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On the Banach Spaces 
with the Property (V*) of Pelczynski. - II (*)(**). 

GIOVANNI EMMANUELE 

Summary. - We present a converse of a result contained in our paper (,On the Banach spaces 
with the property (V*) of Pelczynski, so obtaining a characterization of that family  of Ba- 
nach spaces. Hence some extensions of other results f rom that note are presented. A t  the end 
we study property (V*) in spaces of operators with compact range. 

1. - I n t r o d u c t i o n .  

Let E be a Banach space and X be a bounded set in E. We say that X is a (V*) set if 
for any weakly unconditionally converging series ~ x* in E* one has 

lira sup Ix* (x)l = 0. 
n X 

E is said to have property (V*) if any its (V*) subset is relatively weakly 
compact. 

Recently, some papers have been devoted to the investigation of this class of Ba- 
nach spaces ([1], [5], [6], [9], [16]). Main purpose of the present note is to continue the 
study started in [5] improving some results from that note as well as presenting some 
new facts concerning property (V*). 

2. - R e s u l t s  a b o u t  p r o p e r t y  (V*). 

First of all, we recall the following Proposition from [5]: <~Assume E has the prop- 
erty (V*). Then any conjugate unconditionally converging operator from E* into F*, 
F an arbitrary Banach space, is weakly compact~>. Now, we present a converse of this 
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result, so obtaining a characterization of property (V*) similar to that one obtained 
for property (V) by A. PELCZYNSKI in [14], when introducing both properties. 

THEOREM 1. - Assume any conjugate unconditionally converging operator from 
E* into F*, F a Banach space, is weakly compact. Then E has property (V*). 

PROOF. - Let K be a (V*) set; hence K is bounded and any its subset is again a (V*) 
set. We consider an arbitrary sequence (x~) in K and we show it is relatively weakly 
compact. Define T from E* into l ~ by T(x*) = (x* (x~)). First  of all we prove T is a 
conjugate operator. Assume x * ~  0 weak*. If y e 11, we have to show that for each 

> 0 there is ~0 such that for any ~ I> s0 we h a v ~  (y, T(x~* )}l < ~. I f y  e 11, it has an ex- 
av  

pansion of the following type: y = Y~ bie~with ~ Ib~l < + ~ .  Hence, ify~ = Y~ bieiwe 
i = l  i = 1  i = l  

have IlY - Y~II ~ 0. Take n' such that tlY- Y~' II < ~/(211TII sup IIx* II). Then we have 

I(Y, T(x*)} I <~ IIy - y~,NIITII sup IIx* II + I(y~,, T(x*)} I ~< ~/2 + 

+ E bix*(x~) ~<V/2+ 2 Ibillx*(xi)l. 
i = 1  i = 1  

Now, sincex*~Oweak*,givenv/(2 ~ lbi')thereis~osuchthat, f o r ~ o , t h e f o l -  
lowing is true ~= 

I) Ix*(x~)l< v 2 E Ibi , 
i = l  

for each i=l ,  2,...,n'. Hence for ~>~0 we get I(y,T(x*)}l<~, i.e. T(x*)--->O 
weak*. We are done. The second step is to show that T is unconditionally converging. 
Let Y~ x* be weakly unconditionally converging, but Y~ T(x*) is not unconditionally 
converging; hence there is a permutation h(n) on N such that Y~ T(x~)) doesn't con- 
verge. There exist v > 0 and Pl < ql < P2 < q2 < ... < P~ < q~ < ... such that 

(1) Y~ T(x~i)) >7. 
i =p~ 

qn 

Consider, now, y* = Y~ x~(~)* and observe that Y~ y* is weakly unconditionally con- 

verging and so sup lY~ (xk)l--* 0; but this is against (1). We are done. Hence, the oper- 
k 

ator S: 11 ~ E such that S* = T is weakly compact, by our assumption. It is now very 
easy to see that {S(e~): n e N} contains (x~). This concludes the proof. 

In order to go ahead with our study we need the definition of (RDP) property: E is 
said to possess the (RDP) property if any Dunford-Pettis operator from E into an ar- 
bitrary Banach space F is weakly compact, and (RDP*) property: E is said to possess 
the (RDP*) property if any its Dunford-Pettis subset is relatively weakly com- 
pact. 
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REMARK 1. - As above (and in [5]) we are able to give the following characteriza- 
tion of Banach spaces with the (RDP*) property: 

E has the (RDP*) property iff each conjugate Dunford-Pettis operator from E* 
into F*, F an arbitrary Banach space, is weakly compact. 

