perform significantly better than opPT-IA, except for function fi;
where results are comparable. On the other hand, OPT-TA performs significantly
better then FEP on function fs and f19. By comparing results between opPT-TA
and DIRECT, we can see that DIRECT is unable to approach the optimum,
while on functions f12 and f13 DIRECT shows a bit better performance.

Multimodal functions with only a few local minima (fi4 — fa3). The final results
of oPT-IA, FEP and DIRECT on functions fi4 — fo3 are summarized in table [Bl
In this case OPT-IA shows a better performance on 6 of the 10 test functions.
Moreover, for for functions fig and fi7, OPT-IA is able to obtain the same
optimum results of FEP in terms of mean best values found, but FEP shows
more consistency in terms of standard deviation. Instead for function fi5 results
are of the same order. Inspecting all the experimental results (reported in the
previous tables) it is possible to note an overall better performance of opT-TA
algorithm using a minimum population size (d € {10,20}) while FEP uses a
larger population size greater of an order of magnitude.
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Individual performance curves for test function 18 Mean performance curve for test function 18
80

70
60
50
40

Function Value
Function Value

30
20

25 30 35 40 45 50 50 100 150 200 250

Generation Generation
Individual performance curves for test function 21 Mean performance curve for test function 21
0 0
-1
-2
26
°© 4t s o 3|
2 ) L5 2
> > 4l
c gl J <
S — S
5 5 5
c c
Z 8r 2 6
s
10 |
8t
12 . . . . 9 . . . .
50 100 150 200 250 50 100 150 200 250
Generation Generation

Fig. 4. Evolution curves of OPT-IA algorithm on two multimodal functions with a few
local minima (fis, f21) over 50 independent runs. Individual curves for each run (left
plot), mean performance curve (right plot).

3.3 Comparison with IFEP

The analyses performed in [12] show that Cauchy mutation performs better when
the current search point is far away from the global optimum, while Gaussian
mutation is better when search points are in the neighborhood of the global
optimum. Based on those observations in [12] was proposed a version of FEP
which uses both Cauchy and Gaussian mutations. This improved version was
called IFEP. IFEP differs from FEP only in the step of the creation of the
offsprings: two new offspring are generated instead of one, the first one using
Cauchy mutation and the second one using Gaussian mutation, the better one is
chosen. Table [6] shows the comparison between OPT-TIA and IFEP on the same
functions used in [12]: unimodal functions f1, f2, multimodal functions f1g, f11
with many local minima and multimodal functions fo1, fo2 with only few local
minima. OPT-IA has again a better performance on all the functions except for
function f1; where the results are comparable.

3.4 Comparison with CEP, PSO and EO

Finally, we compare the immune algorithm with some other well-known biolog-
ically inspired algorithms: CEP, PSO and EO. Since the optimization results
obtained with these algorithms are available in literature only for some of the
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Table 6. Comparison between OPT-IA and IFEP on functions f1, f2, fio0, fi1, fo1, fo2
and f23

Function| Thax opt-TA IFEP
fi 150,000]1.70 X 1078 4.16 x 10~°
f2 200,000 |7.15 X 107°| 2.44 x 1072
fio 150,000 (1.11 x 1074 | 4.83 x 1072
fi1 200,000 | 8.36 x 1072 |4.54 x 102
fo1 10, 000 —8.29 —6.46
fo2 10, 000 —9.59 —7.10
fo3 10, 000 —9.96 —7.80

Table 7. Comparison between OPT-IA and CEP with three different mutation opera-
tors (GMO,CMO,MMO) in terms of mean best values found

Function| Thaa opt-IA CEP
GMO CMO MMO
I 150,000] 1.70 X 1078 [ 3.09 x 10~7 3.07 x 10~7 9.81 x 10~
f2 250,000 7.15 X 107% | 1.99 x 1072 5.87 x 1072 3.23 x 107°
fs 250, 000 260.12 17.60 5.78 11.80
fa 250, 000 0.001 5.18 0.66 1.88
fs 250, 000 29 86.70 114.0 63.8
fr 250,000 |5.85 x 10~ %3 12.20 9.42 9.53
fo 250, 000 24.0 120.0 4.73 9.52
fio 150,000 1.11 x 10~4 9.10 1.3 x 1072 7.49 x 107*
fi1 250,000 | 8.36 x 1072 [2.52 x 10~7 2.2x10°% 6.99 x 10~7

Table 8. Performance Comparison among OPT-IA, PSO, and EO on functions

f1, f5, fo, f1n

Fun.| Thaz opt-IA PSO EO

Mean Best Std Dev Mean Best Std Dev [ Mean Best Std Dev
fi  [250,000[1.70 x 10~% 3.5 x 10~ *° 11.75 1.3208 9.8808 0.9444
fs 250,000 29.0 0.0 1911.598 374.2935| 1610.39 293.5783
fo |250,000 24.0 7.69 47.1354  1.8782 | 46.4689  2.4545
fi1 |250,000|8.36 X 1072 4.32 x 1072| 0.4498 0.0566 0.4033 0.0436

23 test functions considered in this work, comparisons will be made accordingly.
Results shown in tables[fland Blindicate that while OPT-TA maintain a consistent
performance, CEP, PSO and EO appear unable to reach the optima for most
of the listed functions, although they make a considerable computational effort.
An overall better performance of OPT-TA is evident.

4 Conclusions

In this paper we have introduced an immune algorithm based on clonal se-
lection principle, called OPT-TA, for global numerical optimization. The main
features of oPT-TA are the following: cloning operator, inversely proportional
hypermutation operator, and aging operator. The cloning operator explores the
neighborhood of each point of the search space. The inversely proportional
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hypermutation perturbs each candidate solution inversely proportional to its
fitness function value. Finally, the aging operator eliminates the oldest candi-
date solutions from the current population in order to introduce diversity and
to avoid local minima during the evolutionary search process. We tested OPT-
TA on 23 well-known benchmark problems. The experimental studies show that
the clonal selection algorithm is an effective numerical optimization algorithm
in terms of solution quality. The results show that OpPT-IA is significant better
than the seven tested evolutionary algorithms and one well-known deterministic
algorithm (DIRECT).

As future works we plan to perform a deeper statistical analysis of the ob-
tained experimental results and to compare opt-IA with the BCA algorithm [17],
Evolution Strategies and Differential Evolution [I§].
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