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INTRODUCTION 

In this paper we give a necessary and sufficient condition for weak 
precompactness in the space of Pettis integrable functions with relatively 
compact range of their indefinite integrals. The main result is formulated in 
the spirit of previous works by J. K. Brooks and N. Dinculeanu [ 1,2], 
where such a theorem was obtained for strongly measurable and Pettis 
integrable functions. Also we show that, in a sense, our result is the best 
possible (see Remark 2). 

PRELIMINARIES 

Throughout (S, C, CL) will be a finite complete measure space, X will be 
a Banach space, and B, will denote the closed unit ball of X. The space of 
(p-) Pettis integrable functions, with values into X, will be denoted by 
[FD(p, X) (we identify weakly equivalent functions). Each f~ p(p, X) deter- 
mines an X-valued measure vf: C + X given by 

Vf(E) = 1 f(s) &. E 

The subspace of I+, X) consisting of those functions f for which v., has 
relatively compact range is denoted by lP,(p. X). Both p(p, X) and p,(p, X) 
are endowed with the norm topology given by 
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II~JI~=suP s, Ix*fb)l &:x*EDX*}. 

Each f~ P(,u, X) determines, also, an operator T,: A’* + L’(p) given by 

T&Y*)=x*f 

which is known to be weak*-weakly continuous (see [3]). Denote by B the 
set B,, x BLaCp, endowed with the product of weak* topologies. 

For each f~ P(p, X) we can define a function Q,: B -+ R by the equation 

QJx*, g) = j., (x*.f(s)) g(s) 4. 

It is obvious that Q, is separably continuous. The following result explains 
when Q, is continuous. 

PROPOSITION 1. For each f E P(p, X), the following conditions are 
equivalent. 

(i) vr(C) is norm relatively compact, 

(ii) T, is weak*-norm continuous, 

(iii) Q, is continuous. 

Proof: The equivalence of (i) and (ii) was proved by Edgar [5]. 
Assuming (ii) and using the separate continuity of Q,. we get at once (iii). 
Indeed, if (x,*) and x* are m B,. an d (g,) and g are in BLzCtij and x,* -+ 
x*3 ga + g in the weak* topology, then 

/I s (x,*f(s)) g,(s) 4-js (x*f(s)) g(s)& 

G s((x,*-x*)f(s))(g,(s)-g(s))d~ 
Is 

+ 
I j 

s (x*f(s))k,(s)- g(s))4 

+ 
Ij 

s ((x,*-~*)fb))&W 

~3 s ,~ I((x,*-x*)f‘(~)N& 

+ j (x*f(s))(s,(s)-g(s))d~. s 
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This gives (iii). Assume, now, (iii) and take (x:) and x* in B,, such that 
x,* + x* in the weak* topology. According to the Hahn-Banach theorem 
for each ~1 there exists g, E BLXCpc) such that 

II (x,* - x*) fll L’(p) = ((x,* - x*1 f(s)) g,(s) dp . 
s 

Let (h,) be a weak* converging subnet of (gZ). Then, by the continuity of 
Q,, we have 

li? js ((XT -x*1 f(s)) h,(s) 4 = 0. 
This means that (x,*) contains a subnet (XT) such that 

lim 1(x:-x*)f(~)I dp=O. 
Y s s 

It follows, since (x,*) is arbitrary, that Tf is weak*-norm continuous. This 
completes the whole proof. 

Remark 1. Let us consider the Banach space ca(p, X) of all 
p-continuous X-valued measures v: C + X with bounded semivariation 
equipped with the semivariation norm. For each v in ca(p, X) we define an 
operator T,,: X* + L’(p) by putting T,,(x*) =f:*, wheref:, is the Radon- 
Nikodym derivative of x*v with respect to p. Also, we define an operator 
QY from B into IR by putting 

Qv(x*, g) = jsft.cs, g(s) dcl. 
Using the same ideas involved in the proof of Proposition 1 we are able 

to prove the following facts 

PROPOSITION 1’. For each v E ca(p, X), T, is weak*-weakly continuous. 

PROPOSITION 1”. For each v E ca(p, X) the following facts are equivalent: 

(i) v has relatively compact range, 

(ii) T, is weak*-norm continuous, 

(iii) QY is continuous. 

In order to formulate the next result let us denote by E(h/Z) the condi- 
tional expectation of h E L’(p) with to respect to a a-algebra E c C. Then 
we have the following fact 
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LEMMA. If H c L’(p) is bounded and uniformly integrable, then for each 
increasing sequence (2,) of sub-a-algebras of C and each g E La(u) we have 

Proof Since (E(g/Z,,)) is an L’(p)-bounded martingale we have 

li~E(g/~,)=E(h:o(i!~~)). p-a.e. 

Using the assumptions and the Egoroff theorem we easily obtain the 
required result. 

THE MAIN RESULT 

Denote by B(B) the space of all real valued, bounded functions on B 
endowed with the sup norm. 

The next proposition is a simple consequence of a simple calculation and 
of Proposition 1. The idea of such an embedding was taken from [l]. 

PROPOSITION 2. The mapping V: P(,u, X) + B(B) given by 

Vf)=Q,, fEFP> -u 

is a linear isometry. Its restriction to lW,(p, X) is a linear isometry of 
a,(~, X) into C(B). 