In the previous paper [5] we also obtained the following result: ~Let E be a Ba- 
nach lattice. E has the (RDP) property iff E* has the property (V*)-. Here we ob- 
serve that  the following extension is true 

THEOREM 2. - Let E be a Banach space complemented in a Banach lattice F. Then 
the following are equivalent: 

(a) E has the (RDP) property, 

(b) E doesn't contain complemented copies of 11, 

(c) E* has the (RDP*)property, 

(d) E* 

(e) E* 

(f) E* 

doesn't contain copies of Co, 

is weakly sequentially complete, 

has property (V*). 

PROOF. - That (a) implies (b) and (c) is true in general Banach spaces. Assume (c) 
is true; it is well known ([5]) that  the (RDP*) proper ty  is inherited by closed sub- 
spaces; so, if Co lived in E* it should enjoy and the (RDP) property and the (RDP*) 
property, which is not possible for a nonreflexive Banach space. Hence (d) is true. 
Assume, now, (d). Since E is complemented in F,  E* is complemented in F*. Hence, 
by a result in [11] E* is contained in a Banach lattice Z not containing a copy of Co, i.e. 
a weakly sequentially complete Banach lattice; hence (e) is true. That (e) gives (f) can 
be seen as the implication ( d ) ~  (e), because (d), (e) and (f)  are equivalent in Banach 
lattices (see [5]), ( f ) ~  (c) follows from the definitions. Since (f) implies (d), (f)  im- 
plies (b), too. In order to conclude the proof, we need only to prove that  (b) gives (a). 
Assume (b). Theorem 1.2 in [12] gives that  E is complemented in a Banach lattice Z 
not containing complemented copies of 11 Theorem 2.1 in [13] gives that  (Z and hence) 
E verifies (a). The proof is complete. 

The above Theorem 2 also proves that  (i) of Remark 2 in [5] can be reversed in 
some case, even if this is not longer true in general Banach spaces ([5]). We also un- 
derline that  the examples considered in the paper [5] (i.e. the James space J and the 
Bourgain-Delbaen space X with Schur property) prove that  in general Banach spaces 
there is no relationship between the (RDP) property in a Banach space E and proper- 
ty (V*) in its dual E*. Indeed, J has the (RDP) property, but J* doesn't have proper- 
ty (V*); X doesn't possess the (RDP) property, but its dual space has property (V*) 
because it is a weakly sequentially complete Banach lattice (see Theorem 1.7 of[5]). 
Some corollaries of Theorem 2 now follow. 
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C O R O L L A R Y  3 .  - Let E be a Banach space complemented in a Banach lattice. Then 
i f  E** has the (RDP) property, E itself has that property. 

PROOF. - Under our assumptions, E*** has the (RDP*) property, hence it cannot 
contain a copy of Co as well as E* does. Theorem 2 now concludes the proof. 

The above corollary has some interest since in general Banach spaces the (RDP) 
property is not inherited by closed subspaces; the already quoted Bourgain-Delbaen 
space X doesn't have the (RDP) property, whereas its bidual X** is an injective Ba- 
nach space; so it is complemented in a suitable C(K) and it has the (RDP) 
property. 

COROLLARY 4. - Let E be a Banach space complemented in a Banach lattice F. I f  
K is a compact Hausdorff space, then C(K, E) has the (RDP) property i f f  E 
has. 

PROOF. - C(K, E) is complemented in the Banach lattice C(K, F). By virtue of a re- 
sult of Talagrand ([18]) C(K, E)* is weakly sequentially complete iff E* is. Theorem 
2, now, works. 

The proof of Theorem 2 again is useful to get the following slight extension of re- 
cent results by Bombal ([1]) and Leung ([9]), who showed the equivalences 
(b') <=> (c') r (d'). 

PROPOSITION 5. - Let E be a Banach space complemented in a Banach lattice. 
Then the following are equivalent 

(a') E has the (RDP*) property, 

(b') E doesn't contain copies of co, 

(c') E is weakly sequentially complete, 

(d') E has the property (V*). 

Theorem 2 also admits the following partial improvement, that can be obtained 
using Proposition 5. 

THEOREM 6. - Assume E is a Banach space such that E* is complemented in a Ba- 
nach lattice. I f  (a)-(f) are like in Theorem 2, then (a) ~ (b) ~ (c) ~ (d) r (e) <:> (f). 

