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Abstract

We present a new protocol for the following task. Given tow secrets a, b shared among n
players, compute the value gab.

The protocol uses the generic BGW approach for multiplication of shared secrets, but we
show that if one is computing “multiplications in the exponent” the polynomial randomization
step can be avoided (assuming the Decisional Diffie-Hellman Assumption holds). This results
in a non-interactive and more efficient protocol.

1 Introduction

In this paper we deal with an interesting variation on a typical problem of Secure Multiparty
Computation: the multiplication in the exponent of two secrets distributed by a scheme of Secret
Sharing. In other words, suppose you have two (integer) secrets a, b shared among n players via
secret sharing. The players want to compute the value gab (in an appropriate group) without
revealing any more information about a, b beyond what the result of the computation gives out.

This problem is a variation of the well-know multiplication of shared secrets problem, where the
parties instead want to compute the product ab or a sharing of it. This problem received a very
elegant solution in one of the seminal papers in Secure Multiparty Computation [3], for secrets
shared using the Shamir secret sharing scheme [11].

Let us recall the BGW solution [3]. Remember that in Shamir’s secret sharing, the sharing of a
secret a is achieved as follows. Each player Pi holds a value ai = f(i) where f is a random t-degree
polynomial subject to the condition that fa(0) = a. It is very simple to see that a coalition of t
players has no information about the value a. Now assume that each player Pi holds two shares
ai = fa(i) and bi = fb(i) for secrets a, b respectively. The value ci = ai · bi = f(i) where f = fa · fb.
So the ci’s seem to constitute a sharing of the value c = ab. Unfortunately there are two problems:
(1) the polynomial f is of degree 2t; (2) the polynomial f is not random: in particular it’s the
product of two polynomials of degree t.

The first problem can be tolerated if there are enough players in the network. For example if
n > 3t + 1 and the bad players are at most t, then it is still possible (in principle) for the good
players to still reconstruct c = ab. But, if this sharing of c is used repeatedly, this could lead to an
increase of the degree of the sharing polynomial which could prevent the good players from carrying
out the required computation. For this reason in [3] a degree reduction step is implemented to bring
the degree of the sharing polynomial back to t.
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The second problem is even more subtle. The fact that f is not random, could lead to unwanted
release of information. For example, if all the players want to do is compute c, they should be able
to reveal the shares ci in their possession and find the free term of f by polynomial interpolation.
But this process reveals the whole polynomial f , which could then be factored as f = fa · fb and
the individual secrets a and b would be exposed. For this reason a randomization step is included
in the [3] solution which transforms the f polynomial into a random one with the same free term.

Our solution. In our case we do not want to compute c = ab but rather gc.
In order to keep things simple, we assume n > 3t+1 and do not implement the degree-reduction

step since the sharing of c will be used only once and the degree of any sharing polynomial will
never go above 2t.

We focus instead on the second problem. The value c can be computed via polynomial inter-
polation from 2t + 1 correct shares ci. As it is well known, polynomial interpolation is a linear
transformation, so this means that we can write

c =
∑

i∈T

λi,T ci

for any set T of 2t + 1 indices, and publicly known Lagrangian coefficients λi,T .
Thus we can ask each player to reveal γi = gci and compute

gc =
∏

i∈T

γ
λi,T

i

Notice that we do not perform any randomization step. The intuition is that because the actual
shares are “masked” inside the exponent of g, it should be hard to get any extra information about
the polynomial f .

We prove that this intuition is correct. If the Decisional Diffie-Hellman (DDH) Assumption
holds, we can prove that the above protocol is secure, i.e. it reveals only the value gc and all the
rest of the adversary’s view can be simulated. We recall that the DDH Assumption says that given
three values A = ga, B = gb, C = gc, it is hard to decide if c = ab or random. In our protocol we
are dealing with a similar situation: given the values γi = gci we would like to claim that it is hard
to decide if the ci are points on a random polynomial of degree 2t or points on a polynomial of
degree 2t that can be factored as the product of two polynomials of degree t.

Of course the above description is very informal and in particular it glosses over the problems
caused by malicious players who may not perform the protocol as instructed. In particular the
important question is how to recognize correct shares γi. We can tolerate such an active adversary
and details are shown in the rest of the paper.