In order to formulate the theorem we need one more notation. If 
7c= {Al,A,, ..,) A,} is a partition of S into sets from .Z andfe Q, X) then 
we put 

-Fzf= c . ..($ij!Lf'S'+A 

(with the convention O/O = 0). 

THEOREM 1. For Hc p,(,u, A’) the following conditions are equivalent: 

(a) H is weakly precompact; 
(b) (i) for eoery A EZ the set 

H(A) = (v,(A):f~ H} 
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is weakly precompact in X; (ii) for every countable H, c H there exists a 
sequence (7~~) of finite partitions of S such that lim, Ezn f = f weakly in 
P,(p, X) uniformZy for f E H,; 

(c) (j) for every A EZ the set H(A) is weakly precompact; (jj) for 
every x* E X* the set 

x*H= {x*f: f EH} 

is weakly precompact in Ll(,u). 

Proof: The implication (a) * (c) is a simple consequence of the con- 
tinuity of the mappings f + v,(A) and f + x*f 

(c) + (b). Assume (c) and take a countable subset H, of H. Since 
according to [S] each f E P&, X) is weakly measurable with respect to a 
separable (in the Frechet-Nikodym sense) measure space, we may assume 
that all f E H, are weakly measurable with respect to a separable complete 
(S, 2, p ( 2) with ,J? c 2. But then we can find a countable algebra Z, c 2 
such that 2 is the p-completion of a(Z,) (in general it is not true that 2 
is a completion of a(,??:,) with respect to 1 ) g(Z,)). Then, we take as (x,) 
any increasing sequence of finite Z’,-partitions of S into sets of positive 
measure, which is cotinal to the net of finite Z,-partitions of S into sets of 
positive measure. For each x* E X* the set x*H is weakly precompact in 
L’(p) and since L’(p) is weakly sequentially complete, it follows from the 
lemma that, for each (x*, g) E B, 

lim 1 (x*&f(s)) g(s) & = 1s (x*f(s)) g(s) & 
n s 

uniformly for f E H,. In other words, we have 

limz*(EZnf)=z*(f) 
n 

for each extreme point in the unit ball of (C(B))* and this is true uniformly 
on H,. Since (E,, f ) is bounded we can apply a uniform version of the 
Rainwater Theorem to get the weak convergence of (E,, f) to f in P,(p, X) 
uniformly on f E H,. 

(b) = (a). Let us assume the validity of (b). If rt is a finite decomposi- 
tion of S, then (i) yields the weak precompactness of the set 

because 

E,(H) = bKf:f W 

E,(H)= 1 L AEn p(A) H(A)XA. 
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In particular, for (rc,) from (ii) the corresponding set EJH) is weakly 
precompact, for each n E N. It follows from Lemma 10 in [4] that each 
countable H, c H is weakly precompact and so H itself is weakly precom- 
pact. The proof is complete. 

Remark 2. The theorem does not hold any more if H is a subset of 
lP(p, A’). Indeed, if f~ P’(p, X)\P& X) (see [6] for an example) and 
satisfies (b), thenfis the weak limit of the sequence (EzDJ) in P(p, X). But 
C(B) is a (weakly) closed subspace of B(B) and so f~ C(B), which exactly 
means that f is in P(p, X), so contradicting the choice ofJ: 

Finally, we observe that using again the embedding of P,(p, X) into 
C(B) we can prove, without any trouble, the following result 

THEOREM 2. Let (fn), f be in P,(p, X). Then 

(a) ( fn) converges weakly to f if and only if, for each x* E X* and 
each E E Z, the sequence (SE x*f,(s) d,u) converges to sE x*f(s) dp, 

(b) iffor each EE .Z the sequence (jEfn(.s) dp) is bounded in X, then 
(fn) converges weakly to f if and only iffor each extreme point x* in the unit 
ball of X* and each EEC the sequence (jEx*fn(s) d,u) converges to 
SE x*f(s) 4. 

The above results were proved also by Graves and Ruess [7] in the case 
of vector measures with compact range, but with a more complicated 
proof. 

REFERENCES 

1. J. K. BROOKS AND N. DINCULEANU, Weak and strong compactness in the space of Pettis 
integrable functions, Contemp. Math. 2 (1980) 161-187. 

2. J. K. BROOKS AND N. DINCULEANU, On weak compactness in the space of Pettis integrable 
functions, Adu. in Math. 45 (1982), 255-258. 

3. S. D. CHATTERJI, Sur I’inttgrabilite de Pettis, Math. Z. 136 (1974) 53-58. 
4. N. DINCULEANU, Weak compactness and uniform convergence of operators in spaces of 

Bochner integrable functions, J. Math. Anal. Appl. 109 (1985), 372-387. 
5. G. A. EDGAR, Measurability in a Banach space, II, Indiana Univ. Math. J. 28 (1979), 

559-579. 
6. D. H. FREMLIN AND M. TALAGRAND, A decomposition theorem for additive set-functions, 

with applications to Pettis integrals and ergodic means, Math. Z. 168 (1979) 117-142. 
7. W. H. GRAVES AND W. RuE~.~, Compactness and weak compactness in spaces of compact 

range vector measures, Canad. J. Marh. 36, No. 6 (1984). 
8. K. MUSIAL, Pettis integration, Rend. Circ. Mat. Palermo (2) Suppl. 10 (1985), 133-142. 