Observe that any Banach space with G.L.l.u.st. ([7]) verifies the hypothesis of 
Theorem 6. But we cannot have (a) ~ (b) since again the Bourgain-Delbaen space is a 
counterexample. If we consider Banach spaces with 1.u.st. ([3]) the following result is 
true (in it L1 will denote the usual Lebesgue-Bochner function space on a finite mea- 

sure space). 

THEOREM 7. - Let E be a Banach space with l.u.st.. Assume E doesn't contain l:  
uniformly for all n e N. Then E (as well as L i (~, E)) has the property (V*). 
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PROOF. - It is known that  E is contained in a Banach lattice F which is finitely rep- 
resented in E. So F cannot contain copies of Co. Theorem 1.7 of [5] gives that  (F and 
hence) E has the property (V*). Moreover, L 1 (t~, E) is a closed subspace of the Ba- 
nach lattice LI (~ ,F )  that  enjoys the property (V*) ([5]). 

3. - The property (V*) in spaces of compact operators. 

The last part of the note is devoted to the study of the property (V*) in the space 
Kw. (E*, F) of weak*-weakly continuous compact operators from E* into F, E,  F two 
arbitrary Banach spaces. 

THEOREM 8. - Kw, (E*, F) has the property (V*) i f f  it is weakly sequentially com- 
plete and E and F have the same property. 

PROOF. - One implication is trivial. Hence assume Kw.(E*,F)  is weakly 
sequentially complete and E and F have property (V*). Take a (V*) set M 
in Kw.(E*,F); we may assume M = (hn). We want to show that a suitable 
subsequence of (h~) will converge weakly. Observe that 
span {h~(x*): x* e E*,  h e N }  is a separable closed subspace of F; so we may 
suppose (and we do) that  F is separable. Now, there is a countable set Y c F* 
such that  span(Y) in w*-dense in F*. For each y * e Y  we get a (V*) set, 
(h*(y*):  n e N }  in E, that  has the property (V*). Hence there is a subsequence, 
say (hk(~)), so that  (h~)(y*))  converges weakly; since Y is countable, we may 
assume that  (h~)(y*))  is weakly Cauchy for each y * c Y .  Taking x * e E *  we 
consider, now, (hk(~) (x ,  )) that  is a (V*) set in F and hence is relatively weakly 
compact. We shall show that any weakly converging subsequence has to converge 
to the same element; this will imply that, actually, the sequence (hk(~)(x* )) converges 
weakly in F. Assume that  y' is the limit of a suitable subsequence (hp(~)(x*)); 
for y* e Y we have 

y * '(y)= linmY*(h~(~)(x*)) = limh~(~)(y*)(x*)=limh*(y*)(x*)=limy*(hn(x*))n ~ " 

If y" is another (sequential) cluster point of (h~(~)(x*)), as above, we get 

y* (y") = linm y* (h~ (x*)).  

From the above equalities we have 

y*(y')  = y*(y") for all y* �9 Y. 

But Y is w*-dense in F* and so y '=  y". Hence (h~(x*)) is weakly converging 
in F, for all x * e E * .  If we take y*eF*,lly*ll<<.l, the real sequence is thus 
converging. Now, observe that  (see [15]) ext (dual unit ball of Kw. (E*, F)) = ext (dual 
unit ball of E ) |  (dual unit ball of F). By the Rainwater Theorem ([2], 
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p. 156) (h~) is a weak Cauchy sequence. The weak completeness of the considered 
space Kw. (E*, F) concludes the proof. 

REMARK 2. - Observe that in [1] the weak property (V*) was defined: a Banach 
space has the weak property (V*) if any its (V*) set is conditionally weakly compact. 
Actually, the proof of Theorem 8 shows that  if E has the property (V*) and F the 
weak property (V*), then Kw, (E* ,F)has  the weak property (V*). 

It is known that if E and F are weakly sequentially complete and E (or F) has un- 
conditional basis, then Kw. (E*, F) is weakly sequentially complete ([10]), provided 
any operator from E* into F is compact. Furthermore,  note that  the same is true if F 
has just  the Schur property (i.e. weak Cauchy sequences are norm converging). Here 
is a proof: let (ha) be a weak Cauchy sequence in Kw. (E*, F). Since E and F are weak- 
ly sequentially complete, we can define u: E*--~ F by u(x* ) = w - lim h~ (x*) and also 
v: F * ~  E by v(y* ) = w - lira h* (y*). It  is easy to see that u* = v a fact that  implies 
that  u is weak*-weakly continuous. Since F has the Schur property, u is compact, 
too. Since for x * | 1 7 4  we have 

lim h~(x* | y* ) = u(x* |  
n 

hence h~-~ u weakly. 
Observe that  11 is a Banach space with and Schur property and property (V*); but 

also the spaces constructed by HAGLER ([8]) and TALAGRAND ([17]) have duals enjoy- 
ing both of these properties without being isomorphic to 11. 