The main improvement is the gain in efficiency. By removing the randomization step, the
protocol becomes completely non-interactive (if there are no faults). Beyond this substantial round
complexity improvement, the protocol becomes also computationally less intensive for the players.

1.1 Related Work

We already mentioned the BGW protocol [3] as the starting point for our contribution. We actually
use a somewhat simplified version of it from [7]. The robust solution in which the adversary can
be malicious uses ideas from the protocol of [1].
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2 Preliminaries

Number Theory. In the following we denote with p, q two prime numbers such that q|(p − 1).
We consider the subgroup Gq of Z∗p of order q and let g be a generator for Gq. All computations
are modp unless otherwise noted.

We are going to assume that the Decisional Diffie-Hellman Assumption (DDH) holds in Gq,
i.e. no probabilistic polynomial time algorithm given as input three values (ga, gb, gc) can decide if
c = ab mod q with probability better than 1/2. For a discussion on the DDH see [4].

A formal definition of the DDH follows. Let PRIMES(n) be the set of pairs (p, q) where both
p, q are prime numbers, q|p − 1, |q| = n and |p| = poly(n) for some polynomial poly(·). Choose
(p, q) at random in PRIMES(n) and g as a random element of order q in Z∗p . Given an algorithm
A we can define the following probabilities

PRA,R(n) = Proba,b,c∈RZq [A(p, q, g, ga, gb, gc) = 1]

PRA,DH(n) = Proba,b∈RZq [A(p, q, g, ga, gb, gab) = 1]

We say that the Decisional Diffie-Hellman Assumption holds if, for any probabilistic polynomial
time algorithm A and for any polynomial P (·), there exists and index nP such that for all n > nP

we have
|PRA,R(n)− PRA,DH(n)| < 1

P (n)

Communication Model. We assume that there are n players P1, ...,Pn. They are connected by
a complete network of private (i.e. untappable) point-to-point channels. In addition, the players
have access to a dedicated broadcast channel; by dedicated we mean that if player Pi broadcasts a
message, it is received by every other player and recognized as coming from Pi. These assumptions
(privacy of the communication channels and dedication of the broadcast channel) allow us to focus
on a high-level description of the protocols. However, it is worth noting that these abstractions can
be substituted with standard cryptographic techniques for privacy, commitment and authentication.

We assume that the communication channels between the players provide a partially syn-
chronous message delivery. That is we assume that the messages sent during the protocol, are
received by their recipients within some fixed time bound. Notice that this will allow a malicious
adversary to wait for the messages of the honest players in a given round before sending her own.
In the cryptographic protocols literature this is also known as a rushing adversary.

The Adversary. As already seen, the adversary can corrupt at most t of n players, with n > 3t.
Moreover she is active, i.e. she can alter the behavior of the corrupted players to deviate them from
the enstablished protocol. For example, the corrupted players can send spurious messages to gain
additional informations about the shared secrets.

Secure Multiparty Computation. In the model above, the task of Secure Multiparty Com-
putation can be described as follows. Each party Pi has a private input xi, and there is a public
function f over n inputs. The players want to compute y = f(x1, . . . , xn) without exposing any
other information about their private inputs. Secure multiparty computation was introduced in
[8, 12].

The informal notion of “not revealing any more information” can be formalized as follows (using
definitions proposed in [2, 9, 5]). We can imagine a trusted (i.e. not corruptible by the adversary)
party which receives all the inputs xi and returns the value y. In this case it’s clear that the
adversary learns nothing else beyond the value y. In the real execution the adversary instead has
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a view which is a random variable including all the messages seen by the adversary, together with
its internal randomness and the inputs of the corrupted players.

We say that a protocol is secure, if this view can be simulated. I.e. if there exists a simulator
which runs in the ideal world with the trusted party, which is able to produce a view with a
probability distribution which is indistinguishable from the real one.

3 VSS Protocols

Here we recall a few existing techniques that we use in our solution.

Shamir’s Secret Sharing. In Shamir’s secret sharing protocol [11], a dealer shares a secret
among n players P1, . . . ,Pn in the following way. Given a number t < n, a prime q and a secret
s ∈ Zq, the dealer chooses at random a polynomial S(·) over Zq of degree t, such that S(0) = s.
It then secretly transmits to each player Pi a share si = S(i) mod q. The secret can easily be
reconstructed by polynomial interpolation by at least t + 1 players. It is not hard to see that a
collection of t players has no information about the secret. Notice also that this protocol does not
tolerate a malicious adversary (a bad dealer could give shares that do not lie on a polynomial of
degree t and/or bad players may prevent reconstruction by giving out bad shares).

