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The following is an exposition of still unpublished result concerning complemented

copies of c0 in Banach spaces. Our terminology will be standard. If a capital letter, like

E, denotes a Banach space, then E∗ denotes its dual space and B(E) its unit ball.

The first result we state needs the concept of limited set. A (bounded) subset X of

D is said to be limited ([3]) if for any weak∗ null sequence (x∗n) in E∗ we have

lim
n

sup
X
|x∗n(x)| = 0

Theorem 1.For a Banach space E the following are equivalent

(i) E contains a complemented copy of c0

(ii) there exists a basic sequence (xn) equivalent to the unit vector basis of c0 which is not

limited.

Remark. More or less at the same time the previous result was obtained by T.

Schlumprecht and it will appear in his Ph.D. Dissertation.

The above quoted result has the three following consequences

Theorem 2.Let (S, Σ, µ) be a finite measure space and E be a Banach space containing

a copy of c0. Then the completion ̂P(µ,E) of the space of Pettis integrable functions with

values in E (equipped with the norm ‖f‖ = sup{∫
S
|x∗(f(s))| dµ : x∗ ∈ B(E∗)}) contains

a complemented copy of c0.

This result improves two similar ones obtained in [4], under certain restrictions on

P(µ,E).

Theorem 3.Let E be a Banach space. Then l1(E) contains a complemented copy of

c0 iff E does.

We observe that this result cannot be extended to L1(µ, E) as it is shown in the

paper [5] which will appear on Proc. Amer. Math. Soc.; in passing we note that Prof.



Drewnowski observed that the result in [5] can be extended without any trouble to Orlicz

function spaces Lφ(µ,E).

Theorem 4.Let E be a Gelfand-Phillips space, i.e. a Banach space in which every lim-

ited set is relatively compact. If E contains a copy of c0, it has to contain a complemented

copy of c0.

Using a result from [1] as well as Theorem 4 we can also prove another result (see [1]

for the definition of hereditary Dunford-Pettis property)

Theorem 5.Let E be a Banach space. Then the following are equivalent

(i) each weakly null sequence (xn) ⊂ E with infn ‖xn‖ > 0 has a subsequence (xk(n))

equivalent to the unit vector basis of c0 such that its closed linear span is complemented in

E

(ii) E has the hereditary Dunford Pettis property and is a Gelfand Phillips space

Further consequences of the previous results are the following

Corollary 6.Let E be a dual Banach space complemented in a Banach lattice. E is

a Gelfand Phillips space iff E 6⊃ c0.

we recall that if E has l.u.st. ([6]) or G.L.l.u.st. ([7]) then E∗ is complemented in a

Banach lattice.

In the following corollary Σ will be an algebra of subsets of an abstract set S and

fabv(Σ, E) will denote the usual Banach space of E-valued vector measures

Corollary 7.Let E∗ be complemented in a Banach lattice. Then fabv(Σ, E∗) is a

Gelfand Phillips space iff E∗ is.

The final results are consequences of the previous theorems; they concern with oper-

ators defined on suitable Banach spaces

Corollary 8.Let E be a Banach lattice. The following are equivalent

(i) E is a Grothendieck space (see [2])

(ii) any operator T : E → F, F a Gelfand-Phillips space, is weakly compact

(iii) any operator T : E → c0 is weakly compact.

Corollary 9.Let E be a Banach space with the property (V) (see [8]). Then any

strictly cosingular (see [9]) operator T : E → F, F a Gelfand-Phillips space, is weakly



compact.

REFERENCES

1. P. Cembranos. The hereditary Dunford-Pettis property on C(K,E). Illinois J. Math.

31 (1987) 365-373.

2. J. Diestel, J.J. Uhl,jr.. Vector Measures. Math. Surveys 15 AMS (1977).

3. J. Diestel, J.J. Uhl,jr.. Progress in Vector Measures, 1977-83. Lecture Notes in Math.

1033 Springer Verlag 1984.

4. P. Dowling, G. Emmanuele, R. Ryan. On complemented copies of c0 in Banach spaces

of operators and Hp-vector valued functions. to appear.

5. G. Emmanuele. On complemented copies of c0 in Lp
X , 1 ≤ p < ∞. to appear.

6. T. Figiel, W. Johnson, L. Tzafriri. On Banach lattices and spaces having local uncon-

ditional structure, with applications to Lorentz spaces. J. Approx. Theory 13 (1975)

395-412.

7. Y. Gordon, D. Lewis. Absolutely summing operators and local unconditional structure.

Acta Math. 133 (1974) 27-48.

8. A. Pelczynski. Banach spaces on which every unconditionally converging operator is

weakly compact. Bull. Acad. Pol. Sci. 10 (1962) 641-648.

9. A. Pelczynski. On strictly singular and strictly cosingular operators. Bull. Acad. Pol.

Sci. 13 (1965) 31-41.