Let (S, ~, ~) be a finite measure space and E be a Banach space. We consider the 
normed space Pc (~, E) of all (classes of weakly equivalent) weakly measurable Pettis 
integrable functions having an indefinite integral with compact range, equipped with 
the norm 

Ilfil = sup { j  lx*f(s)l d~: x* e E*,Nx*ll <- l }. 

It is well known that it is not complete. We have the following result concerning the 
completion Pc (~, E) of Pc (,~, E). 

THEOREM 9. - The completion Pc (~, E) of Pc ( ~, E) is isometrically isomorphic to a 
closed subspace of Kw. (E*, L 1 (t~)). 

PROOF. - It will suffice to show that Pc (t~, E) is isometrically isomorphic to a sub- 
space of Kw, (E *, L 1 (~)). For any f e Pc (,~, E) define an operator TX: E* --~ L 1 (~) by 
Tf(x*) = x*f.  It  is well-known that Tf is weak*-norm continuous ([4]) and hence it is 
an element of Kw, (E*, L 1 (~)). It is quite simple to show that  the mapping f---~ Tf is 
one-to-one and ]lfll = IITfll �9 The proof is over. 

Now, we can apply Theorem 8 to Pc(~,E) by using Theorem 9. 
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THEOREM 9. -Pc  (~, E) has the property (V*) iff it is weakly sequentially complete 
and E has the same property. In particular this happens if either 

(a) E has an unconditional basis, property (V*) and any operator from E* into 
L1 (t~) is compact, 

(b) E has the Schur property and property (V*). 

Notes added. 

A. PELCZYNSKI ([14]) showed that if E has the property (V), then E* has property 
(V*) and put the question of whether the converse implication is true. In [5] we 
proved that this question has a negative answer, even in Banach lattices. Here we 
present a result showing that question can be answered positively in the class of 
closed subspaces of a Banach lattice with order continuous norm; actually we shall 
prove more, since the result we state involves other isomorphic properties. In the pa- 
per ,,A. GROTHENDIECK: Sur les applications lin~aires faiblement compactes d'es- 
paces du type C(K), Canad. J. Math., 5 (1953), pp. 129-173~ the author introduced the 
(D) property: a Banach space E has the (D) property if each weakly completely con- 
tinuous operator defined on E is weakly compact. We have the following result which 
involves a lot of isomorphic properties and establishes relationships among them in a 
special class of Banach spaces. We omit the proof, because it is a quite easy conse- 
quence of the definitions and a well known result by L. Tzafriri, stating that a closed 
subspace of an order continuous Banach lattice contains a complemented copy of 11, 
provided it contains a copy of 1 ~ (see L. TZAFRIRI: Reflexivity in Banach lattices and 
their subspaces, J. Funct. Analysis, 10 (1972), pp. 1-18). 

THEOREM. - Let E be a closed subspace of an order continuous Banach lattice. 
Then the following facts are equivalent: 

(i) 

(ii) 

(iii) 

(iv) 

(v) 

(vi) 

(vii) 

(viii) 

E* has the property (V*), 

E* is weakly sequentially complete, 

E* has the (RDP)* property, 

E* doesn't contain copies of co, 

E doesn't contain copies of 11, 

E has the (D) property, 

E has the (RDP) property, 

E has the property (V). 

The following corollary of the above theorem seems worth being pointed out 

COROLLARY. - -  Let E be a closed subspace of an order continuous Banach lattice. 
I f  E** doesn't contain a complemented copy of 11, then E has the property (V). 
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PROOF. - I f  E** is like above, then (iv) of Theorem is true, because Co doesn't em- 
bed into E***. The Theorem concludes. 

We note that  if E** had property (V), it couldn't contain complemented copies of 
11; hence, E would inherit that  property from E**. This fact is not t rue for general 
Banach spaces, because of the separable 2~-space constructed in ,,J. BOURGAIN - F. 
DELBAEN: A special class of2~-spaces, Acta Math., 145 (1980), pp. 155-176~,; indeed, 
such a space has the Schur property and hence cannot possess the property  (V), but 
its bidual is complemented in a C(K) space and so it has the proper ty  (V). 
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