We will use the following notation to indicate the above protocol:

Shamir-SS[s]
S−→
t,n

[si]

Feldman’s VSS. Feldman’s Verifiable Secret Sharing (VSS) protocol [6], extends Shamir’s secret
sharing method in a way to tolerate a malicious adversary which corrupts up to n−1

2 players including
the dealer.

Like in Shamir’s scheme, the dealer generates a random t-degree polynomial S(·) over Zq, s.t.
S(0) = s, and transmits to each player Pi a share si = S(i) mod q. The dealer also broadcasts
values VSk = gak where ak is the kth coefficient of S(·). This will allow the players to check that
the values si really define a secret by checking that

gsi =
∏

k

(VSk)ik mod p (1)

If the above equation is not satisfied, player Pi asks the dealer to reveal his share (we call this a
complaint). If more than t players complain then the dealer is clearly bad and he is disqualified.
Otherwise he reveals the share si matching Equation (1) for each complaining Pi.

Equation (1) also allows detection of incorrect shares s′i at reconstruction time. Notice that the
value of the secret is only computationally secure, e.g., the value ga0 = gs is leaked. However, it
can be shown that an adversary that learns t or less shares cannot obtain any information on the
secret s beyond what can be derived from gs. This is good enough for some applications, but it is
important to notice that it does not offer “semantic security” for the value s. I.e. the adversary
can verify, using the revealed informations, if a given s̃ is the shared secret.

We will use the following notation to denote the execution of a Feldman’s VSS protocol.

Feldman-VSS[s](g)
S−→
t,n

[si](VSk)
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Pedersen’s VSS. We now recall a VSS protocol that provides information theoretic secrecy for
the shared secret. This is in contrast to Feldman’s VSS protocol which leaks the value of gs. The
protocol is due to Pedersen [10].

Pedersen’s VSS uses the parameters p, q, g as defined for Feldman’s VSS. In addition, it uses
an element h ∈ Z∗p such that h belongs to the subgroup generated by g and the discrete log of h in
base g is unknown (and assumed hard to compute).

The dealer first chooses two t-degree polynomials S(·), S̃(·), with random coefficients over Zq,
subject to S(0) = s, the secret. The dealers sends to each player Pi the values si = S(i) mod q
and s̃i = S̃(i) mod q. The dealer then commits to each coefficient of the polynomials S and S̃ by
publishing the values VSk = gakhbk , where ak (resp. bk) is the kth coefficient of S (resp. S̃).

This allows the players to verify the received shares by checking that

gsihs̃i =
∏

k

(VSk)ik mod p (2)

As in Feldman’s VSS the players who hold shares that do not satisfy the above equation broadcast
a complaint. If more than t players complain the dealer is disqualified. Otherwise the dealer
broadcasts the values si and s̃i matching the above equation for each complaining player Pi.

At reconstruction time the players are required to reveal both si and s̃i and Equation (2) is used
to validate the shares. Indeed in order to have an incorrect share σ′i accepted at reconstruction
time, it can be shown that player Pi has to compute the discrete log of h in base g.

Notice that the value of the secret is unconditionally protected since the only value revealed is
VS0 = gshb0 (it can be seen that for any value s′ there is exactly one value b′0 such that VS0 = gσ′hb′0

and thus VS0 gives no information on s).
We will use the following notation to denote an execution of Pedersen’s VSS:

Pedersen-VSS[s, s̃](g, h)
S,S̃−→
t,n

[si, s̃i](VSk)

3.1 The protocol

Assume that you have two secrets r, s shared via a Shamir’s secret sharing with t-degree polynomials
R, S (let’s limit ourselves to the case of a passive adversary for simplicity). The players want to
publicly compute the product rs without revealing any information about r, s.

As pointed out in [3], the seminal paper on multiparty computation, it is not secure for each
player to broadcast the product share σi = ri ·si. Given 2t+1 product shares σi we can interpolate
rs, but unfortunately we can compute a lot more than that. Indeed the interpolation yields the
product polynomial R · S, which can be easily factored producing the component secrets r, s. [3]
suggests to solve this problem by adding a random polynomial of degree 2t and null free term,
before the interpolation.

Now assume that instead of computing rs, the players want to compute grs. Is it still necessary
to perform this polynomial randomization step? We show that if we assume the DDH Assumption,
then it is sufficient for each player to reveal the value grisi . Given a set Λ of 2t + 1 of these values,
one can compute grs by simple interpolation in the exponent.

gsr =
∏

i∈Λ

(gsiri)λi,Λ mod p

via the appropriate Lagrangian coefficients λi,Λ.
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The intuition behind the proof is that under the DDH assumption it is impossible for the
adversary to gain any information about the single shares ri and si “contained” in the value gsiri .
Below we present a full simulation argument.

This proof yields a substantial efficiency improvement in protocols that require the multiplica-
tion of shared secrets in the exponent.

If we need to deal with a malicious adversary then we assume that r, s are shared via a Pedersen’s
VSS and combine our new idea with the multiplication protocol by Abe [1]. This will allow us to
obtain a robust protocol without resorting to expensive zero-knowledge proofs. The final result is
presented in Figure 1.

Mult-Exp

Private Input for player Pi : (si, s̃i), (ri, r̃i)
Public Input: VSk, VRk for k ∈ [0..t]

1. Let

ESi =

t∏
k=0

VSk
ik

mod p and ERi =

t∏
k=0

VRk
ik

mod p

then player Pi acts as a dealer in the following VSS protocols:

Pedersen-VSS[si, s̃i](g, h)
Si,S̃i−→
t,n

[αij , α̃ij ](〈ESi〉VSi1 . . . VSit)

Pedersen-VSS[ri, r̃i](g, h)
Ri,R̃i−→

t,n
[βij , β̃ij ](〈ERi〉VRi1 . . . VRit)

Feldman-VSS[si · ri](g)
Si·Ri−→
2t,n

[〈αij · βij〉](VSRi0 . . . VSRi,2t)

Note: the angle brackets 〈·〉 denote information which is not given to the other players by the dealer,
since they already have it from before.

Each player Pj will check the behavior of Pi as follows:

gαij hα̃ij ?
= ESi

t∏
k=1

VSik
jk

and gβij hβ̃ij ?
= ERi

t∏
k=1

VRik
jk

and gαijβij ?
=

2t∏
k=0

VSRik
jk

If any of this checks fail, then Pj broadcasts a complain towards Pi.

For any Pj that complains against him, player Pi will broadcast the private values he sent to Pj .
If these values also fail the checks, then Pi is disqualified, otherwise these new values will be taken
as the private information of Pj .

2. Every player selects a group of 2t + 1 non-disqualified players. Let Λ be this set (does not have to
be the same for each player). The value gsr is computed as

gsr =
∏
i∈Λ

VSRi0
λi,Λ =

∏
i∈Λ

(gsiri)λi,Λ mod p (3)

Figure 1: Protocol to compute distributively grs

Here we give an informal explanation of the protocol. Our goal is to make sure that each
player Pi reveals the correct value gsiri . Once we are sure of that, we can compute the output by
interpolation as we said above. A possible solution is to force Pi to prove in zero-knowledge that
the value is correct, using as reference the commitments VR, VS. But ZK proofs are expensive and
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increase the amount of interaction required by the protocol. Our solution, using ideas from [1],
does without them.

First notice that the values ESi and ERi are really the commitments gsihs̃i and grihr̃i to the
shares held by player Pi (that’s because we basically evaluated “in the exponent” the commitments
to the sharing polynomials of r, s). These commitments are publicly known to everybody so we ask
player Pi to share si, ri via two Pedersen-VSS using them as part of the verification information.
This will assure us that he is really sharing si, ri.

Then we will ask Pi to share ri · si via a Feldman-VSS. This will reveal gsiri and allow us to
do the interpolation in the exponent. Here to make sure that Pi is acting properly we will ask
him to reveal only the public information of the Feldman-VSS but to send no shares to the other
players. Indeed the polynomial used to share ri · si will be the product of the polynomials used
in the previous two Pedersen-VSS to share ri and si. This will guarantee that the value grisi is
correct. As we will see in the proof, this step also requires the DDH assumption to make sure we
are not leaking information (that’s because we are performing a secret sharing with a non-random
polynomial).

Theorem 1 If n > 3t and the DDH Assumption holds, then the protocol Mult-Exp, is a secure
protocol which on input the shares of secrets r, s (distributed with two Pedersen-VSS), computes grs.

4 Proof of Security for Mult-Exp

We want to show that Mult-Exp does not leak any more information to an adversary, beyond the
value grs. We construct a simulator that on input the shares of the corrupted players, the public
input of the protocol, and the final output grs will interact with the adversary in a simulated
execution of the protocol. We need to show that this execution is indistinguishable to the adversary.
But we will not be able to prove that the simulated view is identical to the real one. Rather we
will prove that it is computationally indistinguishable, i.e. “looks identical” to a computationally
bounded adversary. This last step will be proven via a reduction to the DDH Assumption.

We assume n > 3t and that the players corrupted by the adversary are the first t ones:
P1, . . . ,Pt. Thus the simulator will control the remaining n− t players. The simulator is described
in detail in Figure 2.

Basically the simulator chooses random sharings for the honest players under the condition that
the final result must “hit” grs. However in doing so, the simulator is not able to get a view which
is identical to the real one.

The first difference is in the distributions of the values VSRi0. In the real protocol we have that
VSRi0 = gS(i)R(i) where S, R are two random polynomials of degree t. In the simulation instead
VSRi0 = gT (i) where T is a 2t-degree polynomial which follows a distribution which is statistically
close to the uniform one.

The other difference is in the simulation of the Feldman-VSS of the honest players. In the real
execution the values VSRik (for k ∈ [0..2t]) are of the form gk−coeff(Si·Ri), where k−coeff(·) denotes
the kth coefficient of a polynomial and Si, Ri are two random polynomials of degree t. On the other
hand in the simulated transcript the values VSRik are of the form gk−coeff(Ti), where again Ti is a
2t-degree polynomial which follows a distribution which is statistically close to the uniform one.

We show below (Lemmas 4 and 3) that if an adversary could detect the differences shown above
(i.e. distinguish between the real and the simulated execution) then she could solve the DDH
problem. Thus under the DDH Assumption the simulated view is computationally indistinguishable
from the real one.
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Sim-Mult-Exp

Input: gsr, (si, s̃i), (ri, r̃i) for i ∈ [1..t]. Also the public values VSk, VRk for k ∈ [0..t]

1. The simulator computes the values:

ESi =

t∏
k=0

VSk
ik

mod p and ERi =

t∏
k=0

VRk
ik

mod p for i ∈ [1..n]

and also
VSRj0 = gsjrj mod p for j ∈ [1..t]

The simulator now chooses VSRi0 ∈R Gq for i ∈ [t + 1..2t]. The values VSRi0 determine a 2t-degree
polynomial T (·) in the sense that VSRi0 = gT (i) and grs = gT (0). The simulator needs to compute the
values VSRi0 for the remaining good players (i ∈ [2t+1..n]) such that it still holds that VSRi0 = gT (i).
This can be done again by interpolation in the exponent.

For each j ∈ [2t + 1..n] we denote with Qj the set {1, . . . , 2t} ∪ {j}. Then the simulator computes:

VSRj0 =

(
gsr

∏
i∈Qj\{j} VSRi0

λi,Qj

)(λj,Qj
)−1

mod p

where λi,Qj are the appropriate Lagrangian coefficients.

For every honest player Pi (i ∈ [t+1..n]), the simulator simulates the three VSS protocols as follows:

(a) chooses αij , α̃ij ∈R Zq and sends it to the bad player Pj for j ∈ [1..t]. Then he must compute
the public verification information VSik for k ∈ [1..t] so that it satisfies the following equation

gαij hα̃ij = ESi

t∏
k=1

VSik
jk

for j = 1, . . . , t

and this can be done again via interpolation in the exponent.

(b) chooses βij , β̃ij ∈R Zq and sends it to the bad player Pj for j ∈ [1..t]. Then he must compute
the public verification information VRik for k ∈ [1..t] so that it satisfies the following equation

gβij hβ̃ij = ERi

t∏
k=1

VRik
jk

for j = 1, . . . , t

and this can be done again via interpolation in the exponent.

(c) Performs one last interpolation in the exponent to compute the verification information VSRik

for k ∈ [1..2t] of the Feldman-VSS. These values must satisfy the equation

gαijβij =

2t∏
k=0

VSR
jk

ik

2. The simulator will now carry on the rest of the protocol since he has enough information to deal
with complaints from the bad players.

Figure 2: The simulator for the protocol Mult-Exp
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Before proving the two main Lemmas, we prove a preliminary Lemma which extends the DDH
Assumption in a matrix form. Consider the following two distributions:

MDH(t) = [ga0 , ga1 , . . . , gat , gb0 , gb1 , . . . , gbt , (gaibj )i,j∈[0..t]]ai,bj∈RZq

and
MR(t) = [ga0 , ga1 , . . . , gat , gb0 , gb1 , . . . , gbt , (gcij )i,j∈[0..t]]ai,bj ,cij∈RZq

Lemma 2 If the DDH Assumption is true, then the distributions MDH(t) and MR(t) are com-
putationally indistinguishable (for any value of t polynomial in the security parameter).

Proof:The proof follows a basic hybrid argument. For each k = 0, 1, . . . , (t + 1)2 define the
following hybrid distribution:

Mk(t) = [ga0 , ga1 , . . . , gat , gb0 , gb1 , . . . , gbt , (Vij)i,j∈[0..t]]

where ai, bj ∈R Zq and Vij = gaibj if i + (t + 1)j ≥ k, or Vij ∈R G otherwise. Clearly M0(t) =
MDH(t), while M(t+1)2(t) = MR(t).

Now assume by contradiction that MDH(t) and MR(t) are not computationally indistinguish-
able. Then by a basic hybrid argument there exist an index k and a polytime distinguisher D
between Mk(t) and Mk+1(t).

We now show how to use D to break the DDH Assumption. Let (A = ga, B = gb, C =
gc) the instance of the DDH problem that we want to solve. Find the unique pair α, β ∈ [0..t]
such that k + 1 = α + (t + 1)β. Then choose a0, . . . , aα−1, aα+1, . . . , at ∈R Zq. Similarly choose
b0, . . . , bβ−1, bβ+1, . . . , bt ∈R Zq.

Now set gaα = ga, gbβ = gb and the remaining gai , gbj accordingly. Set Vij ∈R G for all the
indices i, j such that i + (t + 1)j ≤ k. Set Vα,β = gc. Finally set Vij = gaibj for all the indices i, j
such that i + (t + 1) > k + 1 (notice that we can compute this value since we know at least one of
ai or bj).

Clearly if gc = gab this will be an instance of the distribution Mk(t), while if gc ∈R G we have
an instance of Mk+1(t). So we can use D to distinguish between the two cases. 2

Now we can prove the main Lemmas about the simulatability of Mult-Exp.

Lemma 3 Let P (·), Q(·) be random t-degree polynomials over Zq. Let R(·) be a random 2t-degree
polynomial over Zq. If the DDH Assumption is true, then the following distributions over G2t+1

q

PQ = {gk−coeff(P ·Q)}k=0..2t

R = {gk−coeff(R)}k=0..2t

are computationally indistinguishable.

Proof:This is a simple consequence of the previous Lemma. Indeed assume you have a distin-
guisher D between PQ and R. It can be easily adapted to distinguish between MDH(t) and
MR(t) as follows.

Given an instance I = [gai , gbj , Vij ] where Vij = gaibj or random in G. Clearly you can set
gai = gi−coeff(P ) and gbj = gj−coeff(Q). Now set

Ck =
∏

i,j:i+j=k

Vij

Clearly if I is an instance of MDH(t), we have that Ck = gk−coeff(P ·Q). Also if I is an instance of
MR(t), we have that Ck = gk−coeff(R) for a random polynomial of degree 2t. 2
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Lemma 4 Let P (·), Q(·) be random t-degree polynomials over Zq. Let R(·) be a random 2t-degree
polynomial over Zq. Let n > 3t (but still polynomial in t and the security parameters, i.e. the size
of q). If the DDH Assumption is true, then the following distributions over Gn

q

PQ = {g(P (i)Q(i))}i=1..n

R = {gR(i)}i=1..n

are computationally indistinguishable.

Proof:This Lemma follows from the previous one. Once you have constructed the values Ck, you
can easily evaluate the n points in the exponent as

Γi =
2t∏

k=0

Cik

k

and depending on the case this would be an instance of the distribution PQ or of the distribution
R. 2
